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Preface 



During the 1996-97 academic year, Phillip Griffiths and Robert Bryant con- 
ducted a seminar at the Institute for Advanced Study in Princeton, NJ, outlin- 
ing their recent work (with Lucas Hsu) on a geometric approach to the calculus 
of variations in several variables. The present work is an outgrowth of that 
project; it includes all of the material presented in the seminar, with numerous 
additional details and a few extra topics of interest. 

The material can be viewed as a chapter in the ongoing development of a 
theory of the geometry of differential equations. The relative importance among 
PDEs of second-order Euler-Lagrange equations suggests that their geometry 
should be particularly rich, as does the geometric character of their conservation 
laws, which we discuss at length. 

A second purpose for the present work is to give an exposition of certain 
aspects of the theory of exterior differential systems, which provides the lan- 
guage and the techniques for the entire study. Special emphasis is placed on 
the method of equivalence, which plays a central role in uncovering geometric 
properties of differential equations. The Euler-Lagrange PDEs of the calculus 
of variations have turned out to provide excellent illustrations of the general 
theory 
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Introduction 



In the classical calculus of variations, one studies functionals of the form 

T L {z)= [ L(x,z,Vz)dx, !!cR", (1) 
Jn 

where x = (x 1 ,... ,x n ), dx = dx 1 A ■•• A dx n , z — z(x) S C 1 (f2) (for ex- 
ample), and the Lagrangian L = L(x,z,p) is a smooth function of x, z, and 
p = (pi, . . . ,Pn)- Examples frequently encountered in physical field theories are 
Lagrangians of the form 

L=\\W + F{z), 

usually interpreted as a kind of energy. The Euler- Lagrange equation describ- 
ing functions z(x) that are stationary for such a functional is the second-order 
partial differential equation 

Az(x) = F'(z(x)). 

For another example, we may identify a function z(x) with its graph N C R n+ , 
and take the Lagrangian 

l = Ji + W, 

whose associated functional J~l{z) equals the area of the graph, regarded as 
a hypersurface in Euclidean space. The Euler-Lagrange equation describing 
functions z(x) stationary for this functional is H = 0, where H is the mean 
curvature of the graph N. 

To study these Lagrangians and Euler-Lagrange equations geometrically, one 
has to choose a class of admissible coordinate changes, and there are four natural 
candidates. In increasing order of generality, they are: 

• Classical transformations, of the form x' = x'(x), z' = z'(z); in this 
situation, we think of (x,z,p) as coordinates on the space J 1 (R n ,R) of 
1-jets of maps R" -> R.[| 

• Gauge transformations, of the form x' = x'(x), z' = z'{x,z); here, we 
think of (x,z,p) as coordinates on the space of 1-jets of sections of a 
bundle R" +1 — > R" , where x = (x , . . . ,x n ) are coordinates on the base 
R" and z £ R is a fiber coordinate. 

1 A l-jet is an equivalence class of functions having the same value and the same first 
derivatives at some designated point of the domain. 
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• Point transformations, of the form x 1 = x'(x,z), z' = z'(x,z); here, we 
think of (x, z,p) as coordinates on the space of tangent hyperplanes 



of the manifold R n+1 with coordinates (x 1 , . . . ,x n ,z). 

• Contact transformations, of the form x 1 = x'(x,z,p), z' = z'(x,z,p), 
p' = p'(x, z,p), satisfying the equation of differential 1-forms 



for some function /(x, z,p) ^ 0. 

We will be studying the geometry of functionals Fl{z) subject to the class of 
contact transformations, which is strictly larger than the other three classes. 
The effects of this choice will become clear as we proceed. Although contact 
transformations were recognized classically, appearing most notably in studies 
of surface geometry, they do not seem to have been extensively utilized in the 
calculus of variations. 

Classical calculus of variations primarily concerns the following features of 
a functional Tl- 

The first variation 8Tl{z) is analogous to the derivative of a function, where 
z = z(x) is thought of as an independent variable in an infinite-dimensional 
space of functions. The analog of the condition that a point be critical is the 
condition that z(x) be stationary for all fixed-boundary variations. Formally, 
one writes 



and as we shall explain, this gives a second-order scalar partial differential equa- 
tion for the unknown function z(x) of the form 



This is the Euler- Lagrange equation of the Lagrangian L(x,z,p), and we will 
study it in an invariant, geometric setting. This seems especially promising in 
light of the fact that, although it is not obvious, the process by which we asso- 
ciate an Euler-Lagrange equation to a Lagrangian is invariant under the large 
class of contact transformations. Also, note that the Lagrangian L determines 
the functional Tl, but not vice versa. To see this, observe that if we add to 
L(x,z,p) a "divergence term" and consider 



{dz-pidx*} 1 - CT (I , 2) (R" +1 ) 



dz' ~Y.v\dx 11 = f.(dz-^p i dx i ) 



5Fl{z) = 0, 




L'(x, z,p) = L(x, z,p)+^2 



dK l (x,z) dK l {x,z) 
dx % dz 



■p' 



) 



for functions K l (x,z), then by Green's theorem, the functionals Tl and Tl> 
differ by a constant depending only on values of z on dfl. For many purposes, 
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such functionals should be considered equivalent; in particular, L and V have 
the same Euler-Lagrange equations. 

Second, there is a relationship between symmetries of a Lagrangian L and 
conservation laws for the corresponding Euler-Lagrange equations, described by 
a classical theorem of Noether. A subtlety here is that the group of symmetries 
of an equivalence class of Lagrangians may be strictly larger than the group 
of symmetries of any particular representative. We will investigate how this 
discrepancy is reflected in the space of conservation laws, in a manner that 
involves global topological issues. 

Third, one considers the second variation S 2 J r L, analogous to the Hessian 
of a smooth function, usually with the goal of identifying local minima of the 
functional. There has been a great deal of analytic work done in this area 
for classical variational problems, reducing the problem of local minimization to 
understanding the behavior of certain Jacobi operators, but the geometric theory 
is not as well-developed as that of the first variation and the Euler-Lagrange 
equations. 

We will consider these issues and several others in a geometric setting as 
suggested above, using various methods from the subject of exterior differential 
systems, to be explained along the way. Chapter 1 begins with an introduc- 
tion to contact manifolds, which provide the geometric setting for the study 
of first-order functionals (|l]) subject to contact transformations. We then con- 
struct an object that is central to the entire theory: the Poincare-Cartan form, 
an explicitly computable differential form that is associated to the equivalence 
class of any Lagrangian, where the notion of equivalence includes that alluded 
to above for classical Lagrangians. We then carry out a calculation using the 
Poincare-Cartan form to associate to any Lagrangian on a contact manifold an 
exterior differential system — the Euler-Lagrange system — whose integral man- 
ifolds are stationary for the associated functional; in the classical case, these 
correspond to solutions of the Euler-Lagrange equation. The Poincare-Cartan 
form also makes it quite easy to state and prove Noether 's theorem, which gives 
an isomorphism between a space of symmetries of a Lagrangian and a space of 
conservation laws for the Euler-Lagrange equation; exterior differential systems 
provides a particularly natural setting for studying the latter objects. We illus- 
trate all of this theory in the case of minimal hypersurfaces in Euclidean space 
E™, and in the case of more general linear Weingarten surfaces in E 3 , providing 
intuitive and computationally simple proofs of known results. 

In Chapter 2, we consider the geometry of Poincare-Cartan forms more 
closely. The main tool for this is E. Cartan's method of equivalence, by which 
one develops an algorithm for associating to certain geometric structures their 
differential invariants under a specified class of equivalences. We explain the 
various steps of this method while illustrating them in several major cases. 
First, we apply the method to hyperbolic Monge-Ampere systems in two inde- 
pendent variables; these exterior differential systems include many important 
Euler-Lagrange systems that arise from classical problems, and among other 
results, we find a characterization of those PDEs that are contact-equivalent 
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to the homogeneous linear wave equation. We then turn to the case of n > 3 
independent variables, and carry out several steps of the equivalence method for 
Poincare-Cartan forms, after isolating those of the algebraic type arising from 
classical problems. Associated to such a neo-classical form is a field of hypersur- 
faces in the fibers of a vector bundle, well-defined up to affinc transformations. 
This motivates a digression on the affine geometry of hypersurfaces, conducted 
using Cartan's method of moving frames, which we will illustrate but not dis- 
cuss in any generality. After identifying a number of differential invariants for 
Poincare-Cartan forms in this manner, we show that they are sufficient for char- 
acterizing those Poincare-Cartan forms associated to the PDE for hypersurfaces 
having prescribed mean curvature. 

A particularly interesting branch of the equivalence problem for neo-classical 
Poincare-Cartan forms includes some highly symmetric Poincare-Cartan forms 
corresponding to Poisson equations, discussed in Chapter 3. Some of these 
equations have good invariance properties under the group of conformal trans- 
formations of the n-sphere, and we find that the corresponding branch of the 
equivalence problem reproduces a construction that is familiar in conformal ge- 
ometry. We will discuss the relevant aspects of conformal geometry in some 
detail; these include another application of the equivalence method, in which 
the important conceptual step of prolongation of G-structures appears for the 
first time. This point of view allows us to apply Noether's theorem in a partic- 
ularly simple way to the most symmetric of non- linear Poisson equations, the 
one with the critical exponent: 

Am = Cti^. 

Having calculated the conservation laws for this equation, we also consider the 
case of wave equations, and in particular the very symmetric example: 

Here, conformal geometry with Lorentz signature is the appropriate background, 
and we present the conservation laws corresponding to the associated symmetry 
group, along with a few elementary applications. 

The final chapter addresses certain matters which are thus far not so well- 
developed. First, we consider the second variation of a functional, with the 
goal of understanding which integral manifolds of an Euler-Lagrange system are 
local minima. We give an interesting geometric formula for the second variation, 
in which conformal geometry makes another appearance (unrelated to that in 
the preceding chapter). Specifially, we find that the critical submanifolds for 
certain variational problems inherit a canonical conformal structure, and the 
second variation can be expressed in terms of this structure and an additional 
scalar curvature invariant. This interpretation does not seem to appear in the 
classical literature. Circumstances under which one can carry out in an invariant 
manner the usual "integration by parts" in the second-variation formula, which 
is crucial for the study of local minimization, turn out to be somewhat limited. 
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We discuss the reason for this, and illustrate the optimal situation by revisiting 
the example of prescribed mean curvature systems. 

We also consider the problem of finding an analog of the Poincare-Cartan 
form in the case of functionals on vector-valued functions and their Euler- 
Lagrange PDE systems. Although there is no analog of proper contact trans- 
formations in this case, we will present and describe the merits of D. Betounes' 
construction of such an analog, based on some rather involved multi-linear alge- 
bra. An illuminating special case is that of harmonic maps between Riemannian 
manifolds, for which we find the associated forms and conservation laws. 

Finally, we consider the appearance of higher-order conservation laws for 
first-order variational problems. The geometric setting for these is the infinite 
prolongation of an Euler-Lagrange system, which has come to play a major 
role in classifying conservation laws. We will propose a generalized version of 
Noether's theorem appropriate to our setting, but we do not have a proof of 
our statement. In any case, there are other ways to illustrate two of the most 
well-known but intriguing examples: the system describing Euclidean surfaces 
of Gauss curvature K = —1, and that corresponding to the sine-Gordon equa- 
tion, Oz — sinz. We will generate examples of higher-order conservation laws 
by relating these two systems, first in the classical manner, and then more sys- 
tematically using the notions of prolongation and integrable extension, which 
come from the subject of exterior differential systems. Finally, having explored 
these systems this far, it is convenient to exhibit and relate the Backlund trans- 
formations that act on each. 

One particularly appealing aspect of this study is that one sees in action so 
many aspects of the subject of exterior differential systems. There are particu- 
larly beautiful instances of the method of equivalence, a good illustration of the 
method of moving frames (for affine hypersurfaces), essential use of prolonga- 
tion both of G-structures and of differential systems, and a use of the notion of 
integrable extension to clarify a confusing issue. 



Of course, the study of Euler-Lagrange equations by means of exterior differ- 
ential forms and the method of equivalence is not new. In fact, much of the 19th 
century material in this area is so naturally formulated in terms of differential 
forms (cf. the Hilbert form in the one-variable calculus of variations) that it is 
difficult to say exactly when this approach was initiated. 

However, there is no do ubt that Elie Cartan's 1922 work Legons sur les 
invariants integraux 1Car7l| serves both as an elegant summary of the known 
material at the time and as a remarkably forward-looking formulation of the use 
of differential forms in the calculus of variations. At that time, Cartan did not 
bring his method of equivalence (which he had developed beginning around 1904 
as a tool to study the geometry of pseudo-groups) to bear on the subject. It was 
not until his 1933 work Les espaces metriques fondes sur la notion d'aire [Car33| 
and his 1934 monograph Les espaces de Finsler [Car34 that Cartan began to 
explore the geometries that one could attach to a Lagrangian for surfaces or 
for curves. Even in these works, any explicit discussion of the full method of 
equivalence is supressed and Cartan contents himself with deriving the needed 
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geometric structures by seemingly ad hoc methods. 

After the modern formulation of jet spaces and their contact systems was put 
into place, Cartan's approach was extended and further developed by several 
people. One might particularly note the 1935 work of Th. de Donder [Don35 
and its development. Beginning in the early 1940s, Th. Lepage [Lep46, Lcp54 



undertook a study of first order Lagrangians that made extensive use of the al- 
gebra of differential forms on a contact manifold. Beginning in the early 1950s, 
this point of view was developed further by P. Dedecker [ Ded77 , who undertook 
a serious study of the calculus of variations via tools of homological algebra. 
All of these authors are concerned in one way or another with the canonical 
construction of differential geometric (and other) structures associated to a La- 
grangian, but the method of equivalence is not utilized in any extensive way. 
Consequently, they deal primarily with first-order linear-algebraic invariants of 
variational problems. Only with the method of equivalence can one uncover the 
full set of higher-order geometric invariants. This is one of the central themes of 
the present work; without the equivalence method, for example, one could not 
give our unique characterizations of certain classical, "natural" systems (cf. § Et1 
§|J, and §|3|). 

In more modern times, numerous works of I. Anderson, D. Betounes, R. 
Hermann, N. Kamran, V. Lychagin, P. Olver, H. Rund, A. Vinogradov, and 
their coworkers, just to name a few, all concern themselves with geometric 
aspects and invariance properties of the calculus of variations. Many of the 
results expounded in this monograph can be found in one form or another in 
works by these or earlier authors. We certainly make no pretext of giving a 
complete historical account of the work in this area in the 20th century. Our 
bibliography lists those works of which we were aware that seemed most relevant 
to our approach, if not necessarily to the results themselves, and it identifies 
only a small portion of the work done in these areas. The most substantially 
developed alternative theory in this area is that of the variational bicomplex 
associated to the algebra of differential forms on a fiber bundle. The reader can 
learn this material from Anderson's works [And92| and |And|, and references 
therein, which contain results heavily overlapping those of our Chapter EL 



Some terminology and notation that we will use follows, with more intro- 
duced in the text. An exterior differential system (EDS) is a pair (M, £) con- 
sisting of a smooth manifold M and a homogeneous, differentially closed ideal 
£ C £}*(M) in the algebra of smooth differential forms on M. Some of the EDSs 
that we study are differentially generated by the sections of a smooth subbun- 
dle / C T*M of the cotangent bundle of M; this subbundle, and sometimes 
its space of sections, is called a Pfaffian system on M. It will be useful to use 
the notation {a, (3, . . . } for the (two-sided) algebraic ideal generated by forms 
a, /3, . . . , and to use the notation {/} for the algebraic ideal generated by the 
sections of a Pfaffian system / C T*M. An integral manifold of an EDS (M, £ ) 

def 

is a submanifold immersion i : N <—*• M for which ip^ = t, cp = for all ip € £■ 
Integral manifolds of Pfaffian systems are defined similarly. 
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A differential form ip on the total space of a fiber bundle tt : E — > B is said 
to be semibasic if its contraction with any vector field tangent to the fibers of 7r 
vanishes, or equivalently, if its value at each point e G E is the pullback via 7r* 
of some form at 7r(e) € -B. Some authors call such a form horizontal. A stronger 
condition is that 93 be basic, meaning that it is locally (in open subsets of E) 
the pullback via 7r* of a form on the base B. 

Our computations will frequently require the following multi-index notation. 
If (oj , . . . , uj n ) is an ordered basis for a vector space V, then corresponding to 
a multi-index J = . . . , ik) is the fc-vector 

uj 1 = oj ii a---ac> e A k (v), 

and for the complete multi-index we simply define 

u) = us 1 A • • • A oj n . 

Letting (ei, . . . , e„) be a dual basis for V* , we also define the (n — fc)-vector 

uj {i) = e/ J w = e lk J (e lfc _ 1 J ■ • • (e 2l Joi)-). 

This is, up to sign, just oj Ic , where I c is a multi-index complementary to 
I. For the most frequently occurring cases k = 1, 2 we have the formulae (with 
"hats" " indicating omission of a factor) 

= (-l)^ 1 ^ 1 A • • • Auj 1 A • • • A Lj n , 
oj {i]) = (-l) 1 ^- 1 ^ 1 A---Aw l A---A(i J ' A--- Aw" 
= _CJ (j"»)' for«<j, 

and the identities 

U! 1 A cj(j) = 

w'Au^) = 8 l k uj {j) ~ 5)uj {k) . 

We will often, but not always, use without comment the convention of sum- 
ming over repeated indices. Always, n > 2.n 



2 For the case n = I an an alogous geometric approach to the calculus of variations for 
curves may be found in ||Gri83|. 
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Chapter 1 



Lagrangians and 
Poincare-Cartan Forms 

In this chapter, we will construct and illustrate our basic objects of study. The 
geometric setting that one uses for studying Lagrangian functionals subject to 
contact transformations is a contact manifold, and we will begin with its def- 
inition and relevant cohomological properties. These properties allow us to 
formalize an intuitive notion of equivalence for functionals, and more impor- 
tantly, to replace such an equivalence class by a more concrete differential form, 
the Poincare-Cartan form, on which all of our later calculations depend. In 
particular, we will first use it to derive the Eulcr-Lagrangc differential system, 
whose integral manifolds correspond to stationary points of a given functional. 
We then use it to give an elegant version of the solution to the inverse problem, 
which asks when a differential system of the appropriate algebraic type is the 
Euler-Lagrange system of some functional. Next, we use it to define the isomor- 
phism between a certain Lie algebra of infinitesimal symmetries of a variational 
problem and the space conservation laws for the Euler-Lagrange system, as de- 
scribed in Noethcr's theorem. All of this will be illustrated at an elementary 
level using examples from Euclidean hypcrsurface geometry. 

1.1 Lagrangians and Contact Geometry 

We begin by introducing the geometric setting in which we will study Lagrangian 
functionals and their Euler-Lagrange systems. 

Definition 1.1 A contact manifold (M,I) is a smooth manifold M of dimen- 
sion 2n + 1 (n G Z + ) 7 with a distinguished line sub-bundle I C T* M of the 
cotangent bundle which is non-degenerate in the sense that for any local 1-form 
9 generating I, 

9 A (d9) n £ 0. 
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Note that the non-degeneracy criterion is independent of the choice of 8; this is 
because if 9 = JO for some function / ^ 0, then we find 

9A(d6) n = f n+1 9 A (d6) n . 

For example, on the space J 1 (R n ,R) of 1-jets of functions, we can take 
coordinates (x l , z,pi) corresponding to the jet at (x l ) G R" of the linear function 
f(x) = z + J2Pi(x l ~ xl )- Then we define the contact form 

9 = dz — ^y^pjdx 1 , 

for which 

dO = - ^^dpi A dx\ 
so the non-degeneracy co nditio n 9 A (d6) n ^ is apparent. In fact, the Pfaff 



theorem (cf. Ch. I, §3 of B + 91 |) implies that every contact manifold is locally 
isomorphic to this example; that is, every contact manifold (M, /) has local 
coordinates (x l , z,pi) for which the form 9 = dz — ^pidx 1 generates /. 

More relevant for differential geometry is the example G n (TX n+1 ), the 
Grassmannian bundle parameterizing n-dimensional oriented subspaces of the 
tangent spaces of an (n + l)-dimcnsional manifold X. It is naturally a contact 
manifold, and will be considered in more detail later. 

Let (M,I) be a contact manifold of dimension 2n + 1, and assume that / 
is generated by a global, non- vanishing section 6 G r(7); this assumption only 
simplifies our notation, and would in any case hold on a double-cover of M. 
Sections of / generate the contact differential ideal 

1 = {9,d8} C Q*(M) 

in the exterior algebra of differential forms on M.[|] A Legendre submanifold of 
M is an immersion l : N =— > M of an n-dimensional submanifold N such that 
l*6 = for any contact form 6 G r(7); in this case i*d9 = as well, so a Legendre 
submanifold is the same thing as an integral manifold of the differential ideal X. 
In Pfaff coordinates with 9 = dz — J^Pidx 1 , one such integral manifold is given 

by 

N = {z= Pl = Q}. 

To see other Legendre submanifolds "near" this one, note than any submanifold 
C 1 -close to 7V satisfies the independence condition 

dx 1 A • • • A dx n ^ 0, 

and can therefore be described locally as a graph 

A^= {{x\z(x) lPl {x))}. 

1 Recall our convention that braces {•} denote the algebraic ideal generated by an object; 
for instance, {8} consists of exterior multiples of any contact form 6, and is smaller than X. 
We sometimes use {/} as alternate notation for {8}. 
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In this case, we have 

Oz 

9\ N = if and only if p, t (x) = -q-[{ x )- 

Therefore, N is determined by the function z(x), and conversely, every function 
z{x) determines such an N; we informally say that "the generic Legendre sub- 
manifold depends locally on one arbitrary function of n variables." Legendre 
subrnanifolds of this form, with cIx\n ^ 0, will often be described as transverse. 

Motivated by (Q) in the Introduction, we are primarily interested in func- 
tionals given by triples (M, I, A), where (M, /) is a (2ro+ l)-dimensional contact 
manifold, and A 6 Vt n {M) is a differential form of degree n on M; such a A will 
be referred to as a Lagrangian on (M, /).^| We then define a functional on the 
set of smooth, compact Legendre subrnanifolds N C M, possibly with boundary 
dN, by 

F A (N) = [ A. 

JN 

The classical variational problems described above may be recovered from this 
notion by taking M = J 1 (R™, R) = R 2n+1 with coordinates (x l ,z,pi), I gener- 
ated by 8 = dz — ^2pidx l , and A = L(x % , z,p{)dx. This formulation also admits 
certain functionals depending on second derivatives of z{x), because there may 
be dpi-terms in A. Later, we will restrict attention to a class of functionals 
which, possibly after a contact transformation, can be expressed without sec- 
ond derivatives. 

There are two standard notions of equivalence for Lagrangians A. First, 
note that if the difference A — A' of two Lagrangians lies in the contact ideal X 
then the functionals J- a and are equal, because they are defined only for 
Legendre subrnanifolds, on which all forms in X vanish. Second, suppose that 
the difference of two Lagrangians is an exact n-form, A — A' = dip for some 
ip e n n - x (M). Then we find 

T A {N)=T A ,(N)+ f ip 

J dN 

for all Legendre subrnanifolds N. One typically studies the variation of Tk along 
1-parameter families N t with fixed boundary, and the preceding equation shows 
that J-'a and T a 1 differ only by a constant on such a family. Such A and A' are 
sometimes said to be divergence- equivalent. 

These two notions of equivalence suggest that we consider the class 

[A] e n n {M)/{x n + dtt n - l {M)), 

where X n = X n f2"(M). The natural setting for this space is the quotient 
(Q*,d) of the de Rham complex (Q*(M),d), where Cl n = Q n (M)/I n , and d 
is induced by the usual exterior derivative d on this quotient. We then have 

2 In the Introduction, we used the term Lagrangian for a function, rather than for a differ- 
ential form, but we will not do so again. 
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characteristic cohomology groups H n — H n (Q* , d). We will show in a moment 
that (recalling dim(M) = In + 1): 

for k > n, l k = Q k (M). (1.1) 

In other words, all forms on M of degree greater than n lie in the contact 
ideal; one consequence is that X can have no integral manifolds of dimension 



greater than n. The importance of (1.1) is that it implies that dA 6 l n+1 , and 



we can therefore regard our equivalence class of functionals as a characteristic 
cohomology class 

[A] e H n . 

This class is almost, but not quite, our fundamental object of study. 

To prove both fllTl}) an d several later results, we need to describe some of the 
pointwise linear algebra associated with the contact ideal T = {8, dd} C fT(M). 
Consider the tangent distribution of rank 2n 

I 1 - C TM 



given by the annihilator of the contact line bundle. Then the non-degeneracy 
condition on / implies that the 2-form 

e d M d e 

restricts fiberwise to I 1 - as a non-degenerate, alternating bilinear form, deter- 
mined by I up to scaling. This allows one to use tools from symplectic linear 
algebra; the main fact is the following. 

Proposition 1.1 Let (V 2n ,Q) be a symplectic vector space, where 9 £ /\ 2 V* 
is a non-degenerate alternating bilinear form. Then 

(a) for < k < n, the map 

(6A) fc : A"~ fc V* -» A" +fe V* (1-2) 

is an isomorphism, and 

(b ) if we define the space of primitive forms to be 

P n - k (V*) = Ker ((9A) fc+1 : A"~ fc V* -> /\ n+k+2 V*), 
then we have a decomposition of Sp(n, TV) -modules 



3 Of course, we can extend this decomposition inductively to obtain the Hodge-Lepage 
decomposition 



A V* p n - k (v*) e P n - k ~ 2 (V*) © ■ 



P^y*) = V* for n - k odd, 
P (y*) = R for n — k even, 
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Proposition 1.1 implies in particular (1.1), for it says that modulo {9} (equiv- 
alently, restricted to I 1 -), every form <p of degree greater than n is a multiple of 
dO, which is exactly to say that ip is in the algebraic ideal generated by 9 and 
dO. 

Proof, (a) Because [\ n ~ k V* and A" +fe V* have the same dimension, it suffices 
to show that the map ([l]^) is injective. W e pr oceed by induction on k, downward 
from fc = n to k = 0. In case k = n, the (1.2) is just multiplication 

(6™)- /\ 2n V*, 

which is obviously injective, because is non-degenerate. 

Now suppose that the statement is proved for some k, and suppose that 
£ G satisfies 

This implies that 

9 fe A £ = 0, 
so that for every vector X S V, we have 

o = x j (e fc a o = k(x j e) a e^ 1 a f + e fc a (x j £). 

Now, the first term on the right-hand side vanishes by our assumption on £ (our 
second use of this assumption), so we must have 

= Q k A (X J o, 

and the induction hypothesis then gives 

X J£ = 0. 

This is true for every X £ V, so we conclude that £ = 0. 

(b) We will show that any £ 6 nag a un jq ue decomposition as the sum of 

a primitive form and a multiple of Q. For the existence of such a decomposition, 
we apply the surjectivity in part (a) to the element fc+1 A£ e yy™+ fc + 2 y* ) anc j 
find ?7 G /\™ fe 2 for which 



e fc+2 /\rj = e k+1 a f . 



under which any element £ £ /\ n k V* can be written uniquely as 

£ = Co + (e a a) + (e 2 a 6) + ■ ■ ■ + (V^J a e La _fcj j , 

with each £ P™" fe— 2l (V*). What we will not prove here is that the representation 
of Sp(n,H,) on P n_,c (y*) is irreducible for each k, so this gives the complete irreducible 
decomposition of f\"~ k (V*). 
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Then we can decompose 

£=(£-0Ar/) + (0Ar/), 

where the first summand is primitive by construction. 

To prove uniqueness, we need to show that if A rj is primitive for some 
n e f\ n ~ k ~ 2 (V*), then A i) = 0. In fact, primitivity means 

= fe A A 77, 

which implies that 77 = by the injectivity in part (a). □ 

Returning to our discussion of Lagrangian functional, observe that there is 
a short exact sequence of complexes 

-^T -> Q*(M) -» Cl* -» 

giving a long exact cohomology sequence 

• • • -> ff^M) - H n ± H n +\1) SS+^M) - • • • , 

where (5 is essentially exterior differentiation. Although an equivalence class 
[A] e H n generally has no canonical representative differential form, we can 
now show that its image S([A]) e H n+1 (X) does. 

Theorem 1.1 Any class [II] e H n+1 (I) has a unique global representative 
closed form II G X n+1 satisfying 9 A IT — for any contact form 9 G r(7), 
or equivalently, U = ^mod 

Proof. Any II e may be written locally as 

Il = 9Aa + d9Af3 

for some a € Q n (M), /? G n™ _1 (M). But this is the same as 

IT = 9 A (a + d(3) + d{9 A (3), 

so replacing IT with the equivalent (in H n+1 {X)) form IT — d(9 A (3), we have the 
local existence of a representative as claimed. 

For uniqueness, suppose that ITi — n 2 = d(9 A 7) for some (n — l)-form 7 
(this is exactly equivalence in H n+1 (l)), and that 9 A ITi = 9 A U 2 = 0. Then 
6 A J A 7 = 0, sod#A7 = (mod {/}). By symplectic linear algebra, this 
implies that 7 = (mod {/}), so ITi — U 2 = 0. 

Finally, global existence follows from local existence and uniqueness. □ 

We can now define our main object of study. 

Definition 1.2 For a contact manifold (M, /) with Lagrangian A, the unique 
representative U e X n+1 of S([A}) satisfying IT = (mod {I}) is called the 
Poincare-Cartan form of A. 
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Poincare-Cartan forms of Lagrangians will be the main object of study in 
these lectures, and there are two computationally useful ways to think of them. 
The first is as above: given a representative Lagrangian A, express dA locally 
as 6 A (a + df3) + d{6 A (3), and then 

11 = 9 A{a + df3). 

The second, which will be important for computing the first variation and the 
Euler-Lagrange system of [A] , is as an exact form: 

II = d(A - 6 A 0). 

In fact, P is the unique (n — l)-form modulo {/} such that 

d(A-6Af3)=0 (mod{/}). 

This observation will be used later, in the proof of Noether's theorem. 

I. 2 The Euler-Lagrange System 

In the preceding section, we showed how one can associate to an equivalence 
class [A] of Lagrangians on a contact manifold (M, /) a canonical (n + l)-form 

II. In this section, we use this Poincare-Cartan form to find an exterior dif- 
ferential system whose integral manifolds are precisely the stationary Legendre 
submanifolds for the functional JF A . This requires us to calculate the first vari- 
ation of JF A , which gives the derivative of .FaC^*) for any 1-parameter family 
N t of Legendre submanifolds of (M,I). The Poincare-Cartan form enables us 
to carry out the usual integration by parts for this calculation in an invariant 
manner. 

We also consider the relevant version of the inverse problem of the calculus of 
variations, which asks whether a given PDE of the appropriate type is equivalent 
to the Euler-Lagrange equation for some functional. We answer this by giving 
a necessary and sufficient condition for an EDS of the appropriate type to be 
locally equivalent to the Euler-Lagrange system of some [A]. We find these 
conditions by reducing the problem to a search for a Poincare-Cartan form. 

1.2.1 Variation of a Legendre Submanifold 

Suppose that we have a 1-parameter family {Nt} of Legendre submanifolds of 
a contact manifold (M,I); more precisely, this is given by a compact manifold 
with boundary (N, dN) and a smooth map 

F : N x [0, 1] -> M 

which is a Legendre submanifold F t for each fixed t e [0,1] and is independent 
of t G [0, 1] on dN x [0, 1]. Because F*6 = for any contact form 9 e T(I), we 
must have locally 



F*9 = Gdt 



(1.3) 
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for some function G on N x [0, 1]. We let g — G|jvx{o} be- the restriction to the 
initial submanifold. 

It will be useful to know that given a Legendre submanifold / : N M, 



every function g may be realized as in (1.3) for some fixed-boundary variation 



and some contact form 9, locally in the interior N°. This may be seen in Pfaff 
coordinates (x l , z,Pi) on M, for which 9 = dz — ^pidx 1 generates I and such 
that our given N is a 1-jet graph {(a; 1 , z(x),Pi(x) = z x i(x))}. Then (x 1 ) give 
coordinates on N, and a variation of N is of the form 

F(x,t) = {x\z(x,t),z x i(x,t)). 

Now F* (dz — ^ Pidx 1 ) = z t dt\ and given z(x, 0), we can always extend to z(x, t) 
with g(x) — Zt(x, 0) prescribed arbitrarily, which is what we claimed. 



1.2.2 Calculation of the Euler-Lagrange System 

We can now carry out a calculation that is fundamental for the whole theory. 
Suppose given a Lagrangian A S f2 n (M) on a contact manifold (M,I), and a 
fixed-boundary variation of Legendre submanifold F : N x [0, 1] — » M; we wish 
to compute f t {J Nt A). 

To do this, first recall the calculation of the Poincare-Cartan form for the 
equivalence class [A] £ H n . Because l n+1 = n n+1 (M), we can always write 

dA = 9 Aa + d9 A (3 

= 9A(a + dp)+d(9A(3), 

and then 

li = 9 A{a + dl3) =d(A-0A/3). (1.4) 

We are looking for conditions on a Legendre submanifold / : N M to 
be stationary for [A] under all fixed-boundary variations, in the sense that 
li\t— o (/w ^) — whenever F|t = o = /. We compute (without writing the 
F*s)~ 

dt J Nt A dt J N }^ ° A ^ 



(d- t Jd(A-9A(3))+ d (| J (A - 9 A 0)) 



IN, 

One might express this result as 



/ J II (because dN is fixed) . 
Jn, 



N 
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where the variational vector field v, lying in the space To(f*TM) of sections of 
f*TM vanishing along dN, plays the role of Jj. The condition II = (mod {/}) 
allows us to write II = 9 A for some n-form 4", not uniquely determined, and 
we have 

| [ A = [ .g/**, 

al t=0 JN t JN 

where g = (Jj J F*9)\ t= o. It was shown previously that this g could locally be 
chosen arbitrarily in the interior 7V°, so the necessary and sufficient condition 
for a Legendre submanifold / : N > M to be stationary for is that = 0. 



Definition 1.3 The Euler-Lagrange system of the Lagrangian A is the differ- 
ential ideal generated algebraically as 

£ A = {0, C f2*(M). 

^4 stationary Legendre submanifold o/ A is an integral manifold of £a- The 
functional is said to be non-degenerate if its Poincare-Cartan form TL = 9 A 4 
has no degree- 1 divisors (in the exterior algebra ofT*M) other than multiples 
of 9. 

Note first that £ a is uniquely determined by II, even though 9 and W may 
not be.[^| Note also that the ideal in fi*(M) algebraically generated by {9, d9, 
is already differentially closed, because d^f G f2 n+1 (M) = T n+1 . 

We can examine this for the classical situation where M = z,pi)}, 
9 = dz — ^2pidx l , and A = L(x, z,p)dx. We find 

dA = L z 9 A dx + L Pi dpi A dx 
= 9 A L z dx — d9 A L Pi dxu\, 

so referring to ( |l.4| ), 

II = 6> A (L 2 cb - £ d(L Pi dx (i) )) = 9 A 

Now, for a transverse Legendre submanifold N = z^i (a;))}, we have 

\& 1 7v = if and only if along N 

dL _d_ (dL\ (| 

dz dx 1 \ dpi J 

4 Actually, given It we have not only a well-defined £a, but a well-defined if modulo {/} 
which is primitive on I-*-. There is a canonical map € : H n (Q*) — » P n (T*M/I) to the space 
of primitive forms, taking a Lagrangian class [A] to the corresponding in its Euler-Lagrange 
system; and this map fits into a full resolution of the constant sheaf 

o — » r. — > n° — * > n"- 1 -» H n (n*) p n {T*M/i) -> > p°(t*m/i) -> o. 



This has been developed and applied in the context of CR geometry in | Rum90 . 
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where 



_d_ 

dx % 



_d_ 

dx l 



+ z s 



d_ 

dz 



d 

dpj 



is the total derivative. This is the usual Euler-Lagrange equation, a second- 
order, quasi-linear PDE for z(x , . . . , x n ) having symbol L PiPj . It is an exercise 
to show that this symbol matrix is invertible at (x l ,z,pi) if and only if A is 
non-degenerate in the sense of Definition 1.3. 



1.2.3 The Inverse Problem 

There is a reasonable model for exterior differential systems of "Euler-Lagrange 
type". 

Definition 1.4 A Monge-Ampere differential system (M,£) consists of a con- 
tact manifold {M,I) of dimension 2n + 1, together with a differential ideal 
£ C Q*(M), generated locally by the contact ideal X and an n-form ^ € Q n (M). 

Note that in this definition, the contact line bundle / can be recovered from £ 
as its degree- 1 part. We can now pose a famous question. 



Inverse Problem: When is a given Monge-Ampere system £ on M equal to 
the Euler-Lagrange system £\ of some Lagrangian A £ tt n (M) ? 



Note that if a given £ does equal £a for some A, then for some local genera- 
tors 9, of £ we must have 6 A ^ = II, the Poincare-Cartan form of A. Indeed, 
we can say that (M, £ ) is Euler-Lagrange if and only if there is an exact form 
II 6 fl n+1 (M), locally of the form A $ for some generators 9, ^ of £. How- 
ever, we face the difficulty that (M, £) does not determine either 4" 6 f2"(M) 
or 9 £ r(-0 uniquely. 

This can be partially overcome by normalizing ^ as follows. Given only 
(M,£ = {6»,d6»,*}), * is determined as an element of Cl n = tt n {M)/l n . We 
can obtain a representative ^ that is unique modulo {/} by adding the unique 
multiple of d9 that yields a primitive form on I- 1 , referring to the symplectic 
decomposition of f\ n (T* M / 1) (see Proposition 1.1). With this choice, we have 
a form 9 which is uniquely determined up to scaling; the various multiples 
fO A "P, where / is a locally defined function on M, are the candidates to be 
Poincare-Cartan form. Note that using a primitive normalization is reasonable, 
because our actual Poincare-Cartan forms II = 9 A ^> satisfy dH = 0, which in 
particular implies that ^> is primitive on I . The proof of Noether's theorem in 
the next section will use a more refined normalization of ty. 

The condition for a Monge-Ampere system to be Euler-Lagrange is therefore 
that there should be a globally defined exact n-form II, locally of the form f9f\^ 
with ^ normalized as above. This suggests the more accessible local inverse 
problem, which asks whether there is a closed n-form that is locally expressible 
as f9 A 'P. It is for this local version that we give a criterion. 
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We start with any candidate Poincare-Cartan form S = 9 A and consider 
the following criterion on S: 



g?S = ip A S for some ip with dyj = (mod I). (1-5) 



We first note that if this holds for some choice of S = 9 A , 3>, then it holds 
for all other choices /S; this is easily verified. 

Second, we claim that if ( |1.5| ) holds, then we can find ^ also satisfying 
dS — ip A S, and in addition, <i<p = 0. To see this, write 

dp = 9 A a + (3 dO 

(here a is a 1-form and j3 is a function), and differentiate using rf 2 = 0, modulo 
the algebraic ideal {/}, to obtain 

= d9 A (a + d/3) (mod {/}). 

But with the standing assumption n > 2, symplectic linear algebra implies that 
the 1-form a + dfi must vanish modulo {/}. As a result, 

d(ip-/36) = 6 A (a + d/3) = 0, 

so we can take p — p ~ (3 6, verifying the claim. 

Third, once we know that gE = </?AS with dip — 0, then on a possibly smaller 
neighborhood, we use the Poincare lemma to write ip = du for a function it, and 
then 

d(e~ u E) = e~ u (ip A S - du A S) = 0. 
This proves the following. 

Theorem 1.2 A Monge-Ampere system (M,E — {6,d9, Vt'}) on a (2n + 1)- 

dimensional contact manifold M with n > 2, where ^ is assumed to be primitive 
modulo {I}, is locally equal to an Euler- Lagrange system £\ if and only if it 
satisfies (l.i ). 

Example 1. Consider a scalar PDE of the form 

Az = f{x,z,Vz), (1.6) 

where A = ^2 we as k which functions / : R 2n+1 — ► R are such that (1.6) 
is contact-equivalent to an Euler-Lagrange equation. To apply our framework, 
we let M = J 1 (R™, R), 9 = dz — ^pidx 1 so d6 — — dpi A dx l , and set 

* = J2 d Pi A dx(i) - f(x, z,p)dx. 

Restricted to a Legendre submanifold of the form N — {(x l , z(x), J^-(x)}, we 
find 

*|at = (Az - f(x, z, Vz))dx. 
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Evidently \P is primitive modulo {/}, and £ = {9, dd, ^} is a Monge- Ampere 
system whose transverse integral manifolds (i.e., those on which dx 1 A - • -f\dx n ^ 
0) correspond to solutions of the equation (1.6). To apply our test, we start with 
the candidate S = ^Af, for which 

dZ = -8Ad^> = 6hdf A dx. 

Therefore, we consider if satisfying 

6 A df A dx = ip A S, 

or cquivalently 

dfAdx = -ipA^ (mod {/}), 
and find that they are exactly those 1-forms of the form 

<P = Ef P >dx l + c0 

for an arbitrary function c. The problem is reduced to describing those f(x, z,p) 
for which there exists some c(x, z,p) so that (fi — IpA x% + cO is closed. We 
can determine all such forms explicitly, as follows. The condition that ip be 
closed expands to 

= c Pi dpi A dz 

+ (/pxPj - ~ c PjPi)dpj A dx 1 

~\~^(fpixi ~ fpjx i ~ c xiPi + c x ipj)dx :) A dx 

+(f Pi z - c x i - c z pi)dz A dx 1 . 

These four terms must vanish separately. The vanishing of the first term implies 
that c = c(x l , z) does not depend on any pi. Given this, the vanishing of the 
second term implies that f(x l , z,Pi) is quadratic in the pi, with diagonal leading 
term: 

f(x\z,Pi) = ±c(x\z)Y,p 2 3 +Y J e j {x\z)p j +a{x\z) 

for some functions e 3 {x l ,z) and a(x l ,z). Now the vanishing of the third term 
reduces to 

= e { - e j ■ 
implying that for some function b(x J ,z), 

e[x,z)- , 

this b{x J ,z) is uniquely determined only up to addition of a function of z. 
Finally, the vanishing of the fourth term reduces to 

(b z - c) x i = 0, 

so that c(x % , z) differs from b z {x l ,z) by a function of z alone. By adding an 
antiderivative of this difference to 6(a; 1 , z) and relabelling the result as b(x l , z), 
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we see that our criterion for the Monge- Ampere system to be Euler-Lagrange is 
that f(x l ,z,pi) be of the form 

for some functions b(x,z), a(x,z). These describe exactly those Poisson equa- 
tions that are locally contact-equivalent to Euler-Lagrange equations. 

Example 2. An example that is not quasi-linear is given by 

det(V 2 z) - g(x, z, Vz) = 0. 

The n-form ^> — dp — g(x, z,p)dx and the standard contact system generate a 
Monge- Ampere system whose transverse integral manifolds correspond to solu- 
tions of this equation. A calculation similar to that in the preceding example 
shows that this Monge- Ampere system is Euler-Lagrange if and only if g(x, z,p) 
is of the form 

g(x,z,p) = g (x,z)gi(p,z-Y,PiX % ). 



Example 3. The linear Weingarten equation aK + bH + c = for a surface 
in Euclidean space having Gauss curvature K and mean curvatu re H is Euler- 
Lagrange for all choices of constants a,b,c, as we shall see in § 1.4. 2| . In this 



case, the appropriate contact manifold for the problem is M = G*2(TE 3 ), the 
Grassmannian of oriented tangent planes of Euclidean space. 

Example 4. Here is an example of a Monge- Ampere system which is locally, 
but not globally, Euler-Lagrange, suitable for those readers familiar with some 
complex algebraic geometry. Let X be a K3 surface; that is, A is a simply con- 
nected, compact, complex manifold of complex dimension 2 with trivial canon- 
ical bundle, necessarily of Kahler type. Suppose also that there is a positive 
holomorphic line bundle L — > X with a Hermitian metric having positive first 
Chern form uj E r2 1 ' 1 (A). Our contact manifold M is the unit circle subbundlc 
of L — > X, a smooth manifold of real dimension 5; the contact form is 

9 = ^a, d9 = uj. 

where a is the u(l)-valued Hermitian connection form on M. Note 0A(dO) 2 ^ 0, 
because the 4-form (d0) 2 = uj 2 is actually a volume form on M (by positivity) 
and 9 is non-vanishing on fibers of M — > X, unlike (d9) 2 . 

Now we trivialize the canonical bundle of X with a holomorphic 2-form 
$ = ^ + iS, and take for our Monge- Ampere system 

£ = {9,d9 = w,* = Re($)}. 

We can see that £ is locally Euler-Lagrange as follows. First, by reasons of type, 
wA$ = 0; and u> is real, so = Re(wA$) = uj AW. In particular, W is primitive. 
With 3 = 9 A W, we compute 

dZ = u; A * - 9 A = -6 A dW, 
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but cZM/ = Re(rf ( E>) = 0, because $ is holomorphic and therefore closed. 

On the other hand, (M, £) cannot be globally Euler-Lagrange; that is, S = 
9 A 'J cannot be exact, for if S = then 

/ 5 A £ = / d(£ A S) = 0, 

JM JM 

but also 

/ SAS = / 9A*AE = c/ $A$, 
for some number c ^ 0. 



1.3 Noether's Theorem 

The classical theorem of Noether describes an isomorphism between a Lie alge- 
bra of infinitesimal symmetries associated to a variational problem, and a space 
of conservation laws for its Euler-Lagrange equations. We will often assume 
without comment that our Lagrangian is non-degenerate in the sense discussed 
earlier. 

There are four reasonable Lie algebras of symmetries that we might consider 
in our setup. Letting V(M) denote the Lie algebra of all vector fields on M, 
they are the following. 

• Symmetries of (M, /, A): 

0a = {v e V(M) : C V I C /, C V A = 0}. 

• Symmetries of (M, I, [A]): 

fl [A] = {v E V(M) : C V I C /, [A] = 0}. 

• Symmetries of (M, II): 

0n = {v e V(M) : C V U = 0}. 
(Note that £^11 = implies C V I C / for non-degenerate A.) 

• Symmetries of (M, £a): 

$ £a = {ve V(M) : £„£ A C £ a }. 
(Note that £„£a C £a implies C V I C J.) 

We comment on the relationship between these spaces. Clearly, there are 
inclusions 

0A C [A] Cg n C g£ A . 

Any of the three inclusions may be strict. For example, we locally have gnu = 0n 
because II is the image of [A] under the coboundary 5:H n (£l* /I) — ► H n+1 (J), 
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which is invariant under diffcomorphisms of (M, I) and is an isomorphism on 
contractible open sets. However, we shall see later that globally there is an 
inclusion 

0n/ 0[ A] H2 R (M), 

and this discrepancy between the two symmetry algebras introduces some sub- 
tlety into Noether's theorem. 
Also, there is a bound 

dim( fl£A /fln)<l. (1.7) 

This follows from noting that if a vector field v preserves £\, then it preserves 
I! up to multiplication by a function; that is, £ V H = /IT. Because II is a closed 
form, we find that df A II = 0; in the non-degenerate case, this implies df = u6 
for some function u. The definition of a contact form prohibits any uO from 
being closed unless u = 0, meaning that / is a constant. This constant gives a 
linear functional on g^ A whose kernel is grij proving ([O]). The area functional 
and minimal surface equation for Euclidean hypersurfaces provide an example 
where the two spaces are different. In that case, the induced Monge- Ampere 
system is invariant not only under Euclidean motions, but under dilations of 
Euclidean space as well; this is not true of the Poincare-Cartan form. 

The next step in introducing Noether's theorem is to describe the relevant 
spaces of conservation laws. In general, suppose that (M, J) is an exterior dif- 
ferential system with integral manifolds of dimension n. A conservation law for 
(M, J) is an (n — l)-form p £ f2™ _1 (M) such that d(f*ip) = for every integral 
manifold / : N n M of J . Actually, we will only consider as conservation 
laws those ip on M such that dip S 3 , which may be a strictly smaller set. This 
will not present any liability, as one can always "saturate" J to remove this 
discrepancy. The two apparent ways in which a conservation law may be trivial 
are when either ip E 3 n ~ Y already or ip is exact on M. Factoring out these cases 
leads us to the following. 

Definition 1.5 The space of conservation laws for {M,J) is 

C = H n - l {VL*(M)/J). 

It also makes sense to factor out those conservation laws represented by 
p 6 £l n ~ 1 (M) which are already closed on M, and not merely on integral 
manifolds of J . This can be understood using the long exact sequence: 

• • ■ -> B n dR \M) ^C^ H n {J) - HS R (M) - • • • . 



Definition 1.6 The space of proper conservation laws is C — C/n(H^ R 1 (M j). 

Note that there is an inclusion C H n (J). In case J — £ \ is the Euler- 
Lagrange system of a non-degenerate functional A on a contact manifold (M, J), 
we have the following. 
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Theorem 1.3 (Noether) Let (M,£\) be the Euler- Lagrange system of a non- 
degenerate junctional A. There is a linear isomorphism 

rj : 0n -> H n (£ A ), 

taking the subalgebra 0m C 0n to the subspace ??(0[a]) = Cc H n (£\). 

Before proceeding to the proof, which will furnish an explicit formula for 77, 
we need to make a digression on the algebra of infinitesimal contact transfor- 
mations 

9i = {ve V(M) : £ V I C /}. 

The key facts are that on any neighborhood where / has a non-zero generator 9, 
a contact symmetry v is uniquely determined by its so-called generating function 
g = v J 9, and that given such 9, any function g is the generating function of 
some v £ Qi. This can be seen on a possibly smaller neighborhood by taking 
Pfaff coordinates with 9 = dz — ^pidx 1 . Working in a basis dg,d l , di dual to 
the basis 9, dpi,dx l of T*M, we write 



gde + Ev'di+^Vid 1 



Now the condition 



C v 9 = (mod {/}) 
can be made explicit, and it turns out to be 

^ ( 9 d \ , dg 

Vi =d i g=[— 1 +p i —\g, v = -d g = - — . 

\ ox 1 az J dpi 

This establishes our claim, because the correspondence between v and g is now 
given by 

v = gd e -T,9pidi + Yl idx* +Pi9z)d l . (1.8) 

As we have presented it, the correspondence between infinitesimal contact 
symmetries and their generating functions is local. But a simple patching ar- 
gument shows that globally, as one moves between different local generators 9 
for /, the different generating functions g glue together to give a global section 



g € r(M, /*) of the dual line bundle. In fact, the formula (1.8) describes a 
canonical splitting of the surjection 

T(TM) -> r(j*) -> 0. 

Note that this splitting is not a bundle map, but a differential operator. 

Returning to Noether's theorem, the proof that we present is slightly in- 
complete in that we assume given a global non-zero contact form 9 S r(/), 
or equivalently, that the contact line bundle is trivial. This allows us to treat 
generating functions of contact symmetries as functions rather than as sections 
of /* . It is an enlightening exercise to develop the patching arguments needed 
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to overcome this using sheaf cohomology. Alternatively, one can simply pull 
everything up to a double cover of M on which I has a global generator, and 
little will be lost. 

Proof of Theorem |l.3| . Step 1: Definition of the map r\. The map in question 
is given by 

r](v) = wJIl for v G gn C V(M). 

Note that locally v J II = (v J 0)* - A (v J so that v J II lies in £ A . 
Furthermore, the condition £ v Tl = gives 

= v J dTL + d(v J n) = d{v J n), 

so that v J II is closed, and gives a well-defined class rj(v) € H n (£\). 



Step 2: tj is injective. Write 

<q{v) = {v J (?)* - 6» A (77 J *). 

Suppose that this n-form is cohomologous to zero in 7J"(£a); that is, 

(u J 0)^ -flA(uJ$) = d{9Aa + d0A (3) 

= -6 Ada + d6 A(a + d(3). 

Regarding this equation modulo {/} and using the primitivity of 'J, we conclude 
that 

v J 6 = 0. 

An infinitesimal symmetry v G g/ of the contact system is locally determined 
by its generating function v J as in (1.8), so we conclude that v — 0, proving 
inject ivity. 

Step 3: r) is locally surjective. We start by representing a class in H n (£\) by a 
closed n-form 

$ = jf + «Aa. (1.9) 

We can choose the unique contact vector field v such that v J 9 = g, and our 
goals are to show that v G gn and that 77(f) = [$] G H n (£\). 

For this, we need a special choice of ^, which so far is determined only 
modulo {/}; this is reasonable because the presentation fll.9| ) is not unique. In 
fact, we can further normalize ^ by the condition 

dO A * = 0. 

To see why this is so, first note that by symplectic linear algebra (Proposi- 
tion 1.1), 

d^ = dOAT (mod {/}), (1.10) 
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for some T, because d^ is of degree n + 1. Now suppose we replace ^ by 
5> = — A T, which certainly preserves the essential condition II = 8 A 1 4'. 
Then we have 

d6 A # = d0 A (* - 6> A V) 

= ((2n + A d#) - d0 A AT 
= A (dtf - d0 A T) 
= 0, by ( p0| ), 

and we have obtained our refined normalization. 

Now we combine the following three equations modulo {/}: 

• = C v 8 = dg + v J d8, when multiplied by 'J, gives 

dg A*+ (v Jd0) A* = (mod {/}); 

• — d$ — d(g^> + 8 A a) , so using our normalization condition d9 A = 
(which implies d^ = (mod {I})), 

dg A^ + d8 Aa = (mod {/}); 

• Ordinary primitivity gives dd A ^ = (mod {/}), and contracting with v, 

(v J d9) A f + J A (v J *) = (mod {/}). 

These three equations combine to give 

ddA(a + v J#)=0 (mod{J}), 
and from symplectic linear algebra, we have 

a + nJf e0 (mod {/}). 
This allows us to conclude 

i)jn = 9 $ + ffAa (1.11) 

which would complete the proof of surjectivity, except that we have not yet 
shown that C V H = 0. However, by hypothesis g^> + 8 A a is closed; with (1.11), 
this is enough to compute £„II = 0. 

The global isomorphism asserted in the theorem follows easily from these 
local conclusions, so long as we maintain the assumption that there exists a 
global contact form. 

Step 4 : V maps symmetries of [A] to proper conservation laws. For this, first 
note that there is an exact sequence 
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so it suffices to show that for v E gn, 

C V [A] = if and only if G Ker i. (1.12) 

Recall that II = d(A — 9 A (3) for some /?, and we can therefore calculate 

77(11) = v J n 

= Cv(A - A P) - d(v J (A-0A/3)) 
= £„A (mod dO"- x (M) + 2 71 ). 

This proves that j o i(j](v)) = C V [A] in the composition 

ff"(f A ) - H n dR {M) ^ H n (Q*(M)/l). 

The conclusion ( 1.12Q will follow if we can prove that j is injective. 

To see that j is injective, note that it occurs in the long exact cohomology 
sequence of 

0->l-»fi*(M)-»fi*(M)/I-»0; 



namely, we have 



H n (I) -> ffJ R (M) ±> H n (n*(M)/l) 



So it suffices to show that H n (T) — 0, which we will do under the standing 
assumption that there is a global contact form 6. Suppose that the n-form 

if = 9 A a + d9 A 13 = 9 A {a + df3) + d(6 A (3) 

is closed. Then regarding = dip modulo {/}, we have by symplectic linear 
algebra that 

a + d(3 = (mod {I}) 

so that actually 

This says that cp ~ in H n (l), and our proof is complete. □ 

It is important in practice to have a local formula for a representative in 
tt n ~ 1 (M), closed modulo £a, for the proper conservation law t](v). This is 
obtained by first writing as usual 

n = d(A-0A/3), (1.13) 

and also, for a given v E 0[A1) 

C v A = d 1 (mod 2). (1.14) 
We will show that the (n — l)-form 



ip = -v J A + (v J 9)/3 + 7 (1.15) 
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is satisfactory. First, compute 

dip = {-C v A + v JdA) + d{{v 19)f3)+d 1 

= v J (U + d(9 A (3)) + d((v J 0)0) (modi) 
ee r)(v) + C v (6 A 0) (modi) 
ee Tj(v) (mod X). 

Now we have dtp = r)(v) + H for some closed 3 e I". We proved in the last 
part of the proof of Noether's theorem that H n (I) = 0, which implies that 



m 



3 = d£ for some (el" . Now we have d(ip — £) = f](v) , and 95 ~ p> — £ i 
C = H n - 1 (9,*(M)/S A )- This justifies our prescription ( flEj ). 

Note that the prescription is especially simple when v € Qa Q 0[A]> f° r then 
we can take 7 = 0. 

Example. Let L™ +1 = {(t, y 1 , ... , y")} = R™ +1 be Minkowski space, and 
let M 2n+3 — J 1 (L" +1 ,R) be the standard contact manifold, with coordinates 
(t,y l , z,p a ) (where < a < n), 9 = dz — p^dt — ^pidy 1 . For a Lagrangian, take 

A= {\\\p\\ 2 +F{z))dtf\dy 

for some "potential" function F(z), where dy = dy 1 A ■ • • A dy n and ||p|| 2 = 
~Po + S Pi i s the Lorentz-signature norm. The local symmetry group of this 
functional is generated by two subgroups, the translations in L™ +1 and the linear 
isometries SO°(l, n); as we shall see in Chapter ||, for certain F(z) the symmetry 
group of the associated Poincare-Cartan form is strictly larger. For now, we 
calculate the conservation law corresponding to translation in t, and begin by 
finding the Poincare-Cartan form IT. Letting f(z) = F'(z), we differentiate 

dA = (-podpo + P l dp l + f(z)6) A dt A dy 

= 9 A {f(z)dt A dy) + d6 A {pady + J^Pjdt A dy^)); 

with the usual recipe II = 9 A (a + d/3) whenever dA = 9 A a + d9 A (3, we obtain 

II = 9 A (f{z)dt Ady + dpo Ady + J2 dpj A A dy^) . 

We see the Euler-Lagrange equation using 

* = f(z)dt Ady + dp Ady + J2 dpj A dt A dy^ ; 

an integral manifold of £\ = {9, dd, ^} of the form 

{(*, V, z(t, y), z t (t, y), z y i(t, y))} 

must satisfy 

With the independence condition dtAdy 7^ 0, we have the familiar wave equation 

nz(t,y)=f(z). 
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Now considering the time-translation symmetry v = 6 0a, the Noether 
prescription ( 1.15| ) gives 

if = -v JA+(w A 6)fi 
(\\p\? 



\ 2 



F(z) ) dy - po (p a dy + J2Pj dt A d VU)) 



= -{?EpI + F(z)) dy - p a dt A (EPjdyu))- 

One can verify that tp is closed when restricted to a solution of Oz = f(z). The 
question of how one might use this conservation law will be taken up later. 



1.4 Hypersurfaces in Euclidean Space 

We will apply the the theory developed so far to the study of hypersurfaces in 
Euclidean space 

We are particularly interested in the study of those functionals on such hyper- 
surfaces which are invariant under the group E(n + 1) of orientation-preserving 
Euclidean motions. 

1.4.1 The Contact Manifold over E n+1 

Points of E n+1 will be denoted x = (x°, . . . , x n ), and each tangent space T x E n+1 
will be canonically identified with E™ +1 itself via translation. A frame for E™ +1 
is a pair 

/ = (x,e) 

consisting of a point x £ E n+1 and a positively-oriented orthonormal basis 
e = (eo, . . . , e„) for T X E™ +1 . The set T of all such frames is a manifold, and 
the right SO(n + 1, R)-action 

(x, (e , . . . , e„)) • (g%) = (x, (£ e a g„ , . . . , E e o.9n)) 
gives the basepoint map 

x : T -> E" +1 

the structure of a principal bundle^] There is also an obvious left-action of E(n+ 
1, R) on J 7 , and a choice of reference frame gives a left-equivariant identification 
T = E(n + 1) of the bundle of frames with the group of Euclidean motions. 

The relevant contact manifold for studying hypersurfaces in E n+1 is the 
manifold of contact elements 

M 2n+i = {{ X ^H) : x € E n+1 , H n C T x ~E< n+1 an oriented hyperplanc}. 

5 Throughout this section, we use index ranges 1 < i, j < n and < a, b < n. 
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This M will be given the structure of a contact manifold in such a way that 
transverse Legendre submanifolds correspond to arbitrary immersed hypersur- 
faces in E™ +1 . Note that M may be identified with the unit sphere bundle of 
E n+1 by associating to a contact element (x, H) its oriented orthogonal com- 
plement (x,eo). We will use this identification without further comment. 

The projection J- — » M taking (x, (e a )) i— > (x, eo) is E(n + 1, R)-equivariant 
(for the left-action). To describe the contact structure on M and to carry out 
calculations, we will actually work on T using the following structure equations. 
First, we define canonical 1-forms on T by differentiating the vector- valued 
coordinate functions x(f), e a (/) on J 7 , and decomposing the resulting vector- 
valued 1-forms at each / 6 J 7 with respect to the frame e (/): 

dx = ^e 6 • uj b , de a = 22 e b- UJ l- (1-16) 
Differentiating the relations (e a (f),eb(f)) = S a b yields 

u>Z+u b a = 0. 

The forms cu a , u% satisfy no other linear algebraic relations, giving a total of 
(n + 1) + \n(n + 1) = di m (J 7 ) independent 1-forms. By taking the derivatives 
of the defining relations (|l,16| ) , we obtain the structure equations 

duj a + ^ w c Aw c = 0, dujl + ^ uj a c A Lu c b = 0. (1.17) 

The forms ui a are identified with the usual tautological 1-forms on the orthonor- 
mal frame bundle of a Riemannian manifold (in this case, of E™ +1 ); and then the 
first equation indicates that lu£ are components of the Levi-Civita connection 
of E ,l+1 , while the second indicates that it has vanishing Riemann curvature 
tensor. 

In terms of these forms, the fibers of x : T — > E™ +1 are exactly the maximal 
connected integral manifolds of the Pfaffian system {w a }. Note that {ui a } and 
{dx a } are alternative bases for the space of forms on T that are semibasic over 
E ,l+1 , but the former is E(n + 1) -invariant, while the latter is not. 

We return to an explanation of our contact manifold M, by first distinguish- 
ing the 1-form on T 

e = f u>°. 

Note that its defining formula 

f (v) = (dx(v),e o (f)), vGT f T, 

shows that it is the pullback of a unique, globally defined 1-form on M, which 
we will also call 9 £ 51 1 (Af). To see that 9 is a contact form, first relabel the 
forms on T (this will be useful later, as well) 
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and note the equation on T 

dO = - TTj A uj 1 . 

So on T we certainly have 9 A (d6) n ^ 0, and because pullback of forms via the 
submersion T — ► M is injective, the same non-degeneracy holds on M. 

To understand the Legendre submanifolds of M, consider an oriented im- 
mersion 

N n^ M 2n + i_ y = (yi > .„ ,y n )»(x(y),e (y)). 
The Legendre condition is 

(t*9) y (v) = (dx y {v),e (y)) = 0, v £ T y N. 

In the transverse case, when the composition x o l : N n M 2n+1 — > E n+1 is a 
hypersurface immersion (equivalently, l*(/\uj 1 ) ^ 0, suitably interpreted), this 
condition is that eo(y) is a unit normal vector to the hypersurface xol(N). These 
Legendre submanifolds may therefore be thought of as the graphs of Gauss maps 
of oriented hypersurfaces N n E" +1 . Non-transverse Legendre submanifolds 
of M are sometimes of interest. To give some intuition for these, we exhibit 
two examples in the contact manifold over E 3 . First, over an immersed curve 
x : I E 3 , one can define a cylinder TV = S 1 x I M = E 3 x S 2 by 

(v,w) h-> (x(w),Rb(v x )), 

where v is any normal vector field along the curve x(w), and R v is rotation 
through angle v G S 1 about the tangent x'(w). The image is just the unit 
normal bundle of the curve, and it is easily verified that this is a Legendre 
submanifold. 

Our second example corresponds to the pseudosphere, a singular surface 
of revolution in E 3 having constant Gauss curvature K = — 1 away from the 
singular locus. The map x : S 1 x R — > E 3 given by 

x : (v, w) i — ► (sechu> cos v, — sechw sin v, w — tanh w) 

fails to be an immersion where w = 0. However, the Gauss map of the comple- 
ment of this singular locus can be extended to a smooth map e3 : S 1 x R — > S 2 
given by 

ez{v,w) — (— tanh w cos v, tanh w sin v, — sechw). 

The graph of the Gauss map is the product (x,es) : S 1 x R «-» A/. It is a 
Legendre submanifold, giving a smooth surface in M whose projection to E 3 
is one-to-one, is an immersion almost everywhere, and has image equal to the 



singular pseudosphere. We will discuss in § 4.3.3 the exterior differential system 
whose integral manifolds are graphs of Gauss maps of K = —1 surfaces in E 3 . 



In §4.3.4, we will discuss the Backhand transformation for this system, which 
relates this particular example to a special case of the preceding example, the 
unit normal bundle of a line. 



24 



CHAPTER 1. LAGRANGIANS AND POINCARE- CARTAN FORMS 



1.4.2 Euclidean-invariant Euler-Lagrange Systems 

We can now introduce one of the most important of all variational problems, 
that of finding minimal-area hypersurfaces in Euclidean space. Define the n- 
form 

A = ^A-.AD"el]"(f), 

and observe that it is basic over M; that is, it is the pullback of a well-defined 
n-form on M (although its factors oj % are not basic). This defines a Lagrangian 
functional 

T A (N) = f A 

JN 

on compact Legendre submanifolds N n <—* M 2n+1 , which in the transverse case 
discussed earlier equals the area of N induced by the immersion N <^-> E™ +1 . 
We c alculate the Poincare-Cartan form up on T using the structure equations 
Q , as _^ 

dA = —9 A TTi A U(i) , 

so the Euler-Lagrange system £a is generated by X — {9, d8} and 

* = - J^TTi A W(i), 

which is again well-defined on M. A transverse Legendre submanifold N ^> 
M will locally have a basis of 1-forms given by pullbacks (by any section) of 
oj 1 , . . . , cj", so applying the Cartan lemma to 

= d9\N = -TTi A uj % 

shows that restricted to N there are expressions 

7T, = ^ hijlJ 
3 

for some functions h%j = hji. If N <^-> M is also an integral manifold of £a C 
fi*(M), then additionally 



= *|w = -(V h^uj 1 



oj A • • • Acj". 

One can identify hij with the second fundamental form of N E™ +1 in this 
transverse case, and we then have the usual criterion that a hypersurface is sta- 
tionary for the area functional if and only if its mean curvature ^ ha vanishes. 
Wc will return to the study of this Euler-Lagrange system shortly. 

Another natural £?(n+l)-invariant PDE for hypersurfaces in Euclidean space 
is that of prescribed constant mean curvature H, not necessarily zero. We first 
ask whether such an equation is even Euler-Lagrange, and to answer this we 
apply our inverse problem test to the Monge- Ampere system 

E H = {6,d6,V H }, ^h = - (J2 Ki A - Hoj 
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Here, H is the prescribed constant and ui = uj 1 A ■ ■ ■ A u> n is the induced vol- 
ume form. The transverse integral manifolds of £jj correspond to the desired 
Euclidean hypersurfaces. 

To implement the test, we take the candidate Poincare-Cartan form 

U H = -9A (J2 m A - Huj ) 

and differentiate; the derivative of the first term vanishes, as we know from the 
preceding case of H — 0, and we have 

dU H = H d(0 A w 1 A • • • A uj n ) 
= H d(dx" A ■ ■ ■ A dx n ) 
= 0. 

So this £h is at least locally the Euler-Lagrange system for some functional Ah , 
which can be taken to be an anti-derivative of Tin- One difficulty in finding Hh 
is that there is no such Ah that is invariant under the Euclidean group E(n+ 1). 
The next best thing would be to find a Ah which is invariant under the rotation 
subgroup SO(n + 1,R), but not under translations. A little experimentation 
yields the Lagrangian 

A H = oj + jS-x J ft, dA H = H H , 

where x = ^2 xa ~^ * s the radial position vector field, uj ~ lu 1 A ■ ■ ■ A uj n is the 
hypersurface area form, and fl — uj 1 A ■ ■ ■ A uj n+l is the ambient volume form. 
The choice of an origin from which to define the position vector x reduces the 
symmetry group of Ah from E(n + 1) to SO(n + 1, R). The functional j N Ah 
gives the area of the hypersurface N plus a scalar multiple of the signed volume 
of the cone on N with vertex at the origin. 

It is actually possible to list all of the Euclidean-invariant Poincare-Cartan 
forms on M —> E n+1 . Let 

A_i =-^x J ft, A fe =^7r/Aw (J) (0<fc<n), 

|/|=fe 

and 

n fc = —0 A Afe, 

It is an exercise using the structure equations to show that 

dA k = n fe+ i. 

Although these forms are initially defined up on T, it is easily verified that 
they are pull-backs of forms on M, which we denote by the same name. It 
can be proved using the first fundamental theorem of orthogonal invariants 
that any Euclidean-invariant Poincare-Cartan form is a linear combination of 
IIo, . . . , II„. Note that such a Poincare-Cartan form is induced by a Euclidean- 
invariant functional if and only if n is not involved. 
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We can geometrically interpret Afc|j\r for transverse Legendre submanifolds N 
as the sum of the k x k minor determinants of the second fundamental form II m, 
times the hypersurface area form of N. In case k = n we have dA n = H n +i = 0, 
reflecting the fact that the functional 

/ A„= / KdA 
Jn Jn 

is variationally trivial, where K is the Gauss-Kronecker curvature. 

Contact Equivalence of Linear Weingarten Equations for Surfaces 

The Euclidean-invariant Poincare-Cartan forms for surfaces in E 3 give rise to 
the linear Weingarten equations, of the form 

aK + bH + c = 

for constants a, b, c. Although these second-order PDEs arc incquivalent under 
point-transformations for non-proportional choices of a, b, c, we will show that 
under contact transformations there are only five distinct equivalence classes of 
linear Weingarten equations. 

To study surfaces, we work on the unit sphere bundle tt : M 5 — > E 3 , and 
recall the formula for the contact form 

°(x.e )(v) = (7r»(u),eo>, v E T (x>eo) M. 

We define two 1-parameter groups of diffeomorphisms of M as follows: 

ft(x,e ) = (x + te a ,e ), 
ip s (x,e ) = (exp(s)x,e ). 

It is not hard to see geometrically that these define contact transformations on 
M, although this result will also come out of the following calculations. We 
will carry out calculations on the full Euclidean frame bundle T — > E 3 , where 
there is a basis of 1-forms u , u> 2 , 9, 7Ti, 7T2, lo\ satisfying structure equations 
presented earlier. 

To study (ft we use its generating vector field v = which is the dual of 
the 1-form 9 with respect to the preceding basis. We can easily compute Lie 
derivatives 

CyUJ 1 — — 7Tl, £. V LJ 2 — — 7T2, C v 9 — 0, C v TTl — 0, C V 7T2 = 0. 

Now, the fibers of T — > M have tangent spaces given by {cj 1 , uj 2 , 9, tti, ^2}^, 
and this distribution is evidently preserved by the flow along v. This implies 
that v induces a vector field downstairs on M, whose flow is easily seen to be 
<f t . The fact that C v 9 = confirms that (ft is a contact transformation. 

We can now examine the effect of ip t on the invariant Euler-Lagrangc systems 
corresponding to linear Weingarten equations by introducing 

*2 = 7Tl A 7T 2 , *1 = 7Tl A UJ 2 - TT 2 A UJ 1 , * = ^ A UJ 2 . 
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Restricted to a transverse Legendre submanifold over a surface JV C E 3 , these 
give K dA, H dA, and the area form dA of N, respectively. Linear Weingarten 
surfaces are integral manifolds of a Monge- Ampere system 

{9, dO, ¥(a, b, c) d = a¥ 2 + + c¥ }. 
Our previous Lie derivative computations may be used to compute 
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Exponentiate this to see 

ipt^(a, b, c) = ¥(a - 2bt + ct 2 ,b - ct, c). (1.18) 

This describes how the 1-parameter group ift acts on the collection of linear 
Weingarten equations. Similar calculations show that the 1-parameter group 
ijj s introduced earlier consists of contact transformations, and acts on linear 
Weingarten equations as 

ip*^(a, b, c) = ¥(a, exp(s)6, exp(2s)c). (1-19) 

It is reasonable to regard the coefficients (a, 6, c) which specify a particular 
linear Weingarten equation as a point [a : b : c] in the real projective plane RP 2 , 
and it is an easy exercise to determine the orbits in RP 2 of the group action 
generated by ( 1.18 ) and ( 1.19j ). There are five orbits, represented by the points 



[1 : : 0], [0 : 1 : 0], [1 : : 1], [1:0: -1], [0:0: 1]. The special case 

pi ¥(0,1, A) =¥(-4,0, A) 



gives the classically known fact that to every surface of non-zero constant mean 
curvature —A, there is a (possibly singular) parallel surface of constant positive 
Gauss curvature A 2 . Note finally that the Monge- Ampere system corresponding 
to [0 : : 1] has for integral manifolds those non-transverse Legendre submani- 
folds of M which project to curves in E 3 , instead of surfaces. 



1.4.3 Conservation Laws for Minimal Hypersurfaces 

In Chapter 3, we will be concerned with conservation laws for various Euler- 
Lagrangc equations arising in conformal geometry. We will emphasize two ques- 
tions: how are conservation laws found, and how can they be used? In this 
section, we will explore these two questions in the case of the minimal hyper- 
surface equation H — 0, regarding conservation laws arising from Euclidean 
symmetries. 

We compute these conservation laws first for the translations, and then for 
the rotations. The results of these computations will be the two vector- valued 
conservation laws 

d{*dx) = 0, d(*(xAdx)) = 0. 
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The notation will be explained in the course of the calculation. These may be 
thought of as analogs of the conservation of linear and angular momentum that 
are ubiquitous in physics. 

To carry out the computation, note that the prescription for Noether's theo- 



rem given in (1.13, 1.14, 1.15) is particularly simple for the case of the functional 

A = uj 1 A • • • A u n 

on the contact manifold M 2n + 1 . This is because first, dA = H already, so no 
correction term is needed, and second, the infinitesimal Euclidean symmetries 
(prolonged to act on M) actually preserve A, and not merely the equivalence 
class [A]. Consequently, the Noether prescription is (with a sign change) 

rj(v) — v J A. 

This v J A is an (n — l)-form on M which is closed modulo the Monge- Ampere 
system £\. 

Proceeding, we can suppose that our translation vector field is written up 
on the Euclidean frame bundle as 

vjr = Ae a + A l e t , 

where the coefficients are such that the equation dv — holds; that is, the 
functions A and A 1 are the coefficients of a fixed vector with respect to a varying 
oriented orthonormal frame. We easily find 

n 

<p v = Vjr J A = ^A l uj (i) . 

i=l 

This, then, is the formula for an (n — l)-form on T which is well-defined on the 
contact manifold M and is closed when restricted to integral manifolds of the 
Monge- Ampere system £\. To see it in another form, observe that if we restrict 
our (n — l)-form to a transverse Legendre submanifold N, 

Vv\n = 'Y^A i (*u3 i ) = *{v,dx). 

Here and throughout, the star operator * = *at is defined with respect to the 
induced metric and orientation on N, and the last equality follows from the 
equation of E" +1 -valued 1-forms dx = cq9 + ^eia/, where 9\n = 0. We now 
have a linear map from R™ +1 , regarded as the space of translation vectors v, to 
the space of closed (n — l)-forms on any minimal hypcrsurface N. Tautologically, 
such a map may be regarded as one closed (R' i+1 )*-valued (n — l)-form on N. 
Using the metric to identify (R™ +1 )* = R n+1 , this may be written as 

'Ptrans = *dx. 

This is the meaning of the conservation law stated at the beginning of this 
section. Note that each component d(*dx a ) = of this conservation law is 
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equivalent to the claim that the coordinate function x a of the immersion x : 
N E n+1 is a harmonic function with respect to the induced metric on N. 

Turning to the rotation vector fields, we first write such a vector field on 
E n+1 as 

n+l B 

V = E ^ft?' R t + Rb a = °- 

o,6=l 

It is not hard to verify that this vector field lifts naturally to the frame bundle 
T as 

where the coefficients A^ are defined by the equation —J2^a af? , and the 
tangent vectors -5^3-, -J^ are dual to the canonical coframing cj a , uj? of T . 
We can now compute (restricted to iV, for convenience) 

(vrlk)\ N = ^Vi^ 6 ^ 

= *(x a R b a A b c cu c ) 
= *(R ■ x, dx). 

Reformulating the Noether map in a manner analogous to that used previously, 
we can define a /\ 2 R n+1 = so(n + 1, R)*-valued (n — l)-form on N 

frot — *{% A cfa). 

Once again, (p rot is a conservation law by virtue of the fact that it is closed if 
N is a minimal hypersurface. 

It is interesting to note that the conservation law for rotation symmetry is 
a consequence of that for translation symmetry. This is because we have from 
d(*dx) = that 

d(x A *dx) = dx A *dx = 0. 

The last equation holds because the exterior multiplication A refers to the E n+1 
where the forms take values, not the exterior algebra in which their components 
live. It is an exercise to show that these translation conservation laws are 
equivalent to minimality of N. 

Another worthwhile exercise is to show that all of the classical conservation 
laws for the H — system arise from infinitesimal Euclidean symmetries. In the 
next chapter, we will see directly that the group of symmetries of the Poincare- 
Cartan form for this system equals the group of Euclidean motions, giving a 
more illuminating proof of this fact. At the end of this section, we will consider 
a dilation vector field which preserves the minimal surface system £ , but not 
the Poincare-Cartan form, and use it to compute an "almost-conservation law" . 
By contrast, in this case there is no discrepancy between gnu and gn- To 



see this, first note that by Noether's theorem 1.2, gn is identified with H n {£\) 
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and g[A] C g n is identified with the image of the connecting map 5 in the long 
exact sequence 

■ ■ ■ - H n -\n*/E A ) ± H n (£ A ) A ff^(Af) ^ ■ ■ ■ . 

With M = E™ +1 x S"\ we have the isomorphism H2 R (M) = R obtained by 
integrating an n-form along a fiber of M — > E n+1 , and it is not hard to see that 
any n-form in £\ must vanish when restricted to such a fiber. Therefore the 
map i is identically 0, so S is onto, and that proves our claim. 

Interpreting the Conservation Laws for H = 

To understand the meaning of the conservation law (p trans, we convert the equa- 
tion diptrans\N = to integral form. For a smoothly bounded, oriented neigh- 
borhood U C N C E" +1 with N minimal, we have by Stokes' theorem 

/ *dx = 0. 
Jou 

To interpret this condition on U, we take an oriented orthonormal frame field 
(e , . . . , e„) along UUdU, such that along the boundary dU the following hold: 

e is the oriented normal to N, 

e n is the outward normal to dU in N, (1-20) 
e\, . . . , e n _i are tangent to dU. 

Calculations will be much easier in this adapted frame field. The dual coframe 
uj a for E™ +1 along U U dU satisfies 

n-1 

dx = e a uj° + ^ CiUj 1 + e n uj n . 
i=l 

Now, the first term vanishes when restricted to N. The last term vanishes when 
restricted to dU, but cannot be discarded because it will affect *^dx, which we 
are trying to compute. Consequently, 

n-1 

* N dx = ^ ^(i) + e n^(n)- 
i=l 

Now we restrict to dU, and find 

* N dx\ du = (-lpVA"'Aw" _1 
= (-1)""^ da. 

Here we use n to denote the normal to dU in N and da to denote the area 
measure induced on dU . Our conservation law therefore reads 



/ n da = 0. 

dU 



1.4. HYPERSURFACES IN EUCLIDEAN SPACE 



31 



In other words, in a minimal hypcrsurface the average of the exterior unit normal 
vectors over the smooth boundary of any oriented neighborhood must vanish. 
One consequence of this is that a minimal surface can never be locally convex; 
that is, a neighborhood of a point can never lie on one side of the tangent plane 
at that point. This is intuitively reasonable from the notion of minimality. 
Similar calculations give an analogous formulation for the rotation conservation 
law: 



These interpretations have relevance to the classical Plateau problem, which 
asks whether a given simple closed curve 7 in E 3 bounds a minimal surface. 
The answer to this is affirmative, with the caveat that such a surface is not 
necessarily unique and may not be smooth at the boundary. A more well-posed 
version gives not only a simple closed curve 7 C E 3 , but a strip, which is a curve 
7W C M consisting of a base curve 7 C E 3 along with a field of tangent planes 
along 7 containing the tangent lines to 7. Such a strip is the same as a curve 
in M along which the contact 1-form vanishes. Asking for a minimal surface 
whose boundary and boundary-tangent planes are described by a given 7W is 
the same as asking for a transverse integral manifold of £a having boundary 
7W c M. 

The use of our two conservation laws in this context comes from the fact that 
7W determines the vector- valued form *jqdx along d N for any possible solution 
to this initial value problem. The conservation laws give integral constraints, 
often called moment conditions, on the values of *wdx, and hence constrain the 
possible strips for which our problem has an affirmative answer. However, 
the moment conditions on a strip 7W are not sufficient for there to exist a 
minimal surface with that boundary data. We will discuss additional constraints 
which have the feel of "hidden conservation laws" after a digression on similar 
moment conditions that arise for boundaries of holomorphic curves. 

It is natural to ask whether a given real, simple, closed curve 7c in complex 
space C" (always n > 2) is the boundary of some holomorphic disc. There is a 
differential ideal J C 0^(C") whose integral manifolds are precisely holomor- 
phic curves, defined by 



In other words, J is algebraically generated by real 2-forms which, when re- 
garded as complex 2-forms, have no part of type (1, 1). It is elementary to see 
that in degree k > 3, J k = fij^(C n ), and that the integral 2-plancs in TC n 
are exactly the complex 1-dimensional subspaces. This implies our claim that 
integral manifolds of J are holomorphic curves. 

Now, J has many conservation laws. Namely, for any holomorphic 1-form 




j = {(ft 2 <°(c ri ) + ft°< 2 (c™)) n Or(C")}. 



ip e ^(C 11 ), we find that 



dtp + dip e J 
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so that ip + ip is a conservation law for J . These give rise to infinitely many 
moment conditions 



ip = 

' 7c 

which must be satisfied by 7c, if it is to be the boundary of a holomorphic disc. 

It is a fact which we shall not prove here that every conservation law for 
J is of this form; trivial conservation laws clearly arise when ip = df for some 
holomorphic function / £ 0(C n ). Another fact, not to be proved here, is that 
these moment conditions are sufficient for 7c to bound a (possibly branched) 
holomorphic disc. 

Returning to our discussion of minimal surfaces, suppose that x : U — > E 3 is 
a minimal immersion of a simply connected surface. Then *dx defines a closed, 
vector- valued 1-form on U, so there exists a vector- valued function y.U — > E 3 
satisfying 

dy = *dx. (1.21) 

Note that our ability to integrate the conservation law to obtain a function relies 
essentially on the fact that we are in dimension n = 2. 
We can define 

z = (x + iy):U ~* C 3 , 



and (1.21) is essentially the Cauchy-Ricmann equations, implying that z is a 
holomorphic curve, with the conformal structure induced from the immersion 
z. Furthermore, the complex derivative z' is at each point of U a null vector 
for the complex bilinear inner-product ^(dz 1 ) 2 . This gives the classical Weier- 
strass representation of a minimal surface in E 3 as locally the real part of a 
holomorphic null curve in C 3 . 

We can now incorporate the result of our digression on conservation laws for 
holomorphic discs. Namely, given a strip 7^ 1 \ the Euclidean moment condition 
J *dx = implies that there exists another real curve y so that dy = *dx (along 
7) . Then we can use z — (x + iy) : 7 — > C 3 as initial data for the holomorphic 
disc problem, and all of the holomorphic moment conditions for that problem 
come into play. These are the additional hidden constraints needed to fill the 
real curve 7 with a (possibly branched) minimal surface. 



Conservation Laws for Constant Mean Curvature 

It is also a worthwhile exercise to determine the conservation laws corresponding 
to Euclidean motions for the constant mean curvature system when the constant 
H is non-zero. Recall that for that system the Poincare-Cartan form 

IIh = —9 A (J2 t< A w w - Hw) 

is invariant under the full Euclidean group, but that no particular Lagrangian 
A is so invariant; we will continue to work with the SO(n + 1, R)-invariant 
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Lagrangian 



Aff = uj+ JQ, dA H = U H . 



Fortunately, the equivalence class [A] £ H n (tt* (M) /X) is invariant under the 
Euclidean group, because as the reader can verify, the connecting map 

5 : H n {fl*/1) -> H n+1 {l) 

taking [A] to II is an isomorphism for this contact manifold. This means that, 
as in the case H — 0, we will find conservation laws corresponding to the full 
Euclidean Lie algebra. 

Computing the conservation laws corresponding to translations requires the 
more complicated form of the Noether prescription, because it is the translation 
vector fields v £ R™ +1 which fail to preserve our Ah- Instead, we have 

C v Ah — -^iC v (x J SI) (because C v uj = 0), 

= ^ijjn + ij^n)) 

In the last step, we have used C v x — [v,x] — v (by a simple calculation), and 
C V Q = (because the ambient volume Q is translation invariant). To apply the 
Noether prescription, we need an anti-derivative of this last term, which we find 
by experimenting: 

d(xJ{vJQ)) = C x {v J fi) - x J d(v J CI) 

= ((C x v) J ft + v J (C X Q)) - x JO 
= -vJQ + (n + l)v J 0, 

where we have again used C x v = [x, v] — —v, and £ X Q = (n + l)f2. Combining 
these two calculations, we have 



C - A h = T^d(x A(v _in)). 



The prescription ( 1.13 , 1.14 , 1.15 ) now gives 

<Pv = -vJA H + ^^x J(t)Jfl) 
= -v Juj + S-x J (v Ad). 

As in the case of minimal hypersurfaces, we consider the restriction of ip v to an 
integral manifold N. From the previous case, we know that v J u> restricts to 
*(v, dx), where * — *n is the star operator of the metric on N and (•, •) denotes 
the ambient inner-product. To express the restriction of the other term of (p v , 
decompose x — Xt + x v v into tangential and normal parts along N (so Xt is a 
vector and scalar), and a calculation gives 

ltxl(vin)\ N = -t±{x v vluj-{vl6){x t luj)) 

= -f (x„*{v,dx) -(v J0)*{;x t )); 
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the latter * is being applied to the 1-form on N that is dual via the metric to the 
tangent vector x%. Again as in the H = case, we can write these (n— l)-forms 
ip v , which depend linearly on v 6 R™ +1 , as an (R™ +1 )* -valued (n — l)-form on 
N. It is 

Ptrans = ~(1 + %X U ) *dx + %V*(;X t ). 

In the second term, the normal v provides the "vector-valued" part (it replaced 
0, to which it is dual), and *(-,Xt) provides the "(n — l)-form" part. 

Calculating the conservation laws for rotations is a similar process, simplified 
somewhat by the fact that C v Ah = 0; of course, the lifted rotation vector fields 
v are not so easy to work with as the translations. The resulting A 2 R n+1 -valued 
(n — l)-form is 

frot = -(1 + T^fi^i/) *(x A dx) + A v) *{-,x t ). 

These can be used to produce moment conditions, just as in the H = case. 



We conclude with one more observation suggesting extensions of the notion 



of a conservation law. Recall that we showed in (1.7) that a Monge- Ampere 
system £\ might have an infinitesimal symmetry which scales the corresponding 
Poincare-Cartan form II. This is the case for the minimal surface system, which 
is preserved by the dilation vector field on E n+1 

This induces a vector field x on the contact manifold of tangent hyperplanes 
to E" +1 where the functional A and Poincare-Cartan form II are defined, and 
there are various ways to calculate that 

C X A = nk. 

If one tries to apply the Noether prescription to x by writing 

ipdu = x J A, 

the resulting form satisfies 

dip da = C X A — x JdA 
= nA - x J II. 

Restricted to a minimal surface N, we will then have 

dtpdii\N = nA. 

Because the right-hand side is not zero, we do not have a conservation law, but 
it is still reasonable to look for consequences of integrating on neighborhoods U 
in A, where we find 

ip = n A. (1.22) 
du Ju 
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The right-hand side equals n times the area of U, and the left-hand side can be 
investigated by choosing an oriented orthonormal frame field (eo, ■ ■ ■ , e n ) along 
U U dU satisfying the conditions ( |l.20 ) as before. We write the coefficients 

and then restricted to dU, we have 

ip\ au =a;JA = (-l)"- 1 ^ 1 A • • • A uj n -\ 

Up to sign, the form lj 1 A • • • Au" _1 along dU is exactly the (n — l)-dimensional 
area form for dU . 

These interpretations of the two sides of ( 1.22| ) can be exploited by taking 
for U the family of neighborhoods U r for r > 0, defined as the intersection of 
N C E n+1 with an origin-centered ball of radius r. In particular, along dU r we 
will have ||ar|| = r, so that v n < r and 

r ■ Are&(dU r ) > n- Vol(Z7 r ). (1.23) 

Observe that 

Are&(dU r ) = -^Vo\(U r ), 
dr 



and ( 1.23 ) is now a differential inequality for Yo\{U r ) which can be solved to 
give 

Vol(C/ r ) > Cr n 

for some constant C . This is a remarkable result about minimal hypersurfaces, 
and amply illustrates the power of "almost-conservation laws" like tp^u- 
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Chapter 2 



The Geometry of 
Poincare-Cartan Forms 



In this chapter, we will study some of the geometry associated to Poincare- 
Cartan forms using E. Cartan's method of equivalence. The idea is to identify 
such a Poincare-Cartan form with a G-structure — that is, a subbundle of the 
principal coframe bundle of a manifold — and then attempt to find some canon- 
ically determined basis of 1-forms on the total space of that G-structure. The 
differential structure equations of these 1-forms will then exhibit associated ge- 
ometric objects and invariants. 

The pointwise linear algebra of a Poincare-Cartan form in the case of n = 2 
"independent variables" (that is, on a contact manifold of dimension 5) is quite 
different from that of higher dimensional cases. Therefore, in the first section we 
study only the former, which should serve as a good illustration of the method 
of equivalence for those not familiar with it. Actually, in case n = 2 we will 
study the coarser equivalence of Monge- Ampere systems rather than Poincare- 
Cartan forms, and we will do this without restricting to those systems which are 
locally Euler-Lagrange. An extensive study of the geometry of Monge- Ampere 
systems in various low dimensions was carried out in [ LRC93 1 , with a viewpoint 
somewhat similar to ours. 

In the succeeding sections, we will first identify in case n > 3 a narrower class 
of Poincare-Cartan forms, called neo-classical, which are of the same algebraic 
type as those arising from classical variational problems. We will describe some 
of the geometry associated with neo-classical Poincare-Cartan forms, consisting 
of a field of hypersurfaces in a vector bundle, well-defined up to fiberwise affine 
motions of the vector bundle. A digression on the local geometry of individual 
hypersurfaces in affine space follows this. We then turn to the very rich equiva- 
lence problem for neo-classical Poincare-Cartan forms; the differential invariants 
that this uncovers include those of the various associated affine hypersurfaces. 
In the last section of this chapter, we use these differential invariants to charac- 
terize systems locally contact-equivalent to those for prescribed mean curvature 
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hypersurfaces in Riemannian manifolds. 

In the next chapter, we will specialize to the study of those neo-classical 
Poincare-Cartan forms whose primary differential invariants all vanish. These 
correspond to interesting variational problems arising in conformal geometry 

We begin with a few elementary notions used in the method of equivalence. 
On a manifold M of dimension n, a coframe at a point x € M is a linear 
isomorphism 

u x : T X M -^U R". 

This is equivalent to a choice of basis for the cotangent space T*M, and we will 
not maintain any distinction between these two notions. The set of all coframes 
for M has the structure of a principal GL(n, R)-bundle tt : !F{M) — > M, with 
right-action 

Ux ■ 9 d = 9^u x , g e GL(n, R), 

where the right-hand side denotes composition of u x with multiplication by g~ x . 
A local section of it : T{M) — > M is called a coframing, or coframe field. On 
the total space .F(M), there is an R™-valued tautological 1-form u>, given at 
u e T(M) by 

Wu (t;) = u(7r*t;) eR", we T U T{M). (2.1) 

The n components a/ of this R"-valued 1-form give a global basis for the semiba- 
sic 1-forms of F{M) -» M. 

In terms of coordinates x = (x 1 ,... on M, there is a trivialization 
M x GL(n, R) ^ T(M) given by 

(x,^) <-> (x,g _1 dx), 

where on the right-hand side, dx is a column of 1-forms regarded as a coframe 
at x, and g~ 1 dx is the composition of that coframe with multiplication by 
g^ 1 <G GL(n, R). In this trivialization, we can express the tautological 1-form 

as 

uo = g~ x dx, 

where again the right-hand side represents the product of a GL(n, R)-valued 
fiber coordinate and an R"-valued semibasic 1-form. 

The geometric setting of the equivalence method is the following. 

Definition 2.1 Let G C GL(n, R) be a subgroup. A G-structure on the n- 
manifold M is a principal subbundle of the coframe bundle T(M) — ► M, having 
structure group G. 

We will associate to a hyperbolic Monge- Ampere system (to be defined, in case 
n = 2), or to a neo-classical Poincare-Cartan form (in case n > 3), a succession 
of G-structures on the contact manifold M, which carry increasingly detailed 
information about the geometry of the system or form, respectively. 
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2.1 The Equivalence Problem for n = 2 

In this section, we will study the equivalence problem for certain Monge- Ampere 
systems on contact manifolds of dimension 5. We will give criteria in terms of 
the differential invariants thus obtained for a given system to be locally equiv- 
alent the system associated to the linear homogeneous wave equation. We will 
also give the weaker criteria for a given system to be locally equivalent to an 
Euler-Lagrange system, as in the previously discussed inverse problem. Unless 
otherwise noted, we use the index ranges < a, b, c < 4, 1 < k < 4. 

We assume given a 5-dimensional contact manifold (M, I) and a Monge- 
Ampere system £, locally algebraically generated as 

£ = {9,d9,^}, 

where ^ 9 £ r(7) is a contact form, and ^> £ Vt 2 (M) is some 2-form. As 
noted previously, £ determines I an d I. We assume that ^ x ^ I x for all 



x £ M. Recall from the discussion in §1.2.3 that given £, the generator ^> may 



be uniquely chosen modulo {/} (and modulo multiplication by functions) by 
the condition of primitivity; that is, we may assume 

d<9A* = (mod {/}). 

The assumption ty x ^ I x means that this primitive form is non-zero everywhere. 
We do not necessarily assume that £ is Euler-Lagrange. 

On the contact manifold M, one can locally find a coframing 77 = (i] a ) such 
that 

v° e r(/), 

dri a = i] 1 A r/ 2 + rf A rf (mod {/}). v ' ' 

Then we can write "J = ^bijrf A if (mod {/}), where the functions by depend 
on the choice of coframing and on the choice of 'J. The assumption that ^> is 



primitive means that in terms of a coframing satisfying (2.2), 

bi2 + 634 = 0. 

We now ask what further conditions may be imposed on the coframing 7/ = (jj a ) 



while preserving (2.2) 



To investigate this, we first consider changes of coframe that fix 77°; we will 
later take into account non-trivial rescalings of 77°. In this case, an element 



of Gi(5,R) preserves the condition (2.2) if and only if it acts as a fiberwise 



sympletic transformation, modulo the contact line bundle I. Working modulo 
/, we can split 

f\ 2 {T*M/I) (R • drf) © P 2 (T*M/I), 

where P 2 (T*M/I) is the 5-dimensional space of 2-forms that are primitive with 
respect to the symplectic structure on I 1 - induced by drf . The key observation 
is that the action of the symplectic group Sp(2, R) on P 2 (R 4 ) is equivalent to 
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the standard action of the group 5*0(3, 2) on R 5 . This is because the symmetric 
bilinear form (•, •) on P 2 (T*M/I) defined by 

^iA^ 2 = (^i,V2)(^°) 2 

has signature (3,2) and symmetry group Sp(2,R). Therefore, the orbit de- 
composition of the space of primitive forms \& modulo {7} under admissible 
changes of coframe will be a refinement of the standard orbit decomposition 
under 50(3,2). 

To incorporate rescaling of rf into our admissible changes of coframe, note 
that a rescaling of rf requires via fl2.2| ) the same rescaling of the symplectic 
form r/ 1 A rf + rf A ry 4 , so we should actually allow changes by elements of 
GL(5,R) inducing the standard action of 05p(2,R); this is the group that 
preserves the standard symplectic form up to scale. This in turn corresponds 
to the split-signature conformal group 00(3,2), which acts on R 5 with three 
non-zero orbits: a negative space, a null space, and a positive space. 

The three orbits of this representation correspond to three types of Monge- 
Ampere systems: 

If ^ A ^ is a negative multiple of drf A drf, then the local coframing 77 



may be chosen so that in addition to (2.2) 



^ = 77 A 77 — 77 A 77 (mod {/}); 

for a classical variational problem, this occurs when the Euler-Lagrange 
PDE is hyperbolic. 

• If A ^ = 0, then 77 may be chosen so that 

9 = rfArf (mod {/}); 

for a classical variational problem, this occurs when the Euler-Lagrange 
PDE is parabolic. 

• If \E" A <J/ is a positive multiple of drf A drf , then 77 may be chosen so that 

* = 77 1 A rf - rf A rf (mod {/}); 

for a classical variational problem, this occurs when the Euler-Lagrange 
PDE is elliptic. 

The equivalence problem for elliptic Monge- Ampere systems in case n = 2 devel- 
ops in analogy with that for hyperbolic systems; we will present the hyperbolic 
case. The conclusion will be: 

Associated to a hyperbolic Monge-Ampere system (M 5 , £) is a canon- 
ical subbundle B\ — > M 0/ the coframe bundle of M carrying a pair 
of 2 x 2-matrix-valued functions Si and S2, involving up to second 
derivatives of the given system. (M,£) is locally of Euler-Lagrange 
type if and only if S2 vanishes identically, while it is equivalent to 
the system associated to the homogeneous wave equation z xy = if 
and only if Si and S2 both vanish identically. 
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An example of a hyperbolic Monge- Ampere system, to be studied in more detail 
in Chapter 4, is the linear Weingarten system for surfaces in E 3 with Gauss 
curvature K = — 1. 

To begin, assume that (M 5 ,£) is a hyperbolic Monge- Ampere system. A 
coframing r\ = (rf 1 ) of M is said to be 0-adapted to £ if 

£ = {rf, rf A rf + rf A rf, rf A rf - rf A r, 4 } (2.3) 

and also 

drf ] = rf Arf + rf Ar, 4 (mod {/}). (2.4) 

According to the following proposition, a hyperbolic Monge- Ampere system is 
equivalent to a certain type of G-structure, and it is the latter to which the 
equivalence method directly applies. 

Proposition 2.1 The 0-adapted coframings for a hyperbolic Monge- Ampere 
system (M 5 ,£) are the sections of a Go-structure on M, where Go C GL(5,R) 
is the (disconnected) subgroup generated by all matrices of the form (displayed 
in blocks of size 1,2,2) 

I a \ 
90 = C A , (2.5) 
\ D B ) 

with a — det(A) = det(B) =/= 0, along with the matrix 

I 1 \ 
J = I 2 . (2.6) 
V / a / 



Proof. The content of this proposition is that any two 0-adapted coframcs 
differ by multiplication by an element of Go- To see why this is so, note that 
the 2-forms 

r/ 1 A rj 2 + rf A r\ 4 and r/ 1 A rj 2 - rf A if 

have, up to scaling, exactly 2 decomposable linear combinations, rf A rf and 
rf A rf . These must be either preserved or exchanged by any change of coframe 
preserving their span modulo {/}, and this accounts for both the block form 



(2.5) and the matrix J. The condition on determinants then corresponds to 



(2.4). □ 



Although not every Go-structure on a 5-manifold M is induced by a hyper- 
bolic Monge- Ampere system £, it is easy to see that those that do determine 
£ uniquely. We therefore make a digression to describe the first steps of the 
equivalence method, by which one investigates the local geometry of a general 
G-structure. This will be followed by application to the case at hand of a Go- 
structure, then a digression on the next general steps, and application to the 
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case at hand, and so on. One major step, that of prolongation, will not ap- 
pear in this chapter but will be discussed in the study of conformal geometry in 
Chapter 3. 

Fix a subgroup G C GL(n, R). Two G-structures Bi — ► M$, i = 1,2, are 
equivalent if there is a diffeomorphism Mi — > M2 such that under the induced 
isomorphism of principal coframe bundles J-(Mi) — > T(M2), the subbundle 
B\ C T{M\) is mapped to B2 C J r (M2). One is typically interested only 
in those properties of a G-structure which are preserved under this notion of 
equivalence. For instance, if one has a pair of 5-manifolds with hyperbolic 
Monge-Ampere systems, then a diffeomorphism of the 5-manifolds carries one 
of these systems to the other if and only if it induces an equivalence of the 
associated Go-structures. 

It is easy to see that a diffeomorphism F : B\ — > B2 between the total spaces 
of two G-structures Bi — > Mi is an equivalence in the above sense if and only if 



F*(u)2) = d>i, where uji is the restriction of the tautological R™- valued form (2.1 ) 
on T(Mi) D Bi. The first step in investigating the geometry of a G-structure 
B — > M is therefore to understand the local behavior of this tautological form. 
To do this, we seek an expression for its exterior derivative, and to understand 
what such an expression should look like, we proceed as follows. 

Consider a local trivialization B = M x G, induced by a choice of section rj 
of B — > M whose image is identified with M x {e} C M x G. The section 77 is 
in particular an R"-valued l-form on M, and the tautological 1-form is 

uj = g~ x r) e <g> R n . 

The exterior derivative of this equation is 

doj = -g~ 1 dg A uj + g~ 1 drj. (2.7) 

Note that the last term in this equation is semibasic for B — > M, and that the 
matrix 1-form g _1 dg takes values in the Lie algebra g of G. Of course, these 
pieces g~ 1 dr] and g~ x dg each depend on the choice of trivialization. To better 
understand the pointwise linear algebra of (^), we introduce the following 
notion. 

Definition 2.2 A pseudo-connection in the G-structure B — > M is a g-valued 
1-form on B whose restriction to the fiber tangent spaces Vb C T^B equals the 
identification Vb = Q induced by the right G-action on B. 

This differs from the definition of a connection in the principal bundle B — * M 
by omission of an equivariance requirement. In terms of our trivialization above, 
a pseudo-connection on M x G is any g- valued 1-form of the form 

g~ x dg + (semibasic g- valued 1-form); 

in particular, every G-structure carries a pseudo-connection. A consequence of 
(EJ) is that any pseudo-connection ip 6 1 (_B) (gig satisfies a structure equation 
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that is fundamental for the equivalence method: 



-tp A L) 



(2.8) 



where r = (|Tj fe w' Aa; ) is a semibasic R n -valued 2-form on B, called the torsion 
of the pseudo-connection ip. It is natural to consider exactly how a different 
choice of pseudo-connection — remember that any two differ by an arbitrary 
semibasic g-valued 1-form — yields a different torsion form. We will pursue this 
after considering the situation for our hyperbolic Monge- Ampere systems. 



Let Bq C T(M) be the Go-bundle of 0-adapted coframes for a hyperbolic 
Monge- Ampere system £ . A local section rj corresponds to an R 5 -valued 1-form 
(rj a ) satisfying ( |2.3| , [2 4| ). In terms of the trivialization B = M x Go induced by 
77, the tautological Revalued 1-form is lu = g$ lr q. Locally (over neighborhoods 
in M), there is a structure equation (2.8), in which 
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are the tautological R 5 -valued 1-form and the pseudo-connection form, respec- 
tively; note that the condition for ip to be jjo -va hied includes the condition 



A 



A 



A 



A 
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<^4- 



The torsion t of ip is an R 5 -valued 2-form, semibasic for Bq 
on a choice of pseudo-connection. 



M and depending 



Returning to the general situation of a G-structure B — > M, our goal is to 
understand how different choices of pseudo-connection in ( |2.8[ ) yield different 
torsion forms. We will use this to restrict attention to those pseudo-connections 
whose torsion is in some normal form. 

The linear-algebraic machinery for this is as follows. Associated to the linear 
Lie algebra g C 0t(n, R) is a map of G- modules 

<S: ®(R'y ->R n ® A 2 (RT, 

defined as the restriction to 

® (R n )* C (R n ® (R n )*)® (R'T (2.9) 
of the surjective skew-symmetrization map 

R™ ® (R™)* ® (R")* — > R™ ® A 2 (R-T • 

The cokernel of 8 

H^ig) = f (R™ ® A 2 (R")*)/^(fl ® (R n )*) (2.10) 
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is one of the Spencer cohomology groups of g C gl(n, R). Note that to each b € B 
is associated an isomorphism T n n^M — > R™, and consequently an identification 
of semibasic 1-forms at 5 6 B with (R™)*. Now, given a pseudo-connection in 
the G-structure, the semibasic Revalued torsion 2-form (^T*^ Aw*) at b E B 
can be identified with an element r& G R" A 2 (R")*. Similarly, a permissible 
change at b e £> of the pseudo-connection — that is, a semibasic g-valued 1- 
form — can be identified with an element ipi € Q (S> (R™)*. Under these two 
identifications, the map 5 associates to a change ip' b the corresponding change 
in the torsion ip' b A w&, where in this expression we have contracted the middle 
factor of (R™)* in tp' b (see (p^S|)) with the values of the R™-valued i-form wj. 
Therefore, different choices of pseudo-connection yield torsion maps differing by 
elements of im(<5), so what is determined by the G-structure alone, independent 
of a choice of pseudo-connection, is a map f:B — > H 0,1 (q), called the intrinsic 
torsion of B — ► Af. 

This suggests a major step in the equivalence method, called absorption of 
torsion, which one implements by choosing a (vector space) splitting of the 
projection 

R"(g)A 2 (RT -> ff 04 (g) -> 0. (2.11) 

As there may be no G-equivariant splitting, one is merely choosing some vector 
subspace T C R"®/\ 2 (R")* which complements the kernel <5(g(g)(R Tl )*). Fixing 
a choice of T, it holds by construction that any G-structure B — ► M locally has 
pseudo-connections whose torsion at each b G B corresponds to a tensor lying 
in T. 



We will see from our example of hyperbolic Monge- Ampere systems that this 
is not as complicated as it may seem. Denote the semibasic 2-form components 
of the Revalued torsion by 

/ r° \ 



We know from the condition (2.4) in the definition of 0-adapted that 



+ $ A uj° = oj 1 



- to 3 A to 4 + a A lu° 



for some semibasic 1-form a. We may now replace (p^ by (fg — a in our pseudo- 
connection, eliminating the term a A u>° from the torsion. We then rename this 
altered pseudo-connection entry again as to keep the pseudo-connection g ~ 
valued, we have to make a similar change in 



(pi and 



<p\. 



What we 



have just shown is that given an arbitrary pseudo-connection in a Go-structure 
Bq — > M, there is another pseudo-connection whose torsion satisfies (using 
obvious coordinates on R™ <g) /\ 2 (R n )*) T ° a = T° = 0. By choosing this latter 
pseudo-connection, we are absorbing the corresponding torsion components into 
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(p. Furthermore, the fact that our Go-structure is not arbitrary, but comes from 
a hyperbolic Monge-Ampere system, gave us the additional information that 
T i2 = T 34 = 1) and all other independent T° = 0. Note incidentally that 
our decision to use a pseudo-connection giving a — determines ip^ uniquely, 
up to addition of multiples of lu°; this uniqueness applies also to ip\ + tp\ and 
tp\+<p\. The effort to uniquely determine pseudo-connection forms should guide 
the choices one makes in the equivalence method. 

Other torsion terms may be absorbed using similar methods. Using the 
index range 1 < k < 4, we write 

t 1 = Auj° + \T) k uji A u k 

for functions Tj and Tj fc = —T^. First, by altering the nilpotent part ip z Q , we 
can arrange that all T* = 0. Second, by altering the off-diagonal terms p>\, <p\, 
ifs, <p 3 , we can arrange that 

I 2j - J-lj — J-±j - J 3j - u - 

Third, by altering the traceless diagonal parts ip\ — tp\ and ^3 — <p\, we can 
arrange that 

rji2 Tnl rp2, rjiS rpA rp3 ry-?4 

J 13 ~ ^23' 1 14 ^ 1 24 7 ^13 — 1 23 — J 24- 

We summarize this by renaming 

r 1 = (V 3 lu 3 + Vilu 4 ) Alu 1 + U 1 lu 3 Alu 4 , 

T 2 = (V 3 LU 3 + ViUJ 4 ) ALU 2 + U 2 LU 3 ALU 4 , 
T 3 = (VxLU 1 +V 2 LU 2 ) ALU 3 + U 3 LU 1 ALU 2 , 
T 4 = (VxLU 1 +V 2 UJ 2 ) ALU 4 + U 4 LU 1 ALU 2 , 

for 8 torsion functions Ui, Vi on Bq. The collection of torsion tensors (Tg c ) 
taking this form, and satisfying Tq q = T® = 0, constitutes the splitting of 
.11) given in the general discussion, to which we will return shortly. 

At this point, we can uncover more consequences of the fact that we are 
dealing not with an arbitrary Go-structure on a 5-manifold, but a special one 
induced by a hyperbolic Monge-Ampere system. We already found as one con- 
sequence the fact that 

t° = lu 1 A lu 2 + lu 3 A lu 4 {mod {lu°}), 

which has nothing to do with our choices in absorbing torsion; absorbing torsion 
allowed us to render this congruence into an equality. Similarly, we now obtain 
pointwise relations among other torsion coefficients by computing, modulo {/} 
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(which in this case means ignoring all cu° terms after differentiating), 

= d(duj°) 

= <Pq A (uj 1 A uj 2 + uj 3 A lu 4 ) 

+ {{-if\ + V 3 LJ 3 + ViUJ 4 ) A lu 1 + t/V A lu 4 ) A lu 2 
-lu 1 A ((-ipl + V 3 lu 3 + V^ 4 ) A uj 2 + U 2 lu 3 A lu 4 ) 
+ Vxlu 1 + V 2 lu 2 ) Alu 3 + UV A lu 2 ) A lu 4 
-lu 3 A ((-if 4 + Vxlu 1 + V 2 oj 2 ) Aw 4 l C/ 4 ^ 1 A lu 2 ) 
= (U 1 + 2V 2 )lu 2 A uj 3 A w 4 - (C/ 2 - 2Fi V 1 Aw 3 Aw 4 

+ ([/ 3 + 2V 4 )lu 1 Alu 2 Alu 4 - (U 4 - 2V 3 )uu 1 A lu 2 A lu 3 , 

so that 

U 1 = -2V 2 , U 2 = 2V l7 U 3 = -2Vi, U 4 = 2V 3 . 
These are pointwise linear-algebraic relation among our 8 torsion functions. 

In the general study of G-structures B — > M, we now have to consider the 
group action in more detail. Specifically, i/ 0,1 (g) is the cokernel of a map of G- 
modules, so it inherits a G-action as well, and it is easy to see that the intrinsic 
torsion f : B — > is equivariant for this action. Therefore, there is an 

induced map 

[t]:M^H^(q)/G, 

which is an invariant of the equivalence class of the G-structure B — > M; that is, 
under a diffeomorphism Mi — > M 2 inducing an equivalence of G-structures, [t 2 ] 
must pull back to [ti]. Now, H°- 1 (g)/G typically has a complicated topology, 
and is rarely a manifold. However, in many cases of interest one can find a 
slice W C H°' 4 (q), a submanifold whose points all have the same stabilizer 
Gi C G, and which is a cross-section of the orbits which W itself intersects. If 
the intrinsic torsion f : B — > i/ 0,1 (g) of a G-structure takes values in a union of 
orbits represented by such a slice, then the set 

Si = f- x (W) 

is a smooth principal subbundle of B — > M having structure group G\ C G. 

The process of reducing to a subbundle defined as the locus where intrinsic 
torsion lies in a slice is called normalizing the torsion. If G\ is a proper subgroup 
of G, then we can essentially start the process over, starting with an arbitrary 
pseudo-connection, absorbing torsion, and so on. Typically, one inherits from 
B — > M some information about the torsion of the subbundle B\ — > M, because 
the original structure equations restrict to the submanifold B\ C B. We will 
see an example of this below. 

In practice, one typically studies the G-action on H 0,1 (g) by transporting it 
to the representing vector space T C R n <8> /\ 2 (R™)*. If T is not an invariant 
subspace of R n ®/\ (R n )*, then typically G will act by affine-linear motions on 
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T. This is the case in the next step of our equivalence problem for hyperbolic 
Monge- Ampere systems. 

We have represented the intrinsic torsion of a Go-structure Bq — ► M corre- 
sponding to a hyperbolic Monge- Ampere system by 4 independent functions on 
B; that is, our torsion takes values in a 4-dimensional subspace of the lift T of 
H° :1 (qo). The next step is to determine how the independent torsion functions 
vary along the fibers of Bq — > M. This will be expressed infinitesimally, in an 
equation for the exterior derivative of the torsion functions, modulo the space 
of forms that are semibasic for Bo — > M; the expressions will be in terms of 
the pseudo-connection forms which parallelize the fibers. They are obtained as 
follows. 

We first consider the equations for cLj 1 , dui 2 . Taking the exterior derivative 
of each, modulo the algebraic ideal {ui°, uj 1 , iv 2 }, yields equivalences of 3-forms 
that do not involve derivatives of any psuedo- connection forms, but do involve 
dU 1 , dll 2 . From each of these can be factored the 2-form cu 3 Aw 4 , yielding a 
pair of equivalences modulo . . . ,t^ 4 }, expressible in matrix form as 

-'(SMSM:! :!)■(£)-.«■(£ 

A similar procedure applied to the equations for doj 3 , du> A yields the pair 

These describe the derivatives of the functions U l along the fibers of Bo — > M. 
They are to be interpreted as giving 

i\ t = Ui(u- 9t ), 

where gt is a path in Go passing through the identity matrix at t = 0. Expo- 
nentiated, we see that the vector- valued functions (Ui, U2) and (1/3,1/4) on Bo 
each transform by an affine-linear action of Go along the fibers; that is, they 
vary by a linear representation composed with a translation]^] It is the "nilpo- 
tent" part of the group, with com pon ents <?q, which gives rise to the translation. 



Specifically, we have for go as in (2.5) 



1 Strictly speaking, we have only shown that the torsion function (U') varies by an affine- 
linear action under the identity component of Go- What will be important, however, is that 
if u £ Bo satisfies U 1 ^) = 0, then U 1 (u ■ J) = as well, and likewise for some matrix in each 
component where a < 0. These claims can be verified directly. 
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Now define a 1-adapted coframe to be a 0-adapted coframe u € Bq satisfying 
U l (u) = for 1 < i < 4. It then follows from the above reasoning that the subset 
B\ C So °f 1-adapted coframes is a Gi-subbudle of Bq, where the subgroup 



G\ C Go is generated by the matrix J of (2.6), and by matrices of the form 
(again, in blocks of size 1, 2, 2) 



a 
</i = | A 
B 



(2.14) 



with a = det(A) = det(i?) ^ 0. The structure equation (2^8) on Bq still holds 



when restricted to B%, with t % \b 1 = 0; but the pseudo-connection forms Lp \s 1 
are semibasic for B\ — ► M, and their contribution should be regarded as torsion. 
With everything now restricted to B\ , we write 



py 



and then have 



with 



duj = —if A lu + T 
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<pi J 



and t 



( w'Aw 2 + w 3 A lu 4 \ 
-Pjuo'J A lu° 
-Pjui A lu° 
-Pfu j A lu° 
V -Pfu* A lu° j 



As before, we can absorb some of this torsion into the pseudo-connection form, 
respecting the constraint cp® = <p\ + <p\ = tp\ + ipf, until the torsion is of the 
form 



duu + f A lu = 



( 



\ 



lu 1 A lu 2 + lu 3 A lu 4 
-(Plu 1 + P 4 iu 3 + P}lu 4 ) A lu° 



-{Pw 2 
■(Qou 3 
-(Qou 4 



P 2 LU 3 

P 3 lu 4 
P 4 lu 4 



Pi* 4 ) 

Piu 2 ) 



ALU 1 ' 
ALU 
ALU 



J 



(2.15) 



We can go further: recall that ip® was uniquely determined up to addition of 
a multiple of lu° . We now exploit this, and take the unique choice of ip° = 



'■Pi + p\ — ^3 + 'Pi t na, t yields a torsion vector of the form (2. IE), with 



P + Q = 0. 

Now that LpQ is uniquely determined, it is reasonable to try to get information 
about its exterior derivative. To do this, we differentiate the equation 



diu {> 



-Ifl A LU° + LU 1 A LU 2 + LU 3 A LU 4 
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which simplifies to 

= (-difl + IPuj 1 A to 2 + 2Qlo 3 A w 4 

+ {Pi - P}W Aw 3 - OP3 1 + P 2 4 )w 2 A w 3 
+(P 4 2 + PjV Aw 4 - (P* - P 3 )lo 2 A w 4 ) A w°. 

This tells us the derivative of modulo the algebraic ideal {w } = {/}, which 
we now use in a somewhat unintuitive way. 
We easily compute that 

d(w° Aid 1 A w 2 ) = -2$ A w° A w 1 A uj 2 + uj 1 A uj 2 A uj 3 A w 4 . 

With knowledge of dtfQ A w° from above, we can differentiate this equation to 
find 

= 2(P - Q)w° A w 1 A w 2 A w 3 A w 4 . 

This implies that P — Q = 0, and combined with our normalization P + Q = 0, 
we have 

P = Q = 0, 



which somewhat simplifies our structure equations (2.15). In particular, we have 
modulo {/} 

dip° = (Pi - P^w 1 Alu 3 - (P3 1 + P*)uj 2 A lu 3 + {Pi + P 3 V 1 Aw 4 - (P| - P 3 )lu 2 A w 4 

(2.16) 

As before, the next step is to study the 8 torsion coefficients P 1 , P 1 , P 2 , P 2 , 
Pf, P 3 , P 4 , Pf. We can again obtain a description of how they vary along the 
connected components of the fibers using infinitesimal methods, and then get a 
full description of their variation along fibers by explicitly calculating how they 
transform under one representative of each component of the structure group 
Gi. 

We state only the result of this calculation. The torsion in each fiber trans- 
forms by an 8-dimensional linear representation of the group G\ , which decom- 
poses as the direct sum of two 4-dimensional representations. Motivated by 
( [2.16 ) , we define a pair of 2 x 2 matrix- valued functions on B\ 



Now, for gi £ G\ as in ( 2.14 ), one finds that 

S x {u ■ 31) = aA^Si^B, S 2 (u ■ gi) = aA- 1 S 2 (u)B. 

In particular, the two summand representations for our torsion are the same, 
when restricted to the components of G\ of (2.14). However, one may also verify 
that 

SAu-J) = -( _° JW«)( ? o 1 )• 

*<"■" - (-. ;)*"'(? 'o 1 )- 
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An immediate conclusion to be drawn from this is that if Si(u) = at some 
point, then Si(u) = everywhere on the same fiber of B\ — > M, and likewise 
for S 2 - 

If the torsion vector takes its values in a union of non-trivial orbits having 
conjugate stabilizers, then we can try to make a further reduction to the subbun- 
dle consisting of those coframes on which the torsion lies in a family of normal 
forms. However, it is usually interesting in equivalence problems to consider the 
case when no further reduction is possible; in the present situation, this occurs 
when all of the invariants vanish identically. 

We first claim that S2 — identically if and onl y if th e uniquely determined 
form ipQ is closed. To see this, note first that from ( 2.16 ) we have S2 = if and 
only if 

difiQ =/iAw G 

for some 1-form fi. We differentiate modulo {lu } to obtain 

= —fj, A duj° (mod {lu }) 

which by symplectic linear algebra implies that 

/1 ee (mod {lu }). 

But then dtp^ — 0, as claimed. Conversely, if dipy = 0, then obviously S2 = 0. 

Now suppose that Si = S2 = identically. Then because dtp® = 0, we can 
locally find a function A > satisfying 

<f1 = A _1 dA. 

We can also compute in case S\ = S2 = that 

diuj 1 A lu 2 ) = -ipl A uj 1 A uj 2 , 

so that 

d(Xiu 1 A lu 2 ) = 0. 

Now, by a variant of the Darboux theorem, this implies that there are locally 
defined functions p, x such that 

— dp A dx = Xlu 1 A lu 2 . 
Similar reasoning gives locally defined functions q, y such that 

— dq A dy = Xlu 3 A lu 4 . 

In terms of these functions, note that 

d(XLu°) = A^ 1 A lu 2 + uj 3 A lu 4 ) = -dp A dx - dq A dy, 

which by the Poincare lemma implies that there is another locally defined func- 
tion z such that 

Xlu° = dz — pdx — q dy. 
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The linear independence of u>°, . . . , lu 4 implies that pulled back by any 1-adapted 
coframe (that is, any section of B\), the functions x, y, z,p, q form local coordi- 
nates on M. In terms of these local coordinates, our hyperbolic Monge- Ampere 
system is 

£ = {us , uj 1 Alj 2 + lu 3 AwVAw 2 -w 3 Aw 4 } (2.17) 
= {dz—pdx — qdy, dp A dx + dq A dy, dp A dx — dq A dy}. (2.18) 

In an obvious way, transverse local integral surfaces of £ are in one-to-one 
correspondence with solutions to the wave equation for z(x,y) 



d 2 



= 0. 



dx dy 

This establishes the following. 

Theorem 2.1 A hyperbolic Monge- Ampere system (M 5 ,£) satisfies S\ = S2 = 
if and only if it is locally equivalent to the Monge- Ampere system (2.16) for 
the linear homogeneous wave equation. 

This gives us an easily computable method for determining when a given second- 
order scalar Monge- Ampere equation in two variables is contact- equivalent to 
this wave equation. 

Looking at the equation (2.16) for d<p% (mod {/}), it is natural to ask about 
the situation in which S2 = 0, but possibly Si 7^ 0. This gives an alternative 
version of the solution to the inverse problem discussed in the previous chapter. 

Theorem 2.2 A hyperbolic Monge- Ampere system (M 5 ,£) is locally equivalent 
to an Euler- Lagrange system if and only if its invariant S2 vanishes identically. 

Proof. The condition for our £ to contain a Poincare-Cartan form 

II = Xlo° A {uj 1 A lu 2 - lo 3 A u 4 ) 

is that this II be closed for some function A on B\ , which we can assume satisfies 
A > 0. Differentiating then gives 

Q = (dX — 2\ip° ) Aw° A (w 1 A lu 2 - lu 3 A lu 4 ). 

Exterior algebra shows that this is equivalent to dX — 2Xlpq being a multiple of 

dX-2Xtp° = crAw° 



w°, say 



for some function a, or in other words, 

d(logA)-2p8 



Such an equation can be satisfied if and only if d(p® is equivalent modulo {7} to 
a multiple of duP . But we know that 

dui a = uj 4 Auj 2 + to 3 A to 4 . 
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and from ( pJ6| ) we see that dipQ is a multiple of this just in case 52 = 0. □ 



This result may be thought of as follows. For any hyperbolic Monge- Ampere 
system, dip® £ S7 2 is both closed and semibasic for B\ — > M. This means 
that it is the pullback of a 2-form on M canonically associated with £.0 We 
showed that this 2-form vanishes if and only if 52 = 0, which is equivalent to £ 
being locally Euler-Lagrange. This condition is reminiscent of the vanishing of 
a curvature, when is viewed as a connection in the contact line bundle /. 



2.2 Neo-Classical Poincare-Cartan Forms 

We now turn to the geometry of Poincare-Cartan forms in case n > 3. In the 
preceding section, we emphasized the corresponding Monge-Ampere system; 
from now on, we will instead emphasize the more specialized Poincare-Cartan 
form. 

Let M 2n+1 be a manifold with contact line bundle J, locally generated by a 
1-form 6. Let IT £ il n+1 (M) be a closed (n + l)-form locally expressible as 

n = 9 A*, 

where ^ £ P n (T*M/I) is primitive modulo {/}. As in the preceding section, 
the pointwise linear algebra of this data involves the action of the conformal 
symplectic group CSp(n, R) on the space P"(R 2 ") C A™** 2 ™- When n = 2, 
there are four orbits (including {0}) for this action, but for n > 2, the situation 
is more complicated. For example, when n = 3, the space of primitive 3-forms 
on R 6 has two open orbits and many degenerate orbits, while for n = 4 there 
are no open orbits. 

Which orbits contain the Poincare-Cartan forms of most interest to us? 
Consider the classical case, in which M = J 1 (R",R), 8 = dz — pidx 1 , and 
A = L(x, z,p)dx. We have already seen that 

IT = d(Ldx + 6 A L Pi dx (i) ) (2.19) 
= -6» A (d(L Pi ) Adx (l) ~ L z dx) (2.20) 
= -9 A {L PiPj dpj Adi(j) + (L PiZ pi + L p . x i - L z )dx). (2.21) 

This suggests the following definition, which singles out Poincare-Cartan forms 
of a particular algebraic type; it is these — with a slight refinement in the case 
n = 3, to be introduced below — whose geometry we will study. Note that 
non-degeneracy of the functional is built in to the definition. 

Definition 2.3 A closed (n + l)-form H on a contact manifold (M 2n+ , I) is 
almost-classical if it can locally be expressed as 

ri = —9 A (i?* J 7Tj A — KuS) (2.22) 

2 This statement also requires one to verify that dipf] is invariant under the action of some 
element of each connected component of Gi; this is easily done. 
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for some coframing (0, a/,7Tj) of M with 9 G T(I), some invertible matrix of 
functions (H iJ ), and some function K . 

Later, we will see the extent to which this definition generalizes the classical 
case. We remark that the almost-classical forms IT = 8 A are those for which 
the primitive ^ lies in the tangent variety of the cone of totally decomposable^] 
n-forms in P n (T*M/I), but not in the cone itself. 

Applying the equivalence method will yield differential invariants and geo- 
metric structures intrinsically associated to our Poincare-Cartan forms. This 



will be carried out in §2.4, but prior to this, it is best to directly look for some 
naturally associated geometry. The preview that this provides will make easier 
the task of interpreting the results of the equivalence method. 

First note that the local coframings and functions appearing in the definition 
of an almost-classical form are not uniquely determined by II. The extent of 
the non-uniqueness of the coframings is described in the following lemma, which 
prepares us for the equivalence method. 

Lemma 2.1 If {9, o/,7Ti) is a coframing adapted to an almost- classical form 
IT as in Definition then (9,uj i ,iTi) is another if and only if the transition 
matrix is of the form ( in blocks of size l,n,n) 

a 

C l A) 
Di Ei,i 




Proof. That the first row of the matrix must be as shown is clear from the 
requirement that 9,9 £ r(J). The real content of the lemma is that Pfaffian 
system 

Jn ^Spani^w 1 ,... ,w n ] 

is uniquely determined by II. This follows from the claim that Jn is character- 
ized as the set of 1-forms £ such that £ A II is totally decomposable; this claim 
we leave as an exercise for the reader. □ 

The Pfaffian system Jn = {9,lo 1 . . , ui n } associated to IT is crucial for all 
that follows. It is canonical in the sense that any local diffeomorphism of M 
preserving IT also preserves Jn- In the classical case described previously we have 
Jn = {dz, dx 1 , . . . , dx n }, which is integrable and has leaf space J°(R n , R). 

Proposition 2.2 If n > 4, then for any almost- classical form IT on a contact 
manifold (Af 2 ™ +1 ,/) 7 the Pfaffian system Jn is integrable. 

Proof. We need to show that d9, dio 1 = (mod {Jn}), for some (equivalently, 
any) coframing (9,uj l ,TTi) adapted to IT as in the definition. We write 

n = -6 A (H^n,. A uj {j) - Ku), 
3 A n-form is totally decomposable if it is equal to the exterior product of n 1-forms. 
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and 

dO = a lJ TTi A TTj (mod { Jn})- 

Then taking those terms of the equation dH = (mod {/}) that are cubic in 
7r, , we find 



a 



^TTi A TTj A H TTl = 



Then the 2-form a %3 tti A ttj has at least n > 3 linearly independent 1-forms as di- 
visors, which is impossible unless a^ixi /\TTj = 0. Therefore, d9 = (mod {Jn}) 
(with only the hypothesis n > 3). 

For the next step, it is useful to work with the 1-forms 

i def rrij 
TT =12 TTj , 

and write 

du* = P) k ^ A n k (mod { J n }), Pj fe + = 0. 



From the form of II (2.22), we have 

= w' A w J A n 

for any pair of indices 1 < i, j • < n. Differentiating, we obtain 

= (duj i A uj j -w'A du j ) A Id 

= (Plin k A V A Tr* - P^7r fe A tt 1 A 7T l ) A 9 A w 

It is now an exercise in linear algebra to show that if n > 4, then this implies 
P] k = 0. The hypotheses are that P] k = ~P l kj and 

(sLHi - sLHi) + ( s i p L - WJ + (si pL - VPLk) = «■ (2-23) 

By contracting first on jk a nd the n on il, one finds that for n ^ 2 the contraction 
Pj k vanishes. Contracting ( [2.23 ) only on jk and using P l ik — 0, one finds that 
for n 7^ 3, all P % - k vanish. □ 



There do exist counterexamples in case n — 3, for which (2.23) implies only 
that 

dlj = P ij TT (J) , P ij /"'. 

For example, if we fix constants P y = P Jl also satisfying P l% — 0, then there 
is a unique simply connected, 7-dimensional Lie group G having a basis of left- 
invariant 1-forms (u} 1 , 9 , tt 1 ) satisfying structure equations 

duj 1 = P ij TT U) , d9 = -tt 1 A uj\ drr 1 = 0. 

In this case, 9 generates a homogeneous contact structure on G, and the form 



n = f ~9 A it 1 A w 



(i) 
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is closed, giving an almost-classical form for which Jn is not integrable. 

These counterexamples cannot arise from classical cases, however, and this 
suggests that we consider the following narrower class of Poincare-Cartan forms. 

Definition 2.4 An almost- classical Poincare-Cartan form II is neo-classical if 
its associated Pfaffian system Jn is integrable. 

So the preceding Proposition states that in case n > 4, every almost-classical 
Poincare-Cartan form is neo-classical, and we have narrowed the definition only 
in case n = 3. 

The foliation corresponding to the integrable Pfaffian system Jn is the be- 
ginning of the very rich geometry associated to a neo-classical Poincare-Cartan 
form. Before investigating it further, we justify the study of this class of objects 
with the following. 

Proposition 2.3 Every neo-classical Poincare-Cartan form H on a contact 
manifold (M, I) is locally equivalent to that arising from some classical vari- 
ational problem. More precisely, given such (M, I, II), there are local coordi- 
nates (x l , z,pi) on M with respect to which the contact system I is generated by 
dz—pidx % , and there is a Lagrangian of the form L(x l , z,pi)dx whose Poincare- 
Cartan form is II. 

Note that we have already observed the converse, that those non-degenerate 
Poincare-Cartan forms arising form classical variational problems (in case n > 3) 
are neo-classical. 

Proof. We fix a coframing (9,ui l ,iTi) as in the definition of an almost-classical 
form. Using the Frobenius theorem, we take independent functions (x l ,z) on 
M so that 

Jn = {u}\9} = {dx\dz}. 

By relabelling if necessary, we may assume 9 ^ {dx 1 }, and we find that there 
are functions pi so that 

9 e R (dz- Pl dx l ). 

The fact that 9 A (d9) n ^ implies that (x l , z,Pi) are local coordinates on M. 

We now introduce a technical device that is often useful in the study of 
exterior differential systems. Let 

T p n q C n p+q {M) 

be the collection of (p+g)-forms with at least p factors in Jn; this is well-defined. 
With this notation, the fact that Jn is integrable may be expressed as 

d{T p VL q ) c T p VL q+l . 

There is a version of the Poincare lemma that can be applied to each leaf of the 
foliation determined by Jn, with smooth dependence on the leaves' parameters; 
it says precisely that the complex 

T p n° TPVL 1 • • • 
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is locally exact for each p. Now, any almost-classical form II lies in JF"^ 1 ; so 
not only is the closed form II locally equal to dA for some A e VL n (M), we 
can actually choose A to lie in T n Vf . In other words, we can locally find a 
Lagrangian A of the form 

A = L°(x, z,p)dx + L l (x, z,p)dz A dx^ 

for some functions L°, L % . This may be rewritten as 

A = (L° + p t L l )dx + 9 A {Vdx (i) ), 

and then the condition 9 A dA = (recall that this was part of the construction 
of the Poincare-Cartan form associated to any class in H n (VL* /X)) gives the 
relation 

dL 

L\x,z,p) = — (x,z,p). 
op t 

This is exactly the condition for A to locally be a classical Lagrangian. □ 

Returning to the geometry associated to a neo-classical Poincare-Cartan 
form II, we have found (or in case n = 3, postulated) an intcgrable Pfafnan sys- 
tem Jjj which is invariant under contact transformations preserving II. Locally 
in M, the induced foliation has a smooth "leaf-space" Q of dimension n+1, 
and there is a smooth submersion q : M — ► Q whose fibers are n-dimensional 
integral manifolds of Jn. On such a neighborhood, the foliation will be called 
simple, and as we are only going to consider the local geometry of II in this 
section, we assume that the foliation is simple on all of M. We may restrict to 
smaller neighborhoods as needed in the following. 

To explore the geometry of the situation, we ask what the data (M 2n+1 ,I, II) 
look like from the point of view of Q n+1 . The first observation is that we can 
locally identify M, as a contact manifold, with the standard contact manifold 
G n (TQ), the Grassmannian bundle parameterizing n-dimensional subspaces of 
fibers of TQ. This is easily seen in coordinates as follows. If, as in the preceding 
proof, we integrate Jn as 

Jn = {dz, dx 1 } 

for some local functions z, x l on M, then the same functions z, x % may be re- 
garded as coordinates on Q. With the assumption that 9 £ {dx 1 } (on M, again), 
we must have dz —pidx 1 £ T(I) for some local functions Pi on M, which by the 
non-degeneracy condition for I make (x l ,z,Pi) local coordinates on M. These 
Pi can also thought of as local fiber coordinates for M — > Q, and we can map 
M — > G n (TQ) by 

(x\ z,pi) i ► ((x l , z); {dz - p l dx 1 }^). 

The latter notation refers to a hyperplane in the tangent space of Q at (x l , z). 
Under this map, the standard contact system on G n (TQ) evidently pulls back 
to I, so we have a local contact diffeomorphism commuting with projections to 
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Q. Every point transformation of Q prolongs to give a contact transformation 
of G n (TQ), hence of M as well. Conversely, every contact transformation of 
M that preserves II is the prolongation of a point transformation of Q, be- 
cause the foliation by integral manifolds of Jn defining Q is associated to II 
in a contact-invariant manner.^ In this sense, studying the geometry of a neo- 
classical Poincare-Cartan form (in case n > 3) under contact transformations is 
locally no different than studying the geometry of an equivalence class of classi- 
cal non-degenerate first-order scalar Lagrangians under point transformations. 

We have now interpreted (Af, /) as a natural object in terms of Q, but our 
real interest lies in II. What kind of geometry does II define in terms of Q1 We 
will answer this question in terms of the following notion. 

Definition 2.5 A Lagrangian potential for a neo-classical Poincare-Cartan 
form LI on M is an n-form A 6 J- n Q° (that is, A is semibasic for M —> Q) such 
that dA = n. 



We saw in the proof of Proposition 2.3 that locally a Lagrangian potential A 



exists. Such A are not unique, but are determined only up to addition of closed 
forms in J rn ^l°. It will be important below to note that a closed form in T n VL° 
must actually be basic for M — > Q; that is, it must be locally the pull-back of a 
(closed) n-form on Q. In particular, the difference between any two Lagrangian 
potentials for a give neo-classical form II must be basic. 

Consider one such Lagrangian potential A, semibasic over Q. Then at each 
point m € M, one may regard A m as an element of /\" {T*, m -iQ) , an n-form at 
the corresponding point of Q. This defines a map 

v.M^ A n (T*Q), 

commuting with the natural projections to Q. Counting dimensions shows that 
if v is an immersion, then we actually obtain a hypersurface in f\ (T*Q); to be 
more precise, we have a smoothly varying field of hypersurfaces in the vector 
bundle f\ n (T*Q) — ► Q. It is not hard to see that v is an immersion if the 
Poincare-Cartan form LT is non-degenerate, which is a standing hypothesis. We 
can work backwards, as well: given a hypersurface M /\ n (T*Q) over an 
(n + l)-dimensional manifold Q, we may restrict to M the tautological n-form 
on /\ n (T*Q) to obtain a form A £ VL n (M). Under mild technical hypotheses on 
the hypersurface M, the form dA e 0™ +1 (Af) will be a neo-classical Poincare- 
Cartan form. 

So we have associated to a Poincare-Cartan form II, and a choice of La- 
grangian potential A S J- n ft°, a field of hypersurfaces in /\ n (T*Q) — > Q. How- 
ever, we noted that A was not canonically defined in terms of II, so neither 
are these hypersurfaces. As we have seen, the ambiguity in A is that another 
admissible A may differ from A by a form that is basic over Q. This means 
that A — A does not depend on the fiber-coordinate for M — * Q, and therefore 

4 This statement is only valid in case the foliation by integral manifolds of Jn is simple; in 
other cases, only a cumbersome local version of the statement holds. 
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the two corresponding immersions v, v differ in each fiber M q (q £ Q) only by 
a translation in f\ n (T*Q). Consequently, we have in each f\ n {T*Q) a hyper- 
surface well-defined up to translation. A contact transformation of M which 
preserves IT will therefore carry the field of hypersurfaces for a particular choice 
of A to a field of hypersurfaces differing by (a field of) affine transformations. 
To summarize, 

one can canonically associate to any neo-classical Poincare-Cartan 
form (M, IT) a field of hypersurfaces in the bundle f\ n (T*Q) — ^ Q, 
regarded as a bundle of affine spaces. We expect the differential 
invariants of IT to include information about the geometry of each of 
these affine hypersurfaces, and this will turn out to be the case. 



2.3 Digression on Affine Geometry of Hypersur- 
faces 

Let A™ +1 denote (n-fl)-dimensional affine space, which is simply R™ +1 regarded 
as a homogeneous space of the group A{n + 1) of affine transformations 

x^g-x + v, g £ GL(n + 1, R), v £ R n+1 . 

Let x : F — > A™ +1 denote the principal GL{n + l,R)-bundle of affine frames; 
that is, 

F = {f = (x,(e ,...,e n ))}, 

where x £ A n+1 is a point, and (eo, . . . ,e„) is a basis for the tangent space 
T x A n+1 . The action is given by 

(x, (e , . . . , e„)) ■ {g a b ) = f (x, (e b g b , e b g b n )). (2.24) 

For this section, we adopt the index ranges < a, b, c < n, 1 < i,j, k < n, and 
always assume n > 2. 

There is a basis of 1-forms cu a , ip^ on F defined by decomposing the A n+1 - 
valued 1-forms 

dx = e a -uj a , de a = e& • <p h a . 

These equations implicitly use a trivialization of TA n+1 that commutes with 
affine transformations. Differentiating, we obtain the structure equations for F: 

du a = —(pi A uj b , d<p a b =-<p a c A<p c b . (2.25) 

Choosing a reference frame /o £ F determines an identification F = A(n + 1), 
and under this identification the 1-forms uo a , ip b on F correspond to a basis 
of left-invariant 1-forms on the Lie group A(n + 1). The structure equations 
(2.25) on F then correspond to the usual Maurer-Cartan structure equations 
for left-invariant 1-forms on a Lie group. 
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In this section, we will study the geometry of smooth hypersurfaces M™ C 
A" +1 , to be called affine hypersurfaces, using the method of moving frames; 
no previous knowledge of this method is assumed. In particular, we give con- 
structions that associate to M geometric objects in a manner invariant under 
affine transformations of the ambient A" +1 . Among these objects are tensor 
fields Hij, U % i , and Ty* on M, called the affine first and second fundamental 
forms and the affine cubic form of the hypersurface. We will classify those non- 
degenerate (to be defined) hypersurfaces for which Ty^ = everywhere. This is 
of interest because the particular neo-classical Poincare-Cartan forms that we 
study later induce fields of affine hypersurfaces of this type. 

Suppose given a smooth affine hypersurface M C A™ +1 . We define the 
collection of 0-adapted frames along M by 

P (Af) = {(x, (e , . . . , e^) eF:i£ M, e u . . . , e„ span T X M} C F. 

This is a principal subbundle of F | m whose structure group is^| 

G = (go=( a M:a6 R*, A G GL(n, R), v G R™1 . (2.26) 



v A 

Restricting forms on F to Fq(M) (but supressing notation), we have 

^° = 0, i^A-AwVO- 

Differentiating the first of these gives 

= duj° = —if® A u/, 

and we apply the Cartan lemma to obtain 

(p\ — HijUp for some functions — Fiji- 

One way to understand the meaning of these functions Hij , which constitute 
the first fundamental form of M C A" +1 , is as follows. At any given point of 
M C A™ +1 , one can find an affine frame and associated coordinates with respect 
to which M is locally a graph 

x — 2" Hi j ( 3-* 7 ■ ■ ■ i x j x x 

for some functions Hij. Restricted to the 0-adapted frame field defined by 

d d d 

= fop* ^ = ^«^ af, + i^l^^p + fyA' 

one finds that the values over G M of the functions Hij equal ffy(O). Loosely 
speaking, the functions Hij express the second derivatives of a defining function 
for M. 



5 Here and throughout, R.* denotes the connected group of positive real numbers under 
multiplication. 
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Returning to the general situation, we calculate as follows. We substitute 
the expression <p® = HijOj^ into the structure equation dip® — —p® A ip\, collect 
terms, and conclude 

= {dH iS + Hijifl - H k .^\ - H lW )) A J. 

Using the Cartan lemma, we have 

dffy = -Hwl + H kj y k + Hik$ + T ijk uj k 

for some functions Tij k = T^j — Tkji- This infinitesimally describes how the 
functions vary along the fibers of Fn(M), on which urf = 0. In particular, 
as a matrix- valued function H = (ify) on Fo(-M), it transforms by a linear 
representation of the structure group: 

H(f ■ g ) = (a-yAHifiA, 

where go € Go is a s in ( 2.26| ).p| Now we consider the quantity 



A(/) ^det(tf 4 ,(/)), 

which vanishes at some point of Fq(M) if and only if it vanishes on the entire 
fiber containing that point. We will say that M C A™ +1 is non- degenerate if 
A 7^ everywhere on Fq(M). Also note that the absolute signature of Hij is 
well-defined at each point of M. It is easy to see that Hij is definite if and 
only if M C A n+1 is convex. In what follows, we will assume that M is a 
non-degenerate hypersurface, but not necessarily that it is convex. 

It turns out that T = (TJyfc), which one would like to regard as a sort of 
covariant derivative of H = [Hij ) , is not a tensor; that is, it does not transform 
by a linear representation along the fibers of Fq(M) — > M . We will exploit this 
below to reduce the principal bundle Fo(M) — > M to a subbundle of frames 
satisfying a higher-order adaptivity condition. Namely, Fi(M) C Fq(M) will 
consist of those frames where is traceless with respect to the non-degenerate 
symmetric bilinear form H^, meaning H jk T ijk = 0, where (H ij ) is the matrix 
inverse of (Hij). Geometrically, the reduction will amount to a canonical choice 
of line field Reo transverse to M, which we will think of as giving at each point 
of M a canonical affine normal line. 

To justify this, we let (fP J ) denote the matrix inverse of (Hij), and let 

c t = f ir'T.j, 

be the vector of traces of T with respect to H. We compute 

d(log A) = A _1 dA 

= Tr(H~ 1 dH) 
= H l3 dH %j 



6 As usual, our argument only proves this claim for go in the identity component of Go, 
but it may be checked directly for representative elements of each of the other components. 
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Now differentiate again and collect terms to find 

= {dd - Cjtpl - (n + 2)Hij^ ) A <J. (2.27) 

Therefore, we have 

dd = Cjtpi + (n + 2)H ijip i (mod {uj\ . . . , w n }), (2.28) 

which expresses how the traces Ci vary along the fibers of Fo(M) — > M. In 
particular, if the matrix (-ffy) is non-singular, as we are assuming, then the 
action of the structure group on the values of the vector (Ci) £ R" is transitive; 
that is, every value in R™ is taken by (Ci) in each fiber. Therefore, the set of 
0-adapted frames / £ F (M) where each Cj(/) = is a principal subbundle 
Fi(M) C Fo(M), whose structure group is the stabilizer of £ R™ under the 
action. This stabilizer is 

G 1 d M <L = (® ° A Y.a£R*, A£ GL(n, R) 



Comparing to the full action ( 2.24 ) of the affine group A(n + 1) on F, we see 
that along each fiber of Fi(M), the direction Reo is fixed. Thus, we have 
uniquely chosen the direction of eo at each point of M by the condition d = 
for i = 1, . . . , n. 

A more concrete explanation of what we have done is seen by locally pre- 
senting our hypersurface in the form 

x° = ^H l3 (0)x l x3 + ^f ijk (x\ ... , x n )x i x i x k . 

An affine change of coordinates that will preserve this form is the addition of a 
multiple of x° to each x l ] the n choices that this entails can be uniquely made 
so that Tijfc(O) is traceless with respect to Hij(0). Once such choices are fixed, 
then so is the direction of ; an d this gives the canonical affine normal line at 
x = 0. 

There is a remarkable interpretation of the affine normal direction at a point 



where Hij is positive-definite (see [Bla67|). Consider the 1-parameter family of 



hyperplanes parallel to the tangent plane at the given point. For those planes 
sufficiently near the tangent plane, the intersection with a fixed neighborhood 
in the surface is a closed submanifold of dimension n — 2 in M, having an affine- 
invariant center-of-mass. These centers-of-mass form a curve in affine space, 
passing through the point of interest; this curve's tangent line at that point is 
the affine normal dir ectio n. 

We can see from ( 2.2E ) that on Fi(M), where is traceless, the forms <p J 



are semibasic over M. It is less convenient to express these in terms of the basis 
w ! than to instead use <p® — HijOj^ , assuming that M C A n+1 is non-degenerate. 
On Fi(M) we write 



Now (2.27), restricted to F X (M) where C t = 0, implies that U v = W % 
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The reader may carry out computations similar to those above to show that 
the (U z i) and (T^) are tensors; that is, they transform along the fibers of 
Fi(M) by a linear representation of G\. For example, if = at some point 
of Fi(M), then T^-fc = everywhere along the same fiber of Fi(M) — > M. 
Furthermore, the transformation law for is such that if = XH^ at some 
point, for some A, then the same is true — with possibly varying A — everywhere 
on the same fiber. We can now give some additional interpretations of the 
simplest cases of the affine second fundamental form and the affine cubic 
form Tijk ■ The following theorem is the main purpose of this digression. 

Theorem 2.3 (1) IfU lj = XH lj everywhere on Fi(M) — that is, if the second 
fundamental form is a scalar multiple of the first fundamental form — then either 
A = everywhere or A 7^ everywhere. In the first case, the affine normal lines 
of M are all parallel, and in the second case, the affine normal lines of M are 
all concurrent. 

(2) If Tijk — everywhere on Fi(M), then = XH^ everywhere. In this 
case, if X = 0, then M is a paraboloid, while if X 7^ 0, then M is a non-degenerate 
quadric. 

Proof. Suppose first that U lJ — XH lj on Fi(M) for some function A. This is 
same as writing 

ipl = XH jl <pf = Xuj 1 . 
We differentiate this equation (substituting itself), and obtain 

(dX — A<Pq) A(^ =0 for each j. 

Under the standing assumption n > 1, this means that 

dX = Xip° . 

So assuming that M is connected, we have the first statement of (1). We will 
describe the geometric consequences of each of the two possibilities. 

First, suppose that A = 0, so that — 0, and then iffa = throughout 
Fi(M). Then the definition of our original basis of 1-forms gives 

de = e a <fo = e f„, 

meaning that the direction in A™ +1 of eo is fixed throughout Fi(M), or equiv- 
alently, all of the affine normals of M are parallel. 

Next, suppose A ^ 0, and assume for simplicity that A < 0. The differential 
equation dX — XipQ implies that we can restrict to the principal subbundlc 
F 2 (M) where A = — 1. This amounts to a choice of a particular vector field e 
along the affine normal line field already defined. Note that on F 2 (M), we have 

4 = -J = -H*<pl, ^J=0. (2.29) 

As a result, the structure equations dx = eiUJ 1 and de = e a f^ = — e^ 1 imply 
that 

d(x + eo) = 0, 
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so that x + eo is a constant element of A™ +1 . In particular, all of the affinc 
normal lines of M pass through this point. This completes the proof of (1). 

Now assume that T^k = identically; this will be satisfied by each member 
of the fields of affine hypersurfaces associated to certain neo-classical Poincare- 
Cartan forms of interest. Our first claim is that J7 y = A7J y for some function 
A on Fi(M). To see this, note that our hypothesis means 

dHij = —HijtfiQ + Hkj(fii + Hik(pj. 

We differentiate this, using the structure equations in the simplified form that 
defined the reduction to Fi(M), and obtain 

= -H kj $ A<fi- Hikvft A 

If we use Hij to raise and lower indices and define 

Uij — H ik Hi ] U k \ 

then the preceding equation may be written as 

= -{UjiH ik + U a H jk )J A <j k . 

The coefficients of this vanishing 2-form then satisfy 

= UjiHik + UuHjk — UjkHu — UikHji; 

we multiply by H lk (and sum over i,k) to conclude 

Uji = —(H lk U ik )Hji. 

This proves that 

F' J Ml". 

with A= \H kl U kl - 

We now return to the possibilities A = 0, A ^ under the stronger hypothesis 
Tijk = 0. 

In the first case, note that with the condition = on Fi(M), we have 
that the Pfaffian system generated by <pg and tpj (for 1 < i, j < n) is integrable. 
Let M be any leaf of this system. Restricted to M, we have 

dHij = 0, 

so that the functions are constants. Furthermore, the linearly independent 
1-forms lo % on M are each closed, so that (at least locally, or else on a simply 
connected cover) there are coordinates u % on M with 

oj l = du\ 

Substituting all of this into the structure equations, we have: 
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• deo — 0, so that eo is a constant element of A™ +1 on M; 

• dei = eo(p® — eoHijUji — d(eoHiju 3 ), so that 

&i — Si + e Q HijU j 
for some constant e< € A n+1 ; 

• dx = eiUi' 1 — (Ei + e^HijU^du 1 = d(u l Ei + ^eoHijU l u^), so that 

x = x + u l ei + —HijU l vPeo 
2 

for some constant x £ A ra+1 . 

The conclusion is that as the coordinates u % vary on M, the A n+1 -valued func- 
tion x on M traces out a paraboloid, with vertex at x and axis along the direction 
of e . 

Turning to the case A ^ 0, recall that under the assumption A < 0, we 
can reduce to a subbundle F2(M) C Fi(M) on which A = — 1. We use the 
differential equation 

dHij = Hiktfj + HkjPi 

to reduce again to a subbundle F^(M) C F2(M) on which Hij = H^ is some 
constant matrix. On Fs(M), the forms ipj satisfy linear algebraic relations 

= Hiktdj + Hkjrf. 



Our assumption A = — 1 allows us to combine these with the relations (2.29) by 
defining 



& <p) ) ' V H 

and then 

H$+ *$H = 0. 

In other words, the matrix- valued 1-form <f> on F%(M) takes values in the Lie 
algebra of the stabilizer of the bilinear form H. For instance, if our hyper- 
surface M is convex, so that (fly) is definite everywhere, then we could have 
chosen fly — Sij, and then <!> would take values in the Lie algebra so(n + 1, R). 
Whatever the signature of fly, let the stabilizer of H be denoted by 0(H) C 
GL(n + 1, R), with Lie algebra so(H). Then the structure equation 

d$ + $ A $ = 

implies that there is locally (alternatively, on a simply connected cover) a map 

g : F 3 (M) 0(H) 

such that 

$ = g^dg. 
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Using the structure equations de a — eb^p h a , this implies 

d(e a -(g- 1 y b )=0, 

so that 

e-a = e b g b a 

for some fixed affine frame (e~b). In particular, the A n+1 -valued function eo 
on Fs(M) takes as its values precisely the points of a level surface of a non- 
degenerate quadratic form, defined by H. Recalling from the first part of the 
proof that x + eo is constant on A" +1 , this means that the hypersurface M, 
thought of as the image of the map x : F^(M) — > A™ +1 , is a constant translate 
of a non-degenerate quadric hypersurface. The signature of the quadric is (p, q), 
where (p — 1, q) is the signature of the first fundamental form ) . 

The case A > instead of A < is quite similar, but M is a quadric of 
signature (p, q) when (ify) has signature (p, q — 1). □ 



2.4 The Equivalence Problem for n > 3 

We now consider a contact manifold (M, /) with a closed, almost-classical form 

II = -9 A (H ij Wi Alu U) - Klo). (2.30) 

We will shortly specialize t o the case in which II is neo-classical. The coframes 
in which II takes the form ( [2.3C| ), for some functions -fP J and K, constitute a G- 



structure as described in Lemma |2T|. The purpose of this section is to describe 
a canonical reduction of this G-structure to one carrying a pseudo-connection 
satis fying structure equations of a prescribed form, as summarized in ( |2.47| - 



2.48), at least in case the matrix (H^) is cither positive- or negative-definite 



everywhere. This application of the equivalence method involves no techniques 



beyond those introduced in §2.1, but some of the linear- algebraic computations 
are more involved. 

We begin by refining our initial G-structure as follows. 

Lemma 2.2 Let (M,I) be a contact manifold with almost- classical form II. 



(1) There exist local coframings (9,uj l ,TTi) on M such that II has the form (2.31 ) 
and such that 

dO^-TTtAuj 1 (mod {/}). 

(2) Local coframings as in (1) are the sections of a Go-structure Bq — > M , where 
Go is the group of matrices of the form (in blocks of size l,n,n) 



A e GL(n, R), S l3 = %. (2.31) 
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(3) If two local coframings as in (1) are related as 



I =//„"' 

TTi 

and if II = —6 A (H^Wi A ujtj) — Klo) = — 9 A {H %3: k 1 A — Kui) are the 
expressions for II with respect to these coframings, then 

H = a 2 (det A)A~ 1 H t A- 1 , (2.32) 
K = a{det A){K -Tr{HS)). (2.33) 

Proof. (1) First observe that in any coframing, we may write 

dO = a lj iTi A TTj + ti-TTj Auj 1 + CijUJ 1 A lo 3 (mod {/}). 

We will deal with each of the three coefficient matrices (a lJ ), (6^), {c%j) to obtain 
the desired condition d9 = — J2 A w l . 

• The proof of Proposition |2.2| showed for n > 3 that 

= dO = a lJ TTi A nj (mod {J n }), 

which implies a %] 1\i A ttj = 0. This followed from calculating = c?II 
modulo {/}. 

• From the fact that 9 is a contact form, we have 

0^9 A (d9) n = ±det(bj)9 Alo Ait, 

so that (b?) is an invertible matrix. Therefore, we may apply the matrix 
— m, ) _1 1° the 1-forms TTj to obtain a new basis in which we have = —dj, 
so that 

d9 = -TTi Auj 1 + Ci-jLj 1 A uj j (mod {/}). 



Note that this coframe change is of the type admitted by Lemma [2.1 
preserving the form ( 2.30| ). 

Finally, we can replace TTi by TTi + CijLJ J to have the desired d9 = —TTi A lo % 
This coframe change also preserves the form (2.30). 



(2) We already know that any matrix as in Lemma 2.1 will preserve the form 
( p.3C| ) . We write the action of such a matrix as 



a6 
+ A 

TTi = Di9 + SikA^ld-i + B^TTj. 



uj 1 = C l 9 + A)u* 
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It is easily verified that the condition dO = — 7r$ A uj 1 implies the analogous 
condition dO = — frj A uj % if and only if 

This is what we wanted to prove. 

(3) These formulae are seen by substituting the formulae for (0, u) l ,7Ti) into the 
equation for the two expressions for II, and comparing terms. One uses the 
following fact from linear algebra: if 

uj 1 ee A)uJ j (mod {/}), 

then 



Q U) ee (det A)(A~ 1 ) i j uj^ (mod {/}); 

that is, the coefficients of a)/,-) in terms of are the cofactors of the coefficient 
matrix of uj 1 in terms of lj 3 . □ 



We can see from ( 2.32 ) that the matrix H = (H 11 ) transforms under coframe 
changes like a bilinear form, up to scaling, and in particular that its absolute 
signature is fixed at each point of M. To proceed, we have to assume that this 
signature is constant throughout M. In particular, we shall from now on assume 
that H is positive or negative definite everywhere, and refer to almost-classical 
forms II with this property as definite. Cases of different constant signature are 
of interest, but can be easily reconstructed by the reader in analogy with the 
definite case examined below. 

Once we assume that the matrix-valued function H on Bq is definite, the 
following is an easy consequence of the preceding lemma. 

Lemma 2.3 Given a definite, almost- classical Poincare-Cartan form H on a 
contact manifold (M, I), there are 0-adapted local coframings {9, a/, 7Tj) for which 

H = -6A{8 ii -K i ALO {j) ), 

and these form a G\ -structure B\ C Bq — > M , where G\ is the group of matrices 



gi of the form (\2.3j\) with 



detA>0, a{det A)'AeO(n,R), Sa = 0. 



This follows from imposing the conditions H = H = I n , K = K = in the 
previous lemma. Unfortunately, it is difficult to give a general expression in 
coordinates for such a 1-adapted coframing in the classical case, because such 
an expression requires that we normalize the Hessian matrix (L PiPj ). In practice, 
however, such a coframing is usually easy to compute. 
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It is convenient for later purposes to use a different parameterization of our 
jroup G\. Namely, an arbitrary element will be written as 





,9i = C % r-MJ , (2.34) 



where A = (Aj) e SO(n,K), r > 0, SV,- = Sji, Su = 0. Also, now that 
the orthogonal group has appeared, some of the representations occuring in 
the sequel are isomorphic to their duals, for which it may be unuseful and 
sometimes confusing to maintain the usual summation convention, in which 
one only contracts a pair of indices in which one index is raised and the other 
lowered. Therefore, we will now sum any index occuring twice in a single term, 
regardless of its positions. 

We now assume that we have a definite, neo-classical Poincare-Cartan form 
II with associated Gi-structure B\ — > M, and we begin searching for differential 
invariants. There are local pseudo-connection 1-forms p, 7*, <5i , a* , ov, defined so 
that equations of the following form hold: 













( e 












\ Hi 



■Ki \ Oi a. 



where 6, uj l ,iTi are the tautological 1-forms on B\, the torsion 2-forms 9, f2\ IT 
are semibasic for B\ — > M, and the psuedo-connection 1-forms satisfy 

a) + a J { — 0, cry = dji , an = 0. 

These last conditions mean that the psuedo-connection matrix takes values in 
the Lie algebra gi C gt(2n + 1, R) of G\. 

The psuedo-connection 1-forms are not uniquely determined, and our next 
step is to exploit this indeterminacy to try to absorb components of the torsion. 

First, we know that d6 = —ni A a/ (mod {/}). The difference between 
Q = d6 + (n — 2)p A 9 and — Hi A lo % is therefore a semibasic multiple of 9, which 
can be absorbed by a semibasic change in p. We can therefore simply assume 
that 

d6 = -{n- 2)p A 9- it, Alo\ 

or equivalently, 9 = — 71^ A lo 1 . 

Second, our assumption that II is neo-classical means that the Pfaffian sys- 
tem Jn = {9,lo 1 } is integrable (even up on Bi). In the structure equation 

duj 1 = -7* A 9 - (— 2ptfj + a)) A uj j + fi*, (2.35) 

this means that fl l = (mod { Jn})- Also, il 1 is semibasic over M, so we can 
write 

W = T ijk nj Au'l \p) k ^ A tu k (mod {/}). (2.36) 
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Now, adding semibasic 1-forms to j l allows us to preserve the equation (2.35) 
while also making ( 2.36Q an equality, and not merely a congruence. A little 
linear algebra shows that there is a unique linear combination of the d 1 that can 
be added to a*, preserving a* + ct\ = 0, to absorb the term \P^ k uji A uj k . This 
leaves us only with 

i = jujk^ Au k . 

As in the elimination of the P* k , we can add a combination of the ^ to a* to 
arrange 

rpijk rj-ikji 

To investigate the third torsion term IT, we use an alternate derivation of 
the equation for diti. Namely, we differentiate the equation 

d9 = — (n — 2)p A 9 - A uj\ 

and take the result only modulo {/} to avoid the unknown quantity dp. This 
eventually yields 

0= -(Ilfc-r^Tr, AtTj) Auj k (mod{7». 

As before, multiples of 9 may be absorbed by redefining 5i, so that we can 
assume this congruence is an equality. Reasoning similar to that which proves 
the Cartan lemma gives 

life - T y ' fe 7T 4 A 7Tj = v kl A J 

for some semibasic 1-forms vu = v^. Now, most of these forms v k i can be 
subtracted from the psuedo-connection forms <7jy, simplifying the torsion; but 
the condition an — prevents us from completely absorbing them. Instead, the 
trace remains, and we have 

n fe = 8 kl vALJ l + TV k n l ATTj. 

We can learn more about v using the integrability condition dTL — 0, taken 
modulo terms quadratic in the 7^: 

= cffl = n9 A v A lj. 

A consequence is that v = (mod {9,u 1 }); in other words, v has no 7Ti-terms, 
and may be written (using again a change in Si) as 



Then replacing cry by 

yields new psuedo-connection forms, for which the third torsion term is simply 
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This completes the major step of absorbing torsion by altering the pseudo- 
connection. 

Before proceeding to the next major step, we look for linear-algebraic con- 
ditions on the torsion which may simplify later calculations. In particular, we 
made only very coarse use of dTL = above. Now we compute more carefully 

= dYL = —9 A {2T ljk + 6 ij T lkl )n k A tt 3 A uj (i) , 

so we must have 

2fijk _|_ gijrplkl _ 2J^ikj _j_ ^ikrpljl ^ 37^) 

The next major step is a reduction of our Gi-structure. We will examine 

■ def 

the variation of the functions T J = T vl along fibers of B\ — > M, and observe 
that the zero-locus {T 3 = 0} defines a G2-structure for a certain codimension-?i 
subgroup G2 C G\. 

As usual, the variation of T J will be described infinitesimally. To study dT 3 
without knowledge of the traceless part of dT %3k , we exploit the exterior algebra, 
writing 

d{9 A lu 1 A • • ■ A uj n ) = ((n + 2)p + T k n k ) A 9 A uj. (2.38) 

We will differentiate this for information about dT k , but in doing so we will need 
information about dp as well. Fortunately, this is available by differentiating 
the first structure equation 

d9 = -(n-2)pA9-Tr k Auj k , 

yielding 

(n - 2)dp = 7 fc A 7T fc (mod {9, uj 1 }). 
Now we return to differentiating ( [2.38 ) and eventually find 

dT k _ _2+| 7 fe + {nS k p _ a k )T3 (mQd n . } y 

This means that along fibers of B\ — > M, the vector-valued function T(u) = 
(T 3 (u)), u e Bi, is orthogonally rotated (infinitesimally, by a k ), scaled (by p), 
and translated (by 7*). In fact, for g\ G G\ as in ( 2.34 ), 

T(u ■ 9l ) = ±r 2 A- 1 (r n - 2 T(u) - ^±|C). 

Now the set 

B 2 = f {u^Bi: T{u) = 0}cBi 



is a G2-subbundle of B\ — > M, where G2 consists of matrices as in ( 2.34 ) with 
T l = 0. 

On the submanifold B 2 C B\, we have from (2.37) the symmetry 

rpijk _ rpkji _ rpikj 
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As a consequence, the torsion life restricts to 

n fe = T ijk wj A n k = 0. 

The previous structure equations continue to hold, but the forms 7 l |s 2 
should not be regarded as part of the psuedo-connection, as they are now semiba- 
sic over M. We therefore write 

\ ( (n-2)p 

lu 1 = -2pS) + a} 

7ij J \ Si a,, npSf - a 



where still 



and now 



0, Uij — au, an — 


















(2.39) 




(2.40) 




(2.41) 



U ij nj) A 9 + T^ttj A ui 
Here we have denoted 7* = SjUji + U^ttj (mod {/}). Also, we still have 

rpijk _ rpkji _ rpikj jiiik _ q ^ 42) 

Notice that we can alter a* and p to assume that 

S)=Sl, Sl = Q, (2.43) 

where we also have to add combinations of of to Si to preserve Ilj = 0. In fact, 
these assumptions uniquely determine a] and p, although Si and <7y- still admit 
some ambiguity. 

Equations ( |2.39| - |2.43| ) summarize the results of the equivalence method car- 
ried out to this point. We have uncovered the primary differential invariants of 
a definite neo-classical Poincare-Cartan form: they are the functions T* J , Sj 
and U lJ . Their properties are central in what follows. 

For example, note that the rank-n Pfaffian system {u/} on B2 is invariant 
under the action of the structure group Gi , and therefore it is the pullback of a 
Pfaffian system (also to be denoted {a/}) down on M. Testing its integrability, 
we find 

doj 1 = -U ij irj A 9 (mod {oj 1 }). (2.44) 

We will see shortly that the matrix- valued function ([/ u ) varies along the fibers 
of £>2 — >• M by a linear representation of G2, so that it is plausible to ask 
about those Poincare-Cartan forms for which U" 1 ! = 0; (2.44) shows that this 
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is equivalent to the integrability of {lo 1 }. In this case, in addition to the local 
fibration M — ► Q whose fibers are leaves of Jn, we have 

qu+1 ^ r _ 

where N is the locally-defined n-dimensional "leaf space" for {lo 1 }. Coordinates 
on N — equivalently, functions on M whose differentials lie in {lo 1 } — may be 
thought of as "preferred independent variables" for the contact-equivalence class 
of our Euler-Lagrange equation, canonical in the sense that every symmetry of 
M preserving the Poincare-Cartan form preserves the fibration M — > N and 
therefore acts on N. Note that even if an (M, IT) satisfying U 1J — came to us 
from a classical Lagrangian with independent variables (x l ), we need not have 
{lo 1 } = {dx 1 }. 

This is not to say that the case U 13 ^ is uninteresting. In the next section, 
we will see an important family of examples from Riemannian geometry with 
U lJ = A5j. To obtain preliminary information about U lJ in a manner that will 
not require much knowledge of or T 13 , we start with the equation 

dito 1 A - Aw") = 2np A (lo 1 A ■ ■ ■ A L0 n ) + U ij 9 A tTj A ic^y (2.45) 

We will differentiate again, but we need more refined information about dp; this 
is obtained from 

= d 2 6 = -((n - 2)dp + 6 t A to 1 + vr 4 A 7 4 ) A 9. 

Keep in mind that 7* = SjUji + W 3 TTj (mod {/}) on this reduced bundle. We 
can now write 

(n - 2)dp + 5i A lo 1 + Tr t A f = r A 6 (2.46) 



for some unknown 1-form r. Returning to the derivative of (2.45), we find 

= ^5 (-7T, A U lj nj) A lo + U lj 7Ti Att 3 Alo (mod {/}). 

This implies that U i3 m A Wj A ui = 0, so that we have 

jjij = 



We will need an even more refined version of the equation (2.46) for dp. 
In the preceding paragraph, we substituted that equation into the equation for 
= d 2 (w 1 A • • ■ A Lo n ) (mod {/}). Now, we substitute it instead into 

= d 2 ^ 1 A--- Auo n ) (mod {tti,... ,tt„}) 
= (-2^t - U lj A 6 A lo 1 A ■ ■ ■ A Lo n . 

This means that ^z^t — U 13 atj lies in {6, lo 1 , tti}. Recall that also 7* = SjUj 3 + 
U l3/ Kj + V l 8 for some functions V 1 , and we can put this back into ( 2.46 ) to 
finally obtain 

(n - 2)dp = -Si A lo 1 - S)TTi A lo 3 + (^) U' 3 a l3 A0+ {s.lo 1 - t l n t ) A 9, 
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for some functions Sj, f. Furthermore, we can replace each 5i by Si — SiO, 
preserving previous equations, to assume that Sj = 0. This gives 

(n - 2)dp = -5, Aw' - SjTTi A oj 3 + (^) L™^ A 6> — tV* A 0, 

which will be used in later sections. 

The last formulae that we will need are those for the transformation rules for 
rpijk^ rjij ^ gi a i on g fibers of B — > M. These are obtained by computations quite 
similar to those carried out above, and we only state the results here, which are: 

• dT^ k = npT^ k - a\T l 3 k - a\T ak - a k T^ 1 , 

• dU» = 2npU» - a\U l i - afU il , 

. dS) = (n - 2)pS) - a\S] + SjaJ + \(U a o ll + W l a H ) - ^U kl a kl + T^ k S k , 

all modulo {0,u) z ,iTi}. Notice in particular that T^ k and C/ y transform by a 
combination of rescaling and a standard representation of SO(n). However, 
(Sj) is only a tensor when the tensors (T yfe ) and (U^) both vanish. We will 
consider this situation in the next chapter. 

An interpretation of the first two transformation rules is that the objects 

T = T ijk (lTi O TTj OTTfc) <g> |7Tl A • • • A7T„| _ ", 
U = U ij TTi O TTj 

are invariant modulo Jn = {0, to 1 } under flows along fibers over M; that is, when 
restricted to a fiber of B 2 — > Q, they actually descend to well-defined objects on 
the smaller fiber of M — > Q. The restriction to fibers suggests our next result, 
which nicely relates the differential invariants of the Poincare-Cartan form with 
the affine geometry of hypersurfaces discussed in the preceding section. 

Theorem 2.4 The functions T l i and are coefficients of the affine cubic 
form and affine second fundamental form for the fiberwise affine hypersurfaces 
in /\ n (T*Q) induced by a semibasic Lagrangian potential A of II. 

Proving this is a matter of identifying the bundles where the two sets of invari- 
ants are defined, and unwinding the definitions. 

In the next section, we will briefly build on the preceding results in the case 
where T*- 7 '* = and ^ 0, showing that these conditions roughly characterize 
those definite neo-classical Poincare-Cartan forms appearing in the problem of 
finding prescribed mean curvature hypersurfaces, in Riemannian or Lorentzian 
manifolds. In the next chapter, we will extensively consider the case T yfe = 0, 
U % i — 0, which includes remarkable Poincare-Cartan forms arising in conformal 
geometry. About the case for which T^ k ^ 0, nothing is known. 

For reference, we summarize the results of the equivalence method that will 
be used below. Associated to a definite, neo-classical Poincare-Cartan form II 
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on a contact manifold (M, I) is a G-structure B — > M, where 

±r n-2 q q 



G=<M r- 2 Aj ] . (3)e^O(n,R) L r>0, 



ifc -L~,nf A-l\3 J ~ Sjii — 



(2.47) 

B — > M supports a pseudo-connection (not uniquely determined) 

/ (n-2)p 

tp = - -2pS\ + a) 

\ Si aij npS\ - a{ 

with a* + a\ = 0, ov,- = aji, an — 0, such that in the structure equation 

cM = — <yS A w- 7 + r, 



the torsion is of the form 



Hi A lj 1 



with 



-(S^-uP + [/"*%_,-) A 6» + T ljh 7Tj A w 




In terms of any section of B — > M, the Poincare-Cartan form is 

II = -9 A 7Ti A 
One further structure equation is 

(n - 2)dp = -Si A w* - S)-m A ^ + (3=2) C/ li CTy A 6 - fir, A 0. (2.48) 



2.5 The Prescribed Mean Curvature System 

In this section, we will give an application of the part of the equivalence method 
completed so far. We will show that a definite, neo-classical Poincare-Cartan 
form with = 0, and satisfying an additional open condition specified below, 
is locally equivalent to that which arises in the problem of finding in a given 
Riemannian manifold a hypersurface whose mean curvature coincides with a 



prescribed background function. This conclusion is presented as Theorem 2.5 
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To obtain this result, we continue applying the equivalence method where 
we left off in the preceding section, and take up the case T l i k — 0. From our 
calculations in affine hypersurface geometry, we know that this implies that 

U 11 = W\ 

for some function A on the principal bundle B —* M; alternatively, this can 
be shown by computations continuing those of the preceding section. We will 
show that under the hypothesis A < 0, the Poincare-Cartan form II is locally 
equivalent to that occuring in a prescribed mean curvature system. 
We have in general on B that 

dU lJ = 2npU lj - al U kj - a\ U lk (mod {d, u l , tt 4 }) . 

Then for our = A<5 y , the function A scales positively along fibers of B — » M, 
so under our assumption A < we may make a reduction to 

Si = {u £ B : X(u) = -1} C B; 

this defines a subbundle of B of codimension 1, on which p is semibasic over 
Mj^| In particular, on B\ we may write 

p=-^-0 + E i u i + F i ir i 
2n 

for some functions H, Ej, F l . The reason for the normalization of the 8- 
coefficient will appear shortly. 



We claim that F l = 0. To see this, start from the equation ( 2.48 ) for dp, 
which on B\ reads 

(n - 2)dp = -Si Alu 1 - tVi A 9 - Sfa A uo° . 

Then, as we have done so often, we compute d 2 u>, where ui = co 1 A ■ ■ ■ A io n and 

duo 1 = 2pAcu l - a) Acu^ +TTiA6- S)u ] A 6. 

We find 

(ho = 2np A lo — 9 A iTi A lu^ = 2np A to + II, 
and the next step is simplified by knowing rfll = 0: 

= d 2 uj 

= 2n dp A to — 2np A duj 

= - (7^2) (^i A °) A w 

+2n(E uj j + F j 7Tj) A A m A 

= 2nd A [pi-Hi A 7ij A + (^—^ + E ^ 7T< A uj^j . 



7 In this section, we will denote by B\, B2, etc., successive reductions of the G-structure 
B — > M which was constructed in the preceding section. These are not the same as the 
bundles of the same name used in constructing B, which are no longer needed. 
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This gives our claim F % — 0, as well as 

(n - 2)E l = -t\ 

For our next reduction, we will show that we can define a principal subbundle 
B 2 = {ueB 1 : E\u) = 0} C B u 



having structure group defined by the condition Di = 0, r = 1 in (2.47). This 
follows by computing modulo /\ {9,u) l ,iVi}: 

(n - 2)dp = -Si A uj\ 

and also 

dp = -T^dH A 9 + dEi A uj 1 - E ja { A lu\ 
Comparing these, we obtain 

(dEi - E j( 4 + ^Si) A J - ±dH A 6 = 0. 

This implies that 

dEi - E 3 al + = (mod {9, uj\ ttJ), 

justifying the described reduction to B2 — > M, on which p and 5i are semibasic. 
Finally, a third reduction is made possible by the general equation 

dS) = {n- 2)pS) - aiS* + S l k a) + \{U a a l3 + W l a u ) - ^)U kl a ku 

modulo {9^L0 l ,TTi}. On B2, where in particular A = —1 and p is semibasic, we 
have 

dS) ee -alS>J + Sirf - a i:j (mod {9, tu\ ttJ). 

This means that the torsion matrix (Sj) can undergo translation by an arbitrary 
traceless symmetric matrix along the fibers of B2 — » M, so the locus 

B 3 = {ueB2:S l J {u) = 0}cB2 

is a subbundle, whose structure group is SO(n, R) with Lie algebra represented 
by matrices of the form 



1 . o', n' = 0. 

-4 

This is all the reduction that we shall need. On S3, we have equations 

p = -wA 

d9 = —TTi A uj 1 (because p A 9 = on B 3 ), 
(n - 2)dp = A w l (because t l = -(n - 2)£: 4 = on £3). 
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The Si appearing the third equation are semibasic over M, and the three equa- 
tions together imply that 

dH = (mod {<W}). 

This last observation is quite important. Recall the integrable Pfaffian system 
Jn = assumed to have a well-defined leaf-space Q n+1 with submersion 

M — > Q. The last equation shows that H is locally constant along the fibers of 
M — > Q, and may therefore be thought of as a function on Q. 
Now, considering the two structure equations 

{dQ = —iTi A uj\ 
duj 1 = 2pAuj l - a) A co j + A 9, 

it is tempting to define 



7R + ^ 



and rewrite them as 



Observe that this looks exactly like the structure equation characterizing the 
Levi-Civita connection of a Riemannian metric. We justify and use this as 
follows. 

Consider the quadratic form on B 3 

An easy computation shows that for any vertical vector field v G Ker^Tr*) for 
7T : B 3 -» Q, 

C v (o 2 +^«)j=o. 

This means that our quadratic form is the pullback of a quadratic form on 
Q, which defines there a Riemannian metric ds 2 . There is locally a bundle 
isomorphism over Q 

B 3 ^T(Q,ds 2 ) 

from B3, which was constructed from the neo-classical Poincare-Cartan form 
II, to the orthonormal frame bundle of this Riemannian metric. Under this iso- 
morphism, the Q-semibasic forms 8, lo % correspond to the tautological semibasic 
forms on F(Q, ds 2 ), while the matrix 



-TTi a] 

corresponds to the Levi-Civita connection matrix. The contact manifold M, as a 
quotient of _B 3 , may be then identified with the manifold of tangent hyperplanes 
to Q; and the Poincare-Cartan form is 

II = —6 A (iTi A W(j)) 

= —9 A (7fj A — Hu>). 
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We recognize this as exactly the Poincare-Cartan form for the prescribed mean 
curvature H — H(q) system, in an arbitrary (n + l)-dimcnsional Riemannian 
manifold. The following is what we have shown. 

Theorem 2.5 A definite neo-classical Poincare-Cartan form (M, II) whose dif- 
ferential invariants satisfy T lJ = and C/ 1 - 7 = A<5* with A < is locally equiv- 
alent to the Poincare-Cartan of the prescribed mean curvature system on some 
Riemannian manifold ds 2 ). 



We will consider these Poincare-Cartan forms further in § |4.l| , when we discuss 
the formula for the second variation of a Lagrangian functional T^. At that 
time, we will also see an interpretation of the partial reduction Hi D B% in 
terms of the Riemannian geometry. Note that it is easy, given (M, II) as in 
the proposition, to determine the prescribed function H{q) by carrying out 
the reductions described above, and to determine the Riemann curvature of 
the ambient (n + l)-manifold in terms of the connection 1-forms tTj, ok. The 



Euclidean minimal surface system discussed in §1.4 is the case H = 0, Rijki — 0. 



The fact that such an (M, II) canonically determines (Q,ds 2 ) implies the 
following.^] 

Corollary 2.1 The symmetry group of (M, TV) is equal to the group of isome- 
tries of (Q, ds 2 ) that preserve the function H . 



A consequence of this is the fact, claimed in §1.4, that all symmetries of the 
minimal surface Poincare-Cartan form — and hence, all classical conservation 
laws for the Euler-Lagrange equation — are induced by Euclidean motions. 

Finally, in case T l]k = and U 13 = XSj with A > instead of A < 0, one 
can carry out similar reductions, eventually producing on the quotient space 
Q n+1 a Lorentz metric ds 2 — — 9 2 + XX 1 ^ 1 ) 2 ; ^ ne Poincare-Cartan form is then 
equivalent to that for prescribed mean curvature of space-like hypersurfaces. 



8 As usual, this assumes that the foliation associated to Jn is simple; otherwise, only a 
local reformulation holds. 



Chapter 3 

Conformally Invariant 
Systems 

Among non-linear Euler-Lagrange equations on R™ , the largest symmetry group 
that seems to occur is the (" +1 K"+ 2 ) -dimensional conformal group. This consists 
of diffeomorphisms of the n-sphere that preserve its standard conformal struc- 
ture, represented by the Euclidean metric under stereographic projection to R™. 
These maximally symmetric equations have a number of special properties, in- 
cluding of course an abundance of classical conservation laws as predicted by 
Noether's theorem. This chapter concerns the geometry of the Poincare-Cartan 
forms associated to these equations, and that of the corresponding conservation 
laws. 

We will begin by presenting background material on conformal geometry. 
This includes a discussion of the fiat conformal structure on the n-sphere and 
its symmetry group, a construction of a canonical parallelized principal bundle 
over a manifold with conformal structure, and the definition of the conformal 
Laplacian, a second-order differential operator associated to a conformal struc- 
ture. This material will provide the framework for understanding the geometry 
of non-linear Poisson equations, in particular the maximally symmetric non- 
linear example 

After developing the geometric context for this equation, we will continue the 
equivalence problem for Poincare-Cartan forms, pursuing the branch in which 
these Euler-Lagrange equations occur. 

We then turn to conservation laws for these conformally invariant equations. 
The elaborate geometric structure allows several approaches to computing these 
conservation laws, and we will carry out one of them in detail. The analogous 
development for non-linear wave equations involves conformal structures with 
Lorentz signature, and the conserved quantities for maximally symmetric Euler- 
Lagrange equations in this case give rise to integral identities that have been 
very useful in analysis. 
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3.1 Background Material on Conformal Geom- 
etry 

In this section, we discuss some of the less widely known aspects of conformal 
geometry. In the first subsection, we define a flat model for conformal geome- 
try which is characterized by its large symmetry group, and we give structure 
equations in terms of the Maurer-Cartan form of this group. In the second sub- 
section, we give Cartan's solution to the local equivalence problem for general 
conformal structures on manifolds. This consists of an algorithm by which one 
associates to any conformal structure (N, [ds 2 ]) a parallelized principal bundle 
P — > TV having structure equations of a specific algebraic form. In the third 
subsection, we introduce a second-order differential operator A, called the con- 
formal Laplacian, which is associated to any conformal structure and which 
appears in the Euler-Lagrange equations of conformal geometry that we study 
in the remainder of the chapter. The fundamental definition is the following. 

Definition 3.1 A conformal inner-product at a point p G N is an equiva- 
lence class of positive inner-products on T p N , where two such inner-products 
are equivalent if one is a positive scalar multiple of the other. A conformal 
structure, or conformal metric, on N consists of a conformal inner-product at 
each point p e N, varying smoothly in an obvious sense. 

Note that this emphasizes the pointwise data of the conformal structure, unlike 
the usual definition of a conformal structure as an equivalence class of global 
Riemannian metrics. An easy topological argument shows that these notions 
are equivalent. 

3.1.1 Flat Conformal Space 

We start with oriented Lorentz space L™ +2 , with coordinates x — (x° , . . . , x n+1 ), 
orientation 

dx° A • • • A dx n+1 > 0, 

and inner-product 

(x,y) = -(x°y n+1 + x n+1 y°) + £>y. 

i 

Throughout this section, we use the index ranges < a, b <n+l and 1 < i, j < 
n. 

A non-zero vector x G L"+ 2 is null if (x, x) = 0. A null vector x is positive 
if x° > or x n+1 > 0; this designation is often called a "time-orientation" 
for L n+2 . The symmetries of Lorentz space are the linear transformations of 
L n+2 preserving the inner-product, the orientation, and the time-orientation, 
and they constitute a connected Lie group SO°(n + 1,1). We denote the space 
of positive null vectors by 

Q = {xe L"+ 2 : (x, x) = 0, and x° > or x n+1 > 0}, 
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which is one half of the familiar light-cone, with axis {x l = x° — x n+1 = 0}. 

We now define flat conformal space R to be the space of null lines in L n+2 . 
As a manifold, R is a non-singular quadric in the projective space P(L™+ 2 ), 
which is preserved by the natural action of the symmetry group SO°(n + 1, 1) 
of L™ +2 . We will describe the flat conformal structure on R below, in terms 
of the Maurer-Cartan form of the group. Note that the obvious map Q — > R, 
which we will write asm [x], gives a principal bundle with structure group 
R*. 

In the literature, R is usually defined as R™ with a point added at infinity 
to form a topological sphere. To make this identification, note that for x, y G Q, 
we have (x,y) < 0, with equality if and only if [x] = [y]. We then claim that 

H y = f {xeQ:(x,y) = -l} 

is diffeomorphic to both R n and R\[y]; this is easily proved for y = (0, . . . , 0, 1), 
for instance, where the map R n — > H y is given by 

(x\... ,x n )»(l,x\... ,z",i|M| 2 ). (3.1) 

The classical description of the conformal structure on R is obtained by trans- 
porting the Euclidean metric on R™ to H y , and noting that for y ^ y' with 
[y] = [?/']> this gives unequal but conformally equivalent metrics on R\[y]. The 
fact that SO°(n + 1,1) acts transitively on R then implies that for [x] ^ [y] the 
conformal structures obtained on R\[x] and R\[y] are the same. 

A Lorentz frame is a positively oriented basis / = (e , . . . , e n+ \) of L"+ 2 , in 
which eo and e n +i positive null vectors, and for which the inner-product is (in 
blocks of size l,n, 1, like most matrices in this section) 

/ 0-1 
(e a ,e b ) = J„ 
\ -1 

We let P denote the set of all Lorentz frames. There is a standard simply 
transitive right-action of SO°(n + 1, 1) on P, by which we can identify the two 
spaces in a way that depends on a choice of basepoint in P; this gives P the 
structure of a smooth manifold. Because we have used the right-action, the 
pullback to P of any Ze/f-invariant 1-form on SO°(n +1,1) is independent of 
this choice of basepoint. These pullbacks can be intrinsically described on P as 
follows. We view each e a as a map P — ► L"+ 2 , and we define 1-forms p, u l , 
{3j , on P by decomposing the L n+2 -valued 1-forms de a in terms of the bases 
{e b }: 

de = 2e p + e t bj\ 
dej = e (3j + eia) + e„ + iw J , 
de n+ i = e i p i - 2e n+ ip. 

Equivalently, 

/ 2p \ 

d ( e Bj e„+i ) = ( e e, e n+1 ) uj 1 a) fa 

\ uj j -2p J 
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2p 


















-2p 



These forms satisfy a*- + = but are otherwise linearly independent, and 
they span the left-invariant 1-forms on SO°(n + 1,1) under the preceding iden- 
tification with P. Decomposing the exterior derivatives of these equations gives 
the Maurer-Cartan equations, expressed in matrix form as 

2p ft 

to 1 a) 0i | + | ui 1 a\ ft | A [ af f3 k | = 0. (3.2) 

uj j 

All of the local geometry of R that is invariant under SO°(n + 1, 1) can be 
expressed in terms of these Maurer-Cartan forms. In particular, the fibers of 
the map itr : P — > R given by 

7Tr : (e , . . . , e„+i) i-> [e ] 

are the integral manifolds of the integrable Pfafnan system 

I R ={u\... ,Lj n }. 

This fibration has the structure of a principal bundle, whose structure group 
consists of matrices in SO°(n + 1,1) of the form 

r 2 bj 

a) r~ 2 a\b k \ , (3.3) 


where r > 0, a^aj, = 8 lJ . Now, the symmetric differential form on P given by 

is semibasic for ttr : P — *■ R, and a Lie derivative computation using the struc- 
ture equations (|3.2|) gives, for any vertical vector field v £ Ker (tth)^, 

C v q = 4(u J p)q. 

This implies that there is a unique conformal structure [ds 2 ] on R whose rep- 
resentative metrics pull back under 7r|j to multiples of q. By construction, this 
conformal structure is invariant under the action of SO°(n + 1,1), and one can 
verify that it gives the same structure as the classical construction described 
above. 

In § |3.1.2| , we will follow Cartan in showing that associated to any conformal 




structure (N, [ds 2 ]) is a principal bundle P — > N with 1-forms a* — ~aj, p, 



lo 1 , and Pj, satisfying structure equations like (3.2) but with generally non-zero 
curvature terms on the right-hand side. 

Before doing this, however, we point out a few more structures in the flat 
model which will have useful generalizations. These correspond to Pfafnan sys- 
tems 



Ir = W 1 }, Iq = {u\p}, hi = {u\p,Pj}, I Po = {uj\p,a)}, 
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each of which is integrable, and in fact has a global quotient; that is, there are 
manifolds R, Q, M, and Po, and surjective submersions from P to each of these, 
whose leaves are the integral manifolds of In, Iq, Im> an d Ip , respectively: 



Po M 

\ / 

Q 

I 

R. 

We have already seen that the leaves of the system In are fibers of the map 
7Tfj ; : P — > R. Similarly, the leaves of Iq are fibers of the map ttq : P — ► Q given 

by 

n Q : (e , . . . ,e„+i) i-> e . 

To understand the leaves of 7m, we let M be the set of ordered pairs (e, e') 
of positive null vectors satisfying (e, e') = — 1. We then have a surjective sub- 
mersion 7Tj\/ : P —* M defined by 

ttm : (eo, ■ ■ ■ , e„+i) h-> (e , e„+i), 

and the fibers of this map are the leaves of the Pfaffian system Im ■ Note that 
the 1-form p and its exterior derivative are semibasic for ttm '■ P ~* M, and this 
means that there is a 1-form (also called p) on M which pulls back to p £ Q 1 (P). 



In fact, the equation for dp in (3.2) shows that on P, 



P A(dp) n ^0, 

so the same is true on M. Therefore, p defines an SO°(n+l, l)-invariant contact 
structure on M. The reader can verify that M has the structure of an R*-bundle 
over the space G^ 1 ' 1 ) (L" +2 ) parameterizing those oriented 2-planes in L" +2 on 
which the Lorentz metric has signature (1, 1). In this context, 2p £ 51 1 (M) can 
be interpreted as a connection 1-form. 

Finally, to understand the leaves of Ip , we proceed as follows. Define a con- 
formal frame for (R, [ds 2 ]) at a point [x] £ R to be a positive basis (v\, . . . , v n ) 
for T^R normalizing the conformal inner-product as 



ds 2 (vi,Vj) = X8. 



>'j ■ 



for some A £ R* not depending on i, j. The set of conformal frames for (P, [cis 2 ]) 
is the total space of a principal bundle Po ~~ * R, and there is a surjective sub- 
mersion P — > Pq. This last is induced by the maps el : P — ► TP associating to 
a Lorentz frame / = (eo, . . . , e n +i) an obvious tangent vector el to R at [eo]. 
The reader can verify that the fibers of the map P — > Po are the leaves of the 
Pfaffian system Ip . 

Each of the surjective submersions P — * P, P — > Q, P — > M, P — * Po has 
the structure of a principal bundle, defined as a quotient of P by a subgroup of 
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SO°(n + 1, 1). Additionally, the spaces P, R, Q, M, and Pq are homogeneous 
spaces of SO°(n + 1,1), induced by the standard left-action on L™+ 2 . 

We conclude with a brief description of the geometry of SO°(n + 1, 1) acting 
on flat conformal space R. This will be useful later in understanding the space 
of conservation laws of conformally invariant Euler-Lagrange equations. There 
are four main types of motions. 

• The translations are defined as motions of R induced by left- multiplication 
by matrices of the form 



(3.4) 




In the standard coordinates on i?\{oo} described in (34), this is simply 
translation by the vector (w l ). 

• The rotations are defined as motions of R induced by matrices of the form 




where (a* ) S SO(n, R). In the standard coordinates, this is the usual 
rotation action of the matrix (aj). 

• The dilations are defined as motions of R induced by matrices of the form 

r 2 
0/0 
r~ 2 

In the standard coordinates, this is dilation about the origin by a factor 
ofr- 2 . 

The inversions are defined as motions of R induced by matrices of the 
form 

l b- Mi! 

1 "3 2 

I h 
1 



Note that these are exactly conjugates of the translation matrices (3.4) by 
the matrix 

/ 1 
J= I 
\ 1 

Now, J itself is not in SO°(n+ 1,1), but it still acts in an obvious way on 
R; in standard coordinates, it gives the familiar inversion in the sphere of 
radius y/2. So the inversions can be thought of as conjugates of translation 
by the standard sphere-inversion, or alternatively, as "translations with 
the origin fixed" . 
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These four subgroups generate SO°(n+ 1,1). Although the conformal isometry 
group of R has more that this one component, the others do not appear in 
the Lie algebra, so they do not play a role in calculating conservation laws for 
conformally invariant Euler-Lagrange equations. 



3.1.2 The Conformal Equivalence Problem 

We will now apply the method of equivalence to conformal structures of dimen- 
sion n > 3. This will involve some of the ideas used in the equivalence problem 
for definite Poincare-Cartan forms discussed in the preceding chapter, but we 
we will also encounter the new concept of prolongation. This is the step that 
one takes when the usual process of absorbing and normalizing the torsion in a 
G-structure does not uniquely determine a pseudo-connection. 

Let (N, [ds 2 ]) be an oriented conformal manifold of dimension n > 3, and 
let Po — > N be the bundle of th -order oriented conformal coframes lo — 
(id ,. . . ,uj n ), which by definition satisfy 

[ds 2 ] = [£K) 2 ] , u 1 A---Au n >0. 

This is a principal bundle with structure group 

CO(n, R) = {ie GL+(n, R):A t A = XI, for some A € R*}, 

having Lie algebra 

co(n, R) = {a e 0l(n, R) : a + a = XI, for some A 6 R} 
= {(-2r<5} + a}) :o*- + aj = 0, a},r e R}. 

We will describe a principal bundle P — > Po, called the prolongation of Po — > N, 
whose sections correspond to torsion-free pseudo-connections in Po — > N, and 
construct a canonical parallelism of P which defines a Cartan connection in 
P — > N. In case (N, [ds 2 ]) is isomorphic to an open subset of flat conformal 
space, this will correspond to the restriction of the Lorentz frame bundle P — ► R 
to that open subset, with parallelism given by the Maurer-Cartan forms of 
SO°(n+l,l)= P. 

Recall that a pseudo-connection in Po — ► N is a Co(n, R)-valued 1-form 

<p=(<p)) = (-2p5i + a)), a) + 4=0, 

whose restriction to each tangent space of a fiber of Po — > N gives the canonical 
identificati on w ith co(n,R) induced by the group action. As discussed previ- 



ously (sec §2.1), this last requirement means that <p satisfies a structure equation 

du i = -<p)A<J + $Tj k <JAu; k , r; fe +T^.=0, (3.5) 

where u) 1 are the components of the tautological R™-valued 1-form on Po, and 
\T\ k uPAu k is the semibasic R™-valued torsion 2- form. We also noted previously 
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that a psuedo-connection ip is a genuine connection if and only if it is Ad- 
cquivariant for the action of CO{n, R) on Pq, meaning that 

R*ip = Ad g -i(ip), 

where R g : Pq — > Pq is the right-action of g G CO(n, R) and Ad 9 -i is the 
adjoint action on co(n, R), where tp takes its values. However, completing this 
equivalence problem requires us to consider the more general notion of a pseudo- 
connection. Although the parallelism that we eventually construct is sometimes 
called the "conformal connection", there is no canonical way (that is, no way 
that is invariant under all conformal automorphisms) to associate to a conformal 
structure a linear connection in the usual sense. 

What we seek instead is a psuedo-connection tp'j for which the torsion van- 
ishes, Tj k = 0. We know from the fundamental lemma of Riemannian geome- 
try, which guarantees a unique torsion-free connection in the orthonormal frame 



bundle of any Riemannian manifold, that whatever structure equation (3.5) we 
have with some initial pseudo-connection, we can alter the pseudo-connection- 
forms oij = —a\ to arrange that T\ = 0. Specifically, we replace 

So we can assume that Tj k = 0, and we have simply 

du* = -ip) A LJ j = -{-2p8) + a)) A u j , 

with otj + a\ =0. However, in contrast to Riemannian geometry, this condition 
on the torsion does not uniquely determine the psuedo-connection forms p, a* . 
If we write down an undetermined semibasic change in psuedo-connection 

p + t k uj k , 

then the condition that the new pseudo-connection be torsion-free is that 

{25)t k - t) k )u j A uj k = 0. 
This boils down eventually to the condition 

f jk = 2{5{U Sit,). 

Therefore, given one torsion-free pseudo-connection (p* in Pq — > N, the most 
general is obtained by adding 

2{8)t k ~S{U + 8 k t ] )uj\ (3.6) 

where t = (t k ) S R n is arbitrary. This fact is needed for the next step of the 
equivalence method, which consists of prolonging our CO(n, Restructure. We 
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now digress to explain this general concept, starting with the abstract machinery 
underlying the preceding calculation. 



We begin by amplifying the discussion of normalizing torsion in §2.1. Asso 



ciated to any linear Lie algebra q C Ql(n, R) is an exact sequence of jj-modules 

g (1) - fl <g> (R n )* 4 R" ® A 2 (R")* -> ^ O,1 (0) -> 0. (3.7) 
Here, the map S is the restriction to the subspace 

® (R n )* c (R" ® (R n )*) ® (R n )* 
of the surjective skew-symmetrization map 



R n <g> (R™)* <g> (R n )* — > R™ ® A 2 (R")*- 

The space 0^) is the kernel of this restriction, and is called the prolongation of 
0; the cokernel H 0,1 (q), a Spencer cohomology group of 0, was encountered in 
§|2.l| . Note that and P o,1 (0) depend on the representation <^-> g[(n, R), 
and not just on the abstract Lie algebra 0. 



Recall from §2.1 that the intrinsic torsion of a G-structure vanishes if and 
only if there exist (locally) torsion-free pseudo-connections in that G-structure. 
This is a situation in which further canonical reduction of the structure group 
is not generally possible. In particular, this will always occur for G-structurcs 
with ff°' x (0) = 0. 

In this situation, the torsion-free pseudo-connection is unique if and only if 
= 0. For example, when = so(n, R), both — and 7?°' 1 (g) = 0, which 
accounts for the existence and uniqueness of a torsion-free, metric-preserving 
connection on any Riemannian manifold. In this favorable situation, we have 
essentially completed the method of equivalence, because the tautological form 
and the unique torsion-free pseudo-connection constitute a canonical, global 
coframing for the total space of our G-structure. Equivalences of G-structures 
correspond to isomorphisms of the associated coframings, and there is a sys- 
tematic procedure for determining when two parallelized manifolds are locally 
isomorphic. 

However, one frequently works with a structure group for which ^= 0. 
The observation that allows us to proceed in this case is that any pseudo- 
connection ip in a G-structure P — > N defines a particular type of R™- valued 
coframing 

f © lo : TP -> © R" (3.8) 

of the total space P. Our previous discussion implies that given some torsion-free 
pseudo-connection ip, any change f' lying in eg® (R")* yields a pseudo- 
connection <f + <f' which is also torsion-free. This means that the coframings 



of P as in (3.8), with if torsion-free, are exactly the sections of a 0^ 1 ^-structure 



PW -> P, where we regard 0*^ as an abelian Lie group. This -» P 
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is by definition the prolongation of the G-structure P — ► N, and differential 
invariants of the former are also differential invariants of the latter In The next 
natural step in studying P — > N is therefore to start over with PW _> by 
choosing a pseudo-connection, absorbing and normalizing its torsion, and so 
forth. 

In practice, completely starting over would be wasteful. The total space 
P^ 1 ) supports tautological forms <p and u, valued in q and R™, respectively; and 
the equation dio + <p A u) = satisfied by any particular torsion-free psuedo- 
connection ip on P still holds on pW with ip replaced by a tautological form. 
We can therefore differentiate this equation and try to extract results about the 
algebraic form of dip. These results can be interpreted as statements about the 
intrinsic torsion of P*- 1 -* — * P. Only then do we return to the usual normalization 
process. We will now illustrate this, returning to our situation in the conformal 
structure equivalence problem. 



We have shown the existence of torsion-free pseudo-connections yij in the 
CO(n, Restructure Po —> N, so the intrinsic torsion of P — > N vanishes.^ 
We also have that such ipj are unique modulo addition of a semibasic co(n,R)- 
valued 1-form linearly depending on an arbitrary choice of (tk) G R n . Therefore 
C0(n, R) (1) = R™, and the inclusion co(n, R)W =-> co(n, R) ® (R™)* is described 



by (3.6). As explained above, we have an Restructure P = (P ) (1) -> Po, 
whose sections correspond to torsion-free pseudo-connections in Po — * N. Any 
choice of the latter trivializes P — > Po, and then (tk) G R™ is a fiber coordinate. 
We now search for structure equations on P, with the goal of identifying a 
canonical R"-valued pseudo-connection form for P — > Po . 
The first structure equation is still 

duj 1 = —(pj A w 7 , 

where 

^ = -25}p + a}, a} + = 0, 
and (A, p are tautological forms on P. Differentiating this gives 

(d^+<4A^)Aw*=0, (3.9) 

so 

dy»5 + ^A^ = (mod {w 1 ,...,^}). 

Taking the trace o f thi s equation of matrix 2-forms shows that dp = 0, so guided 
by the flat model ( |3.2[) , we write 

d^-iftAw 1 (3.10) 



1 Situations with non- unique torsion-free pseudo-connections are not the only ones that call 
for prolongation; sometimes one finds intrinsic torsion lying in the fixed set of H 0,1 (g), and 
essentially the same process being described here must be used. However, we will not face 
such a situation. 

2 In fact, what we proved is that <5 is surjective for g= co(n, R), so H ' 1 (co(n, R.)) = 0. 
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for some 1-forms 0i which are not uniquely determined. We will recognize these 
below as pseudo-connection forms in P — ► Pq, to be uniquely determined by 
conditions on the torsion which we will uncover shortly. Substituting ( 3.1 0[ ) 
back into (3.9), we have 

(da) + a\ A ot} - fa Aw' + A A^'jA uo' J = 0, 

and we set 

A) = da) + a\ AaJ- A ui 1 + (3 t A uj j . 
Note that A\+M = 0. We can write 

A) = ^ k A uj k 

for some 1-forms ip) k — V'jL , in terms of which the condition A) + A\ = is 
which implies 

Now computing modulo {lu 1 , . . . , u) n } as in Riemannian geometry, we have 

^ = -vi = -4i =^=^ = = -r jk > ( 3 - n ) 

so tjjj k = 0. We can now write 

A) =^%Auj k = \A) kl u k A lo 1 , 

and forget about the ip) k , as our real interest is in da). We can assume that 
A) kl + A) lk = 0, and we necessarily have A) kl + A\ kl = 0. Substituting once 
more into A) A w- 7 = 0, we find that 



A)ki + A l kl j + A\,j k — 0. 



In summary, we have 



da) + a l k Aa k - f3j A to 1 + A u j = \A) kl oj k A u>\ 

where A) kl has the symmetries of the Riemann curvature tensor. 

In particular, we need only n new 1-forms Pi to express the derivatives of dp, 
da). The Pi are pseudo-connection forms for the prolonged co(n, R)^ 1 )-bundle 
P — > Pq, chosen to eliminate torsion in the equation for dp, while the functions 
A) kl constitute the torsion in the equations for da). Some of this torsion will 
now be absorbed in the usual manner, by making a uniquely determined choice 

of Pi. 

Notice that the equation (3.10) for dp is preserved exactly under substitu- 
tions of the form 

Pi^ Pi + SijLU 3 , Sij = Sji. 
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This substitution will induce a change 

A) kl ~» A) kl + {-S\s jk + Sjs tk + 6l Sjl - Slsa). 
Now, we know from the symmetries of the Riemann curvature tensor that 

A 1 — A 1 

and on this contraction (the "Ricci" component) our substitution will induce 
the change 

A \kl ~> A jki ~ (» - 2)s jfc - 6 jk s u . 
As we are assuming n > 3, there is a unique choice of which yields 

It is not difficult to compute that the appropriate s.y is given by 
In summary, 

On P, there is a unique coframing w l , p, (3j, a) = — a?, where uf are 
the tautological forms over N , and such that the following structure 
equations are satisfied: 



duo 1 = (28 jp — OLj) A uj\ 

dp = -\[3if\uj\ 
da) = —a\ A a) + fa Aw*-ftA uj? + \A) kl uj k A J , 
with A l jkl = 0. 



We now seek structure equations for dfa. We start by differentiating the 
simplest equation in which (3j appears, which is dp = — hfa A up , and this gives 

(dfa + 2p A fa +P k A a 1 )) A uj j = 0. 

We write 

dfa + 2p A /3j + ft A a' = S jfe Aw* (3.12) 

for some 1-forms Bj k — B k j. Because the equation for dp did not determine 
fa uniquely, we cannot expect to use it to completely determine ex press ions for 
dfa; we need to differentiate the equations for da), substituting ( |3 .12 ). This 
gives 

(DA) kl - B ik Sj + B jk Sj + B a 5{ - B ol 5 k ) A cu k A J = 0. 
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Here we have defined for convenience the "covariant derivative" 

p\/ti 7 At I a \i i A\m At m ai m a% n 

UA jkl — aA jkl ~r ^P A jkl + a m A jkl ~ /i mkl a j ~ A jml a k ~ Ji jkm a l 

Now we can write 

DA) kl - B ik 5{ + B jk 8j + B a S J k - %<5j = (mod {u 1 , . . . , a* 
and contracting on il gives 



(3.13) 



})• 



B jk =0 (mod{w\ 



This allows us to write simply 

d(3i + 2p A Pi + Pj A a\ = \B ijk iJ A u k , 
for some functions Bij k = —Bi k j. Returning to the equation 

= d 2 p=-\d(P 1 Au j ) 
now yields the cyclic symmetry 

Bijk + Bjki + /';•,,, = 0. 

We now have complete structure equat ions , which can be summarized in the 
matrix form suggested by the flat model (3.2): 





f 2p 


ft 


° \ 


-, def . 

. $ = d 




( o 


B 3 


^ 




a \ 


P l 


4> + <t> a <j> = 





A ) 


Bi , 




\ o 




-2p ) 






V o 





o / 



(3.14) 



where 



A) 



B, 



Aj k i + A\ u = Aj kl 



A) lk =Q, 



Air 



^jkl ' -"-klj 

Bjki + Bji k = Bj k i 



A}jk — Aj k i — 0, 



B 



kij 



Bijk — 0. 



Furthermore, the action of R" on P — > Pq and that of CO(n, R) on Pq — > N may 
be combined, to realize P — > N as a principal bundle having structure group 
G C SO °(n+ 1, 1) consisting of matrices of the form (3.3). The matrix 1-form cf> 
in (3.14) defines anso(n+l, l)-valued parallelism on P, under which the tangent 
spaces of fibers of P — > N are carried to the Lie algebra q C so(n+ 1, 1) of G, and 
4> is equivariant with respect to the adjoint action of G on so(n + 1, 1). The data 
of (P — > iV, </>) is often called a Cartan connection modelled ong ^ so(n+ 1, 1). 
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We conclude this discussion by describing some properties of the functions 
Aj kl , Bjki on P. Differentiating the definition of $ (3.14) yields the Bianchi 
identity 

The components of this matrix equation yield linear-algebraic consequences 
about the derivatives of Aj k[ , Bjki- First, one finds that 

\DA) kl A u k A J = \B iU uJ j A u k A J - \B jU (J A^A J. (3.15) 

Detailed information can be obtained from this equation, but note immediately 
the fact that 

I>4 W =0 (modH). 

In particular, referring to the definition ( |3.13| ), this shows that the collection 
of functions (A % - kl ) vary along the fibers of P — > N by a linear representation 
of the structure group G. In other words, they correspond to a section of an 
associated vector bundle over N . Specifically, we can see that the expression 

A = f \A) kl (uj 1 A <j ® uj k A J) ® (uj 1 A • ■ ■ A iv n )- 2 / n 

on P is invariant under the group action, so A defines a section of 

Sym 2 (A 2 ''T* N)®D~ 2 > ln , 

where D is the density line bundle for the conformal structure, to be defined 
shortly. This section is called the Weyl tensor of the conformal structure. 

Something different happens with Bjki. Namely, the Bianchi identity for 
dBjki yields 

DBjki — dBjki + QpBjki — B m kia" 1 — Bj m ia™ — Bjkmaf 1 
ee -fcA) kl (modM). 

In particular, the collection (Bjki) transforms by a representation of G if and 
only if the Weyl tensor A = 0. In case n = 3, the symmetry identities of 
A l j kl imply that A = automatically; there is no Weyl tensor in 3-dimensional 
conformal geometry. In this case, (Bjki) defines a section of the vector bun- 
dle T*N ® f\ T*N, which actually lies in a subbundle, consisting of traceless 
elements of the kernel of 

T*N <g> A 2 T*N -> A 3 T*N -> 0. 

This section is called the Gotten tensor of the 3-dimensional conformal structure. 
If the Cotten tensor vanishes, then the conformal structure is locally equivalent 
to the flat conformal structure on the 3-sphcrc. 



In case n > 3, from (3.15) one can show that the functions Bjki can be ex- 
pressed as linear combinations of the covariant derivatives of A^ kl . In particular, 
if the Weyl tensor A vanishes, then so do all of the Bjki, and the conformal struc- 
ture of N is locally equivalent to the flat conformal structure on the n-sphere. 



3.1. BACKGROUND MATERIAL ON CONFORMAL GEOMETRY 



93 



3.1.3 The Conformal Laplacian 

To every conformal manifold (N n , [ds 2 ]) is canonically associated a linear differ- 
ential operator A, called the conformal Laplacian. In this section, we define this 
operator and discuss its elementary properties. One subtlety is that A does not 
act on functions, but on sections of a certain density line bundle, and our first 
task is to define this. We will use the parallelized principal bundle it : P — > N 
canonically associated to [ds 2 ] as in the preceding discussion. 

To begin, note that any n-form a on TV pulls back to P to give a closed 
n-form 

7r*(T = ucj 1 A • • • A U) n e H n (P), 

where u is a function on P whose values on a fiber tt~ 1 (x) give the coefficient of 
o~x € f\ n (T*N) with respect to various conformal coframes at x G N. Among 
all n- forms on P of the form uui 1 A • • • Aw", those that are locally pullbacks 
from TV are characterized by the property of being closed. Using the structure 
equations, we find that this is equivalent to 

(du + 2nup) A uj 1 A • • • A u n = 0, 

or 

du = —2nup (mod {uj 1 , . . . ,u) n }). 
This is the infinitesimal form of the relation 



u(p-g)=r~ 2n u(p), (3.16) 



for p G P and g G G as in (3.3). This is in turn the same as saying that the 
function u on P defines a section of the oriented line bundle D — ► N associated 
to the 1-dimensional representation g i— > r 2n of the structure group.^| Positive 
sections of D correspond to oriented volume forms on N , which in an obvious 
way correspond to Riemannian metrics representing the conformal class [ds 2 ]. 
Because so many of the PDEs studied in the conformal geometry literature 
describe conditions on such a metric, we should expect our study of Euler- 
Lagrange equations in conformal geometry to involve this density bundle. 

In analogy with this, we define for any positive real number s the degree-^ 
density bundle D s / n associated to the 1-dimensional representation g h-> r 2s ; 
the degree-1 density bundle is the preceding D. Sections are represented by 
functions u on P satisfying 

u(p-g) = r- 2s u(p), (3.17) 

or infinitesimally, 

du=-2sup (mod {u 1 ,... ,u> n }). (3.18) 



3 That is, D is the quotient of P X R. by the equivalence relation (p,u) ~ (p- g,r 2n u) for 
p £ P, u £ R, g £ G; a series of elementary exercises shows that this is naturally a line bundle 



over N, whose sections correspond to functions u(p) satisfying (3.16) 
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Summarizing, we will say that any function u on P satisfying ( |3.18 ) defines a 
section of the degree-^ density bundle, and write 

u e T{D s/n ). 

We further investigate the local behavior of u <E r(D s /™), writing 

du + 2sup = Uiio 1 

for some "first covariant derivative" functions Ui. Differentiating again, and 
applying the Cartan lemma, we obtain 

dui + sufti + 2(s + \)uip — Uja\ = UijU J , (3.19) 

for some "second covariant derivatives" u%j = Ujf, this is the infinitesimal form 
of the transformation rule 

Uiip ■ g) = r-^ s+1 \ Uj (p)ai - sb iU (p)). (3.20) 

Note that unless s — (so that u is actually a function on N) , the vector- valued 
function (it,) on P does not represent a section of any associated vector bundle. 
Differentiating again, and factoring out uj k , we obtain modulo {u) 1 , . . . , w™} 

du tj = SijUkPk — (s + l){ujPi + Uipj) - 2(s + 2)uijp + u kj a k + u lk aj, 

so once again, Uij is not a section of any associated vector bundle. However, we 
can take the trace 

dun ee (n - 2s - 2)(3 k u k - 2(s + 2)puu (mod {u 1 , ... , Lo n }), 

and we see that in case s — -^-j^, the function uu on P is a section of D^r . To 
summarize, 

the map u <— > Uu defines a second-order linear differential operator, 
called the conformal Laplacian, 

A : r(-D^sr) -> T(D^). 

n-2 

Note that for sections u,v G T(D 2« ) ; the quantity uAv S r(Z) 1 ) can be 
thought of as an n-form on N, and integrated. Furthermore, the reader can 
compute that 

(uAv — vAu)uj — d((uvi — vui)u)(i)). 

We interpret this as saying that uAv — vAu is canonically a divergence, so that 
(•, A-) is a symmetric bilinear form on T (D^~), where 

n-2 n+2 

( V ) :T {D— ) xT {D— ) -» R 
is given by integration on N of the product. 
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To clarify the meaning of A, we can choose a particular Ricmannian met- 
ric g representing the conformal structure, and compare the second covariant 
derivatives of an ^-density u taken in the conformal sense with those derivatives 
taken in the usual sense of Riemannian geometry. By construction of P, the 
pulled-back quadratic form n* g G Sym 2 (T*P) may be expressed as 

^.g = A((c 1 ) 2 + ... + K) 2 ) 

for some function A > on P. Proceeding in a manner similar to the preceding, 
we note that 

C v (w*g) = 

for any vector field v that is vertical for P — > N. Knowing the derivatives of uf" 
quite explicitly, we can then calculate that 

dX = -4A/9 + XiLu 1 (3.21) 

for some functions A.;. Differentiating again, we find 

d\i = -2Xfa - 6Xip + X ] oP i + X lj uj J , (3.22) 

for some functions Ay = A^,. Now we can reduce our bundle P — > N to a 
subbundle P g C P, defined by 

P g = {peP: X(p) = 1, Ai(p) = • • • = X n (p) = 0}. 

Equations ( 3.21 , |3.22[ ) imply that P g has structure group SO(n, R) C G, and 
using bars to denote restrictions to P gi we have for the pseudo-connection forms 

p = 0, fa = \XijLb\ duj 1 = -a* A Lu j . 

The last of these means that if we identify P g with the usual orthonormal frame 
bundle of (N,g), then a] gives the Levi-Civita connection. The curvature is by 
definition 

da) + a\ !\OL k j = \R) k i^ k A ui l , 

but we have an expression for the left-hand side coming from the conformal 
geometry; namely, 

da) + a\ A a) = -fa A Q j + /3j Aw'+ \A) kl ui k A ui l . 

Substituting fa — ■^XijOJ-' and comparing these two expressions gives 

R)h = \{5\hk - Sf\ ik ~ SiXjt + 6{Xu) + A) kl . 
From this we find the other components of curvature 

Ri Cjl = R) il = ^((2-n)X jl -SiX ii ), 
R = Ricn = (1 - n)Xa. 
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Now we will compute the conformal Laplacian of u £ T(D^r), but restrict 
the computation to P g . Note that the choice of g amounts to a trivialization 
of D and of all of its powers, so in this setting it is correct to think of u as a 
function. We have 

du = —(n — 2)pu-\-UiL) 1 

dUi = —^Y^u/3i — nuip + Uja\ + u^ui-* 
= Uja{ + (iiij - ^^-uXij)^. 

Denoting by A g the Riemannian Laplacian, we now have 



A g u = uu - v^uXu 

This is the more familiar expression for the conformal Laplacian, defined in 
terms of the Riemannian Laplacian of some representative metric. In the case 
of the flat model of conformal geometry, if one uses standard coordinates on 
R™ = i?\{oo}, then the Euclidean metric represents the conformal class, and 
we can use the ordinary Laplacian A = XX J^) 2 ■ ^ s transformation properties, 
often stated and proved with tedious calculations, can be easily derived from 
the present viewpoint. 

Of particular interest to us will be non-linear Poisson equations, of the form 

Au = f(x\u), (3.23) 

where we will have an interpretation of A as the conformal Laplacian on a 

conformal manifold with coordinates x 1 . We will therefore want to interpret 

n — 2 

the unknown u as a section of the density bundle D~^~ , and we will want to 
interpret f(x,u) as a (O th -order) bundle map 

n-2 ?i + 2 

/ : D— -> D— . 

Certain obvious bundle maps / come to mind. One kind is given by multipli- 



cation by any section A e r(D 2 /"); this would make (3.23) a linear equation. 
Another is the appropriate power map 



n ! - 
U— 2 . 



This yields a non-linear Poisson equation, and we will examine it quite closely 
in what follows. 

We conclude this discussion with an alternate perspective on the density 
bundles D s ' n . First, note that for any conformal manifold (N, [ds 2 ]) with its 
associated parallelized bundle P — > N, the Pfaffian system 



I Q ={ P ,LU\... ,UJ n } 
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is integrable, and its associated foliation is simple. The leaf space of this foliation 
is just the quotient Q of P by the action of a subgroup of its structure group, 
and this Q is also a fiber-bundle over N, with fiber R*. This generalizes the 
space Q of positive null vectors in L ra+2 which appeared in the discussion of the 
flat model. Now, the density bundles D s l n are all canonically oriented, and we 
claim that Q is canonically identified with the positive elements of D s / n , for any 
s. 

To see this, note that any positive u G D s ' n , over x G N, is defined as a 



positive function on the fiber P x C P satisfying ( 3.17 ). It is not hard to see 
that the locus {p G P x ■ u(p) = 1} C P x is a leaf of the foliation defined by Iq. 
Conversely, let Lq C P be a leaf of the foliation defined by Iq . Then Lq lies 
completely in some fiber P x of P — > N, and we can define a function u on P x by 



setting u= 1 on Lq, and extending to P x by the rule (3.17). These are clearly 
inverse processes. 

We can extend the identification as follows. Let J 1 (N, D s j_ n ) be the space of 
1-jets of positive sections of D; it is a contact manifold, in the usual manner. Let 
M be the leaf space of the simple foliation associated to the integrable Pfaffian 
system on P 

I M = ■■■ ,W n , /?!,.. . ,/?„}. 

This M is also a contact manifold, a with global contact form pulling back to p G 
r2 1 (P), and it generalizes the contact manifold M mentioned in our discussion of 
the flat model. We claim that there is a canonical contact isomorphism between 
J x (iV,D+ /n ) and M. 

To see this, note that a 1-jet at x G N of a positive section o f D s / n is sp ecified 
by n + 1 functions (u, Ui, . . . ,u n ) on the fiber P x satisfying ( 3.17 , 3.2fj| ). It is 



then not hard to see that the locus {p G P x : u(p) = 1, ut{p) — 0} C P x is 
a leaf of the foliation defined by Im ■ Conversely, let Lm C P be a leaf of the 
foliation defined by Im- Then Lm lies completely in some fiber P x of P — > TV, 
and we can define n + 1 functions (it, Ui, . . . , ti„) on by setting u = 1 and 



Uj = on Lm, and extending to by the rules ( 3.17 , 3.20 ). These are again 
inverse processes, and we leave it to the reader to investigate the correspondence 
between contact structures. 



3.2 Conformally Invariant Poincare-Cartan 
Forms 

In this section, we identify the Poincare-Cartan forms on the contact manifold 
M over flat conformal space R that are invariant under the action of the con- 
formal group SO°(n +1,1). We then specialize to one that is neo-classical, and 
determine expressions for the corresponding Euler-Lagrange equation in coordi- 
nates; it turns out to be the non-linear Poisson equation with critical exponent 

Au = Cv3^ . 
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The calculation should clarify some of the more abstract constructions of the 
preceding section. It will also be helpful in understanding the branch of the 
equivalence problem in which this Poincare-Cartan form appears, which is the 
topic of the next section. 

We denote by P the set of Lorentz frames for L"+ 2 , by M the set of pairs 
(e, e') of positive null vectors with (e, e') = — 1, by Q the space of positive null 
vectors, and by R the flat conformal space of null lines. There are SO°(n+ 1, 1)- 
cquivariant maps 

■ ,e„+i) i ^ (e ,e n+ i), 
• , e„+i) h-> e , 

■ ,e„+i) i-> [e ]. 

For easy reference we recall the structure equations for Lorentz frames 
de a = 2e p + e H uj\ 

dej = e /3j + Ci^j + en+iu 3 , a) + a{ = 0, (3.24) 
de„+i = eSi - 2e n+ ip; 

dp + \p, Aw' = 0, 
dw* -2pAw' + a) A = 0, 
dfc + 2p A Pi + Pj A a\ = 0, 
da) + a\ A a) + Pi A uj 1 - pj A w' = 0. 




(3.25) 



We noted in the previous section that M has a contact 1-form which pulls back 
to p, and this is the setting for our Poincare-Cartan forms. 

Proposition 3.1 The SO°(n + 1,1) -invariant Poincare-Cartan forms on M, 
pulled back to P , are constant linear combinations of 



U k = pA ft Aw (/). 



\i\=k 

where < k < n. Those that are neo-classical with respect to Q are of the form 

U = c 1 U 1 +c Q U , c , Cl eR. (3.26) 

Proof. In this setting, an invariant Poincare-Cartan form on M, pulled back 
to P, is an (n + l)-form that is a multiple of p, scmibasic over M, invariant 
under the left-action of SO°(n + 1,1), invariant under the right-action of the 
isotropy subgroup SO(n, R) of M, and closed. That II must be semibasic and 
SO°(n + 1, l)-invariant forces it to be a constant linear combination of exterior 
products of p,Pi,uj l . It is then a consequence of the Weyl's theory of vector 
invariants that the further conditions of being a multiple of p and SO{n, R)- 
invariant force II to be a linear combination of the given life. It follows from 
the structure equations of P that dRu = 0, so each 11^ is in fact the pullback of 
a Poincare-Cartan form. □ 
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We note that for the n-form A& defined by 

. def V ^ 

A fc = 2^ Pi A uo {i) 



\i\=k 



we have 



dk k = 2(n - 2fc)n fc . 



This means that for k ^ £, the Poincare-Cartan form life is associated to an 
SO°(n+ 1, l)-invariant functional, which in the standard coordinates discussed 
below is second-order. For the exceptional case n = 2k, there is no invariant 
functional corresponding to life, but in the neo-classical case k < 1 with n > 3, 
this is not an issue. 

We now focus on the neo-classical case ( 3.26 ), for which it will be convenient 
to rescale and study 



n 



(3.27) 



where C is a constant. This is the exterior derivative of the Lagrangian 

A = 2(^2) A A - W, 

and our Monge- Ampere differential system is generated by p and the n-form 

* = ft A - ^w. 



Proposition 3.2 TTie Euler- Lagrange equation corresponding to the Poincare- 
Cartan form ( 3.27 ) is locally equivalent to 



Au = Cu^. 



(3.28) 



The meaning of "locally equivalent" will come out in the proof. It includes 
an explicit and computable correspondence between integral manifolds of the 
Monge- Ampere system and solutions to the PDE. 

We remark that the PDEs corresponding to higher Poincare-Cartan forms 



life, with k > 1, have been computed and analyzed by J. Viaclovsky in [ViaOC] 



Proof. We begin by defining a map a : J 1 (R n , R) ^> P, which can be projected 
to M to give an open inclusion of contact manifolds with dense image. This 
map will be expressed in terms of the usual contact coordinates (x l ,z,pi) on 
J 1 (R", R), except that z is replaced by u — e Xz for some undetermined constant 
A 7^ 0, so that in particular, 

dz — pidx 1 = (\u)~ 1 du — pidx 1 . 
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When using coordinates (x l ,u,pi), we denote our jet space by J 1 (R", R + ). We 
then pull back ^ via a, and consider its restriction to a transverse Legendre 
submanifold. With a convenient choice of A, we will obtain a non-zero multiple 
of Am — Cu n ~ 2 , implying the Proposition. 

Wc define a as a lift of the following map R™ P, to be extended to 
J 1 (R",R+) shortly: 



/ 1 \ 



e (x) 



x'" 
1 1=1 1 3 



/ 



/ \ 



in+l 



(,;) 



V J 



( o \ 







V i J 



(3.29) 



It is easy to verify that this does take values in P. Also, note that the composi- 
tion R" <^-> P — ► R gives standard (stereographic) coordinates on i?\{oo}. This 
partly indicates the notion of "locally equivalent" used in this Proposition. Wc 
now let 



e {x,u,p) 
ei(x,u,p) 



u 2k e (x) : 
e.i{x) +Pie (x), 



e n+ i{x,u,p) = u 2k {e n+ i{x) +p J e J (x) + ^-e (x)), 



(3.30) 



for some constant k ^ to be determined shortly. Our use of the dependent 
variable u as a scaling factor for eo reflects the fact that we expect u to represent 
a section of some density line bundle. The formula for e n +i is chosen just so 
that our map takes values in P. 
Now we can compute directly 



de 



2ku 1 eQdu + u 2k eidx l 

2(ku~ 1 du - \pidx l )e + (u 2k dx l )ei, 



so by comparison with the expression in (3.24) we obtain some of the pulled-back 
Maurer-Cartan forms: 

a*uj l = u 2k dx\ 
a* p = ku^^^du — \pidx 1 . 

Similarly, we have 



ft = 



— {e n +i,de 

/„.-2fc 



; (e„ + i +PjCj 
e n+ idx l +pie k dx 



k 



e dpi 



- 2k (dpi - PlPo dx 3 + M^dx^ 
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Because we want the projection to M of a : J 1 (R™, R + ) — * P to be a contact 
mapping, we need a* p to be a multiple of dz — pidx % — (\u)~ l du — pidx 1 , which 
holds if we choose 

k- -i- 

2A ' 

Now, A is still undetermined, but it will shortly be chosen to simplify the ex- 
pression for the restriction of II to a transverse Legendre submanifold. Namely, 
we find that 

0i A w w = (dpi A dxty + ^\\p\\ 2 dx) , 

and also 

cj = u~dx. 

On transverse Legendre submanifolds, we have 
du = Xe Xz dz = Xupidx 1 , 

so that 



1 du 

Pi = ■ 

Differentiating, we obtain 



8 Am dx 1 



^ 1 / 1 d 2 u 1 du du \ ^ j 
1 A \udx t dx3 u 2 dx 1 dx? J ' 

so that on transverse Legendre submanifolds, 

n=2 flAu n-2-2A ||Vu|| 2 f 2C \ 2/xX . 

* = u a h U — -i! u 2/x } dx = 0. 

VA u 2A 2 u 2 \n-2J 

We can eliminate the first-order term by choosing 

\ _ n— 2 
— -"2—, 

and then 

2u ( n+2 \ 

# = Am - Cm»-2 dx, 

n-2\ ) 

which is the desired result. □ 

Note that z = A _1 logu satisfies a PDE that is slightly mo re co mplicated, 
but equivalent under a classical transformation. Also, note that ( 3.28j ) is usually 
given as the Euler-Lagrange equation of the functional 

h\\Vu\\ 2 + v^Cu^) dx, 



which has the advantage of being first-order, but the disadvantage of not being 
preserved by the full conformal group SO°(n+l, 1). In contrast, our Lagrangian 
A restricts to transverse Legendre submanifolds (in the coordinates of the pre- 
ceding proof) as the variationally equivalent integrand 

A = (j^W uAu - M&T) U ^) dx - 
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3.3 The Conformal Branch of the Equivalence 
Problem 

Let (M 2n+1 ,II) be a manifold with a non-degenerate Poincare-Cartan form; 
that is, II £ f2 n+1 (M) is closed, and has a linear divisor that is unique modulo 
scaling and defines a contact structure. We also assu me that n > 3 and that 
II is neo-classical and definite. Then as discussed in §|2.4| we may associate to 
(M, II) a G-structure B — > M, where G is a subgroup of GL(2n + 1,R) whose 
Lie algebra consists of matrices of the form 


-2r8)+a) |. (3.31) 

Sij nrb~\ - a 

where a* + a\ = and = Sji, sa = 0. In this section, we show how to 
uniquely characterize in terms of the invariants of the G-structure those (M, IT) 
which are locally equivalent to the Poincare-Cartan form for the equation 

Au = Cu^, G^O. (3.32) 
on flat conformal space. The result may be loosely summarized as follows. 

The vanishing of the primary invariants T l ^ k , U ij , 5* is equivalent 
to the existence of a foliation B — ► N over a conformal manifold 
(N,[ds 2 ]), for which [ds 2 ] pulls back to the invariant K(w') ]. In 
this case, under open conditions on further invariants, three suc- 
cessive reductions of B — ► M yield a subbundle which is naturally 
identified with the conformal bundle over N. The Poincare-Cartan 
form can then be identified with that associated to a non-linear Pois- 
son equation. In case a further invariant is constant, this equation 



is equivalent to (3.3!t) 



We find these conditions by continuing to apply the equivalence method 



begun in §2.4, pursuing the case in which all of the non-constant torsion vanishes. 
One corollary of the discussion is a characterization of Poincare-Cartan forms 
locally equivalent to those for general non-linear Poisson equations of the form 

Au=f(x,u), x&N, (3.33) 

on an n-dimensional conformal manifold (N, [ds 2 ]); here and in the following, 
A is the conformal Laplacian. The condition that ( |3.33 ) be non- linear can be 



characterized in terms of the geometric invariants associated to (M, II), as can 
the condition that (N, [ds 2 ]) be conformally flat. The characterization of ( |3.32 ) 



will imply that this equation has maximal symmetry group among non-linear 
Euler-Lagrange equations satisfying certain geometric conditions on the torsion. 
We wi ll not actually prove the characterization result for general Poisson equa- 
tions (|3.33|) , but we will use these equations (in the conformally flat case, with 
A = (q|t) 2 ) as an example at each stage of the following calculations. 
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Wc first recall the structure equations of the G-structure B — ► M, associated 
to a neo-classical, definite Poincare-Cartan form 

II = —6 A (7Tj A uj(i)). 



There is a pseudo-connection 

(n -2)p 

r = I -I' 6 ',, + a ) 

Si (Tij npSj - 



with 



**■ + «?' = o, 



(3.34) 



having torsion 



d\ 0J l + <y9 A £^ 



-7T; A W l 



-(S^' + C/^TTj) A 6 + T ijk TTj A LO h 





where enough torsion has been absorbed so that 

T ijk = T jik = rpkji^ T Uk = Q. Jjij _ fjji. g-i = ^ gi = Q 



We also recall the structure equation (2. 



(n - 2)dp = -5 % A u l - S)-Ki A uo' J + (^) U i] a l3 A 6 - t% A 1 



(3.35) 



(3.36) 



(3.37) 



The equations ( 3.34 , 3.35 , 3.3£ , [3.37 ) uniquely determine the forms p, a*, and 
we are still free to alter our pseudo-connection by 



Si ~> Si + biO + tijU J , with iy = tj, and tjj = 0, 

Uij (Tij + + tijkUJ k , with tyfe = tjife = tfcji and tuk = 0, 



(3.38) 



requiring also 



2nbi + (n - 2)U jk t ijk = 0. 



We set up our example ( |3.33 ) by taking coordinates (x l ,u,qi) on M 
J 1 (R n ,R), with contact form 

6 d = du — qidx 1 . 

Then transverse Legendre submanifolds which are also integral manifolds of 
W = — c% A dxu\ + f(x, v)dx 



correspond locally to solutions of ( 3.33 ). One can verify that the form 



W def z , ~ 

n = '9 a * 
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is closed, so in particular our Poisson equation is an Euler-Lagrange equation. 
We find a particular 1-adapted coframing of J 1 (R™,R) as in Lemma [2.3| by 
writing 

ft = -0 A ({d qi - Ux l ) A dx (l 

and then setting 





-1 








It turns out that this coframing is actually a section of B — > J 1 (R",R), as one 
discovers by setting 

P = 0, a) =0, & = 



and noting that the structure equations fl3.34 , 3.35| ) hold (with some compli- 



cated choice of which we will not need). In fact, ( |3.35| ) holds with torsion 
coefficients 5j, U % \ T yfc all vanishing, and we will see the significance of this 
presently. 

In the general setting, we seek conditions under which the quadratic form 
on B 

can be regarded as defining a conformal structure on some quotient of B. For 
the appropriate quotient to exist, at least locally, the necessary and sufficient 
condition is that the Pfaffian system I — {u> , . . . , uj n } be integrable; it is easily 



seen from the structure equations (and we noted in §2.4) that this is equivalent 
to the condition 

U ij = 0. 

We assume this in what follows, and for convenience assume further that the 
foliation of B by leaves of / is simple; that is, there is a smooth manifold N and 
a surjective submersion B — > N whose fibers are the leaves of I. Coordinates 
on N may be thought of as "preferred independent variables" for the contact- 



equivalence class of our Euler-Lagrange PDE. as indicated in §2.4. 

We can now compute the Lie derivative of q under a vector field v which is 
vertical for B — > N, satisfying v J lo 1 = 0; using the hypothesis U %3 — and the 
structure equations, we find 

C v q = 2 (T llk {v J n J )uj 1 uj k + S}(v J 6)^^) + 4(« J p)q. 

It follows that if T i]k = and S) = 0, then there is a quadratic form on N 
which pulls back to a non-zero multiple of q on B. A short calculation shows 
that the converse as true as well, so we have the following. 

Proposition 3.3 The conditions = T^ k — 5j = are necessary and suf- 
ficient for there to exist (locally) a conformal manifold (TV, [<is 2 ]) and a map 
B — > N such that the pullback to B of [ds 2 ] is equal to [q] = K(ct>*) ]• 
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From now on, we assume J7 U 



0. 



From the discussion of the conformal equivalence problem in §3.1.2, we know 
that associated to (N, [ds 2 ]) is the second-order conformal frame bundle P — > N 
with global coframing Co 1 , p, a), Pi satisfying structure equations 



dtu 1 - 2p A Q l + a) A u)i = 0, 



dp + \ fc A uj 1 = 0, 



da* 
dpi- 



- a{ A a* + fa A & 
2p A fa + Pj A a 



o _ 



Pj A w 



- I 4 
J Aw fe . 



(3.39) 



Our goal is to directly relate the principal bundle B — ► M associated to the 
Poincare-Cartan form II on M to the principal bundle P ^ N associated to the 
induced conformal geometry on N. We shall eventually find that under some 
further conditions stated below, the main one of which reflects the non-linearity 
of the Euler-Lagrange system associated to II, there is a canonical reduction 
B3 — > M of the G-structure B — > M such that locally B3 = P as parallelized 
manifolds.^] Because the canonical coframings on B3 and P determine the bun- 
dle structure of each, we will then have shown that the subbundle B3 — > N 
of B — > AT can be locally identified with the bundle P — > iV associated to the 
conformal structure (A' - , [rfs 2 ]). 

In the special case of our Poisson equation, we have to 1 = dx l as part of a 
section of B — > M, so we can already see that our quotient space N = R" is 



conformally flat. This reflects the fact that the differential operator A in (3.33) 
is the conformal Laplacian for flat conformal space. 

We return to the general case, and make the simplifying observation that 
under our hypotheses, 



= dV 1 A • • • A u n ) = -^WiVi A 9 A lu 1 A • • • A w B , 



so that t 1 — in the equation ( [3.37 ) for dp. We now have on B the equations 



da; 1 = 2p A uj 1 - a) A uj ] , 



dp 



n—2 1 



(3.40) 
(3.41) 



With the goal of ma king our structure equations on B resemble the conformal 
structure equations ( 3.39 ), we define 



The equations for (ho 1 and dp are now formally identical to those for duj" 1 and dp, 
and computing exactly as in the conformal equivalence problem, we find that 



da* 



4 A a) + Pi A oj j - Pj A w i = \A 



jkl 



4 As in the characterization in [2.5 of prescribed mean curvature systems, we will denote 

M associated to It, and these are unrelated to 



by B\, B2, etc., reductions of the bundle B 
the bundles of the same names used in the construction of B 



106 



CHAPTER 3. CONFORMALLY INVARIANT SYSTEMS 



for some functions A) kl on B having the symmetries of the Riemann curvature 
tensor. 

Of course, we want A) kl to correspond to the Weyl tensor A) kl of (N, [ds 2 ]), 
so we would like to alter our pseudo-connection forms (3.34) in a way that will 
give 

4« = °- 

Again, reasoning exactly as we did in the conformal equivalence problem, we 
know that there are uniquely determined functions iy = tji such that replacing 

Pi ~> Pi + UjUp 

accomplishes this goal. However, these may have tg ^ 0, meaning that we 
cannot make the compensating change in cry (see ( 3.38 )) without introducing 
torsion in the equation for diti. We proceed anyway, and now have structure 
equations 

6 \ ( (n-2)p \ / 6 

w* + a)-2 P 6j J A I ui^ 

*i <ni npd{-4 j V Ki 



where A = ^^tu is a component of the original A) k[ , analogous to scalar 
curvature in the Riemannian setting. Also, we have 

d P =-\(3 t l\uj\ (3.43) 




da) + a l k A aj + ft A lu j - (3j A uj 1 



1 Ai 



L) k ALU 1 , 



(3.44) 



with A\ H 



These uniquely determine the pseudo-connection forms p, a*, 

ijkU 



Pi, and leave Uij determined only up to addition of terms of the form tijkLd k 
with Ujk totally symmetric and trace-free. 

Now that Pi is uniquely determined, we can once again mimic calculations 
from the conformal equivalence problem, deducing from ( 3.40| , 3.43, j3.44| ) that 



dp t + 2p A P l + Pj A aj = \B ljk u: j A uj k , 



(3.45) 



with Bijk + Bikj — 0, Bijk + Bjki + Bkij — 0. 

In the case of our non- linear Poisson equation ( |3.33|) , a calculation shows that 
the modification of Pi = -^z^&i — is not necessary, and that with everything 

zB) with 



defined as before, we have not only ( 3.42 ), but also ( 3.43 , 3.44 



A l j kl = Bijk = 0. Thi s giv es us another way of seeing that the conformal 



structure associated to ( 3.33 ) is flat. What will be important for us, however, 
is the fact that along this section of B — > J 1 (R",R), the torsion function A is 



This comes out of the calculations alluded to above. 
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We now begin to reduce B — > M, as promised. To get information about 
the derivative of the torsion coefficient A without knowing anything about doij , 
we consider 

= <F(TTi AW (<) ) 

= d((n - 2)p A tt; A + A /3, A + 46 A w) 
= (cL4 + 4pA) Aff Aw. 

This describes the variation of the function A along the fibers of B — > Q, where 
we recall that Q is the leaf space of the integrable Pfaffian system Jn = {8, a/}. 
In particular, we can write 



dA + ApA = A 8 + Aid 1 



(3.46) 



for some functions Aq, A\ on B. We see that on each fiber of B — > Q, either 
A vanishes identically or A never vanishes, and we assume that the latter holds 
throughout B. This is motivated by the case of the Poisson equation ( 3.33| ), 
for which A = ^f u (so we are assuming in particular that the zero-order term 
fix, u) depends on u). Because the sign of A is fixed, we assume A > in what 
follows. The case A < is similar, but the case A = is quite different. 
For the first reduction of B — > M , we define 

B 1 ={beB:A{b) = \}cB. 



From equation (3.46) with the assumption A > everywhere, it is clear that 
B\ — » M is a princi pal s ubbundle of B, whose structure group's Lie algebra 
consists of matrices ( |3.31 ) with r = 0. Furthermore, restricted to Bi there is a 
relation 



A 9 + Aid 1 



(3.47) 



In the case of a Poisson equation ( 3.35 ), our section (8, uj 1 , 7r.j) of B — > 
J 1 (R",R) is generally not a secti on o f B\ C 5, because we have along this 
section that A = However, ( |3.46 ) guides us in finding a section of B\. 
Namely, we define a function r(x, u, q) > on M by 



r 4 = 4l=i/ u , 

and then one can verify that for the coframing 



r 2-n o 






r 2 ^- 













(3.42), with 







(3.48) 



- 1 dr = y~ 1 df u , $ i =a}=0, A 
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Again, we won't have any need for Observe that along this section of B\ % 
P = jfu ld fu = A § + AiCj\ so that 

A = y^f-'Uu, At = kr- 2 fuHfu X * + fuuQi), (3.49) 



with r given by (3.4 



Returning to the general situation on B±, we differentiate (3.47) and find 



(dA Q - (n - 2)pA ) A 6 + (cL4; + 2pA t - AjO^ + - Aqtt,) A u* = 0, 



and the Cartan lemma then gives 

dA a -(n-2)pA =A Qa 6 + A 0l uj\ (3.50) 
dA, + 2pA, - Ajc4 + - Aqtt, = A i0 9 + (3.51) 

with A$i = Aio a nd Ag = Aji. 

We interpret ( |3.50 ) as saying that if Aq vanishes at one point of a fiber of 



B\ —> Q, then it vanishes everywhere on that fiber. We make the assumption 
that Aq 0; the other extreme case, where Ag = everywhere, gives a different 
branc h of the equivalence problem. Note that in the case of a Poisson equation 
([T32), the condition Ao ^ implies by ( 3.49| ) that the equation is everywhere 



non-linear. This justifies our decision to pursue, among the many branches of 
the equivalence problem within the larger conformal branch, the case A > 0, 
Aq =/= 0. This justification was our main reason to carry along the example of 
the Poisson equation, and we will not mention it again. General calculations 
involving it become rather messy at this stage, but how to continue should be 
clear from the preceding. 

Returning to the general setting, our second reduction uses (|3.5l| ), which 
tells us that the locus 

B 2 = {beB 1 : A i (b)=0}cB 1 
is a principal subbundle of B\ — * M, whose structure group's Lie algebra consists 



of matrices (3.31) with r — di — 0. Furthermore, restricted to B 2 there are 
relations 

Pi = 2{A l0 + AijUp + AoiTi ) , 

and also 

p = A e. 

With the Ai out of the way we differentiate once more, and applying the 
Cartan lemma find that on B 2 , modulo 7Tj}, 

dA 00 = 0, (3.52) 
dA 0i = Aojaj, (3.53) 
dA tj = Akjofi + Aikat+Aao-ij. (3.54) 
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We interpret (3.52) as saying that A o descends to a well-defined function on 
M. We interpret ( 3.53Q as saying that the vector valued function (Aoj) repre- 



sents a section a vector bundle associated to B 2 —> M. We interpret (3.54) as 
saying that if Aq = 0, then the matrix (Aij) represents a section of a vector 
bundle associated to B 2 — ► M. However, we have already made the assump- 
tion that Aq ^ everywhere. In some examples of interest, most notably for 

Tl + 2 

the equation Au = Cu™^ 1 , the section (Aoi) vanishes; for a general non-linear 
Poisson equation, this vanishing loosely corresponds to the non-linearity being 
translation-invariant on flat conformal space. We will not need to make any 
assumptions about this quantity. 



This allows us to make a third reduction. With Ao ^= 0, ( 3.54 ) tells us that 
the locus where the trace-free part of A^ vanishes, 

B 3 = {b e B 2 : A%{b) = f A l3 (b) - ^A kk (b) = 0}, 



is a subbundle B% — > M of B 2 — ► M. In terms of ( 3.31 ), the Lie algebra of the 
structure group of B% is defined by r — d, = s\j = 0. 

Let us summ a rize w hat we have done. Starting from the structure equations 
(iOj ^35j ^36j |!3g ) on B — > M for a definite, neo-classical Poincare-Cartan 



form with n > 3, we specialized to the case where the torsion satisfies 

U ij = S}= T ]k = 0. 

In this case, we found that the leaf space N of the Pfaffian system {lo 1 , . . . , ui" } 
has a conformal structure pulling back to [XX^') 2 ] ■ We replaced each pseudo- 
connection form Si by its multiple and guided by computations from con- 
formal geometry, we determined the torsion in the equation for da l j, which re- 
sembled a Riemann curvature tensor. This torsion's analog of scalar curvature 
provided our fundamental invariant A, which had first "covariant derivatives" 
Aq, Ai, and second "covariant derivatives" Aoo, Aw = Aoi, A^ = Aji. With 
the assumptions 

A ± 0, A £ 0, 

we were able to make successive reductions by passing to the loci where 
A — j , Ai — 0, Aij — j^8ijA kk . 

This leaves us on a bundle B$ — ► M with a coframing uj 1 , p, Pi, a*-, satis- 
fying structure equations exactly like those on the conformal bundle P — > N 
associated with (N, [ds 2 ]). From here, a standard result shows that there is a 
local diffeomorphism B% — > P under which the two coframings correspond. In 
particular, the invariants A l - kl and Bj k \ remaining in the bundle B 3 equal the 
invariants named similarly in the conformal structure, so we can tell for example 
if the conformal structure associated to our Poincare-Cartan form is flat. 

We now write the restricted Poincare-Cartan form, 

II = —9 A {iii A 

= -2^P A {Pi A ~ ^A kk Uj). 
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We can see from previous equations that Akk is constant on fibers of B3 — ► 
M. Therefore, it makes sense to say that Akk is or is not constant on B3. If 
it is constant, and if the conformal structure on N is fiat (that is, Aj kl = if 
n > 4, or Bjki = if n = 3), then our Poincare-Cartan form is equivalent to 
that associated to the non-linear Poisson equation 

Au = Cu^, 

where C = (n — 2) Akk- This completes the characterization of Poincare-Cartan 
forms equivalent to that of this equation. Our next goal is to determine the 
conservation laws associated to this Poincare-Cartan form. 



n+2 

3.4 Conservation Laws for Au = Cu^ 

In this section, we will determine the classical conservation laws for the confor- 
mally invariant non-linear Poisson equation 

Au = Cu^. (3.55) 
Recall that from Ao = w and Ai = /3, A u>u-\ we constructed the functional 

A = 2(n-2) A l ~ n(n-2) A 

having the Poincare-Cartan form 

n = dA = p A (A A w w - ^lj), 

and that under a certain embedding a : J 1 (R",R + ) c — > P, the Euler-Lagrange 
system of II restricted to a transverse Legendre submanifold is generated by 

* = (Au - Cu^ ) dx, 



for coordinates on J 1 (R",R + ) described in the proof of Proposition 3.2. We 
also proved that the composition of a : J 1 (R",R + ) <^-> P with the projection 
P — » M gives an open contact embedding of J 1 (R™,R + ) as a dense subset of 
M. Our invariant forms on P pull back via a to give the following forms on 
J 1 (R",R + ), expressed in terms of the canonical coordinates (x l ,u,pi): 



1 ■ 1 du — hpidx 1 , 



2i 

lu 1 = u n ~ 2 dx l , 

Pi = vT^ (dpi - p^jdxJ + U^W) , ! ''"' () ' 

a* = pjdx 1 — pidx 3 . 

To describe the conservation laws, we first calculate for symmetry vector fields 
V G Qn the expression 

¥v = V JAen n_1 (P) 

at points of J 1 (R n ,R + ) C P, and then restrict this (n — l)-form to that sub- 
manifold, where it will be a conserved integrand for the equation. 
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3.4.1 The Lie Algebra of Infinitesimal Symmetries 

We know that the Poincare-Cartan forms 



life = p A I ^2 Pi A 



on P are invariant under the simple, transitive left-action of the conformal group 
SO°(n+ 1, 1). The infinitesimal generators of this action are the vector fields on 
P corresponding under the identification P = SO°(n + 1,1) to right- invariant 
vector fields. Our first task is to determine the right-invariant vector fields in 
terms of the basis 

[ d_ _d_ _d_ d \ 

of left-invariant vector fields dual to the basis of left-invariant 1-forms used 
previously; this is because the Maurer-Cartan equation in our setup only allows 
us to compute in terms of left-invariant objects. 
For an unknown vector field 

V = a— + V l — + V— + V l — (V? + V j = 0) (3 57) 

g dp ^ dw* l df3 t 3 da) (V i +V * U > 

to be right-invariant is equivalent to the conditions 

C v p = C v uj 1 = C v pi = C v a) = 0; (3.58) 

that is, the flow of V should preserve all left-invariant 1-forms. We will solve the 
system ( 3.58| ) of first-order differential equations for V along the submanifold 



J 1 (R",R+) C P. Such V are not generally tangent to J 1 (R n ,R+), but the 
calculation of conservation laws as V J A is still valid, as J 1 (R",R + ) is being 
used only as a slice of the foliation P — > M. The solution will give the coefficient 



functions g, V' 1 , Vi of (3.57) in terms of the coordinates (x l , u,pi) of J 1 (R™, R^ 
We will not need the coefficients V-, because they do not appear in tpy — V J A; 
in fact, we compute g = V J p only because it simplifies the rest of the solution. 
First, we use the equation Cy p = 0, which gives 

= d(V J p) + V J dp 
= dg-iiV^-V^i). 

We have the formulae ( |3.56| ) for the restrictions of uj 1 and Pi to J 1 (R", R + ), by 
which the last condition becomes 

dg = - (y iU ^dx l - V l u~^{d Pl -piP 3 dx J + ^dx 1 )) . 



This suggests that we replace the unknowns Vi, V 1 in our PDE system (3.58) 
with 
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Then we have the result 



dg_ 

dx l 



dg_ 

dpi 



ou 



(3.59) 



In particular, we now need to determine only the function g. 
For this, we use the equation Cyio 1 — 0, which gives 

= d(V J uj 1 ) + V J dJ 

= dV l - 2pV i + a)V 3 + 2goj l - V*^ . 

When we restrict to J 1 (R n ,R+) using djU ) and use our new dependent vari- 
ables V{, v l , this gives 



dv l = (pidx j -pjdx l )%P - (pjdx J )v l - gdx 1 + \V-dx j 



(3.60) 



This says in part icular that v l (x, u,p) is a function of the variables x 1 alone, so 
along with ( 3.59 ) we find that 

g(x,u,p) = f(x) + f % (x)pi, 

for some functions f(x), P{x). Substituting this back into ( 3.60D , we have 



This is a PDE system 



dxi 



i',f j i',r i\; ■ 



for the unknowns f l {x), and it can be solved in the following elementary way. 
We first let 



K i>,r K/ /; ; 



so that our equation is 



(3.61) 



Differentiating this with respect to x k and equating mixed partials implies that 
the expression 



dxi 3 dx k dx % 



(3.62) 



is symmetric in j, k. It is also clearly skew-symmetric in i,k, and therefore 
equals zero (as in (PH)). Now we can equate mixed partials of h\ to obtain 



■ d 2 f ■ d 2 f 

(5* " t - S 3 = 5 l 

k dxix l k dx l x l 1 dx'x k 



d 2 f 



s-i 



d 2 f 

1 dx l x k 
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With the standing assumption n > 3, this implies that all of these second partial 
derivatives of / are zero, and we can finally write 

f(x) = r + \b k x k , 

for some constants r, bk- The reasons for our labelling of these and the foll owing 
constants of integration will be indicated below. Because the expressions ( 3.62 ) 
vanish, we can integrate to obtain 

hj — ~ "2 (ij I 2" b 'j x 2~ bi x 



for some constants a*- = —a[, and then integrate (3.61) to find 

fi( x ) = -\ w * + {5)r i<i.r-' - fo\\x\\ 2 + \{b,x)x\ 

where we have written (b, x) — b k x k and | |x| | 2 = XX xfe ) 2 ■ We summarize the 
discussion in the following. 



Proposition 3.4 The coefficients of the vector fields (3.57) on P preserving 
the left-invariant 1-forms p, lo 1 along J 1 (R",R + ) are of the form 

g = r +±(M)(1 + (p,x)) + (-±w i + (tfjr-ia*.)^- |6i|M| a )Pi, 
where r, bi, w l , a* = — are constants. 

It is easy to verify that such g, V 1 , Vi uniquely determine VJ = — V? such that 
the vector field ( |3.57 ) preserves (3i and a* as well, but we will not need this fact. 
Note that the number of constants in the Proposition equals the dimension of 
the Lie algebra S0(n + 1, 1), as expected. 

The reader may be aware that one should not have to solve differential 
equations to determine right-invariant vector fields in terms of left-invariant 
vector fields. In fact, an algebraic calculation will suffice, which in this case 
would consist of writing an arbitrary Lie algebra element 



g L = \ W a 



j. 



interpreted as a left-invariant vector field, and conjugating by o~(x, U,p) G P 
regarded a s a matrix with columns eo(x,u,p), ej(x,u,p), e n +i (x, u, p) given by 
( p\29| , |3.30D . The resulting so(n+ 1, l)-valued function on J^R™, R+) then has 
entries which are the coefficients of a right-invariant vector field V. The calcu- 
lation is tedious, but of course the vector fields so obtained are as in Proposi- 
tion EO. 
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3.4.2 Calculation of Conservation Laws 

We can now use the formulae for the infinitesimal symmetries derived above to 
calculate the conservation laws for II, which are (n — l)-forms on J 1 (R n ,R + ) 
that are closed when restricted to integral submanifolds of the Euler-Lagrange 
system. 

The Noether prescription is particularly simple in this case, because the 
equations 

C V A = and dA = II 

mean that there are no compensating terms, and we can take for the conserved 
integrand just 

(p v = V JA. 

This is straightforward in principle, but there are some delicate issues of signs 



and constants. We find that for V as in Proposition 3.4, 

V JAo = V'w(i), 
and restricting to J 1 (R™, R + ), using v 1 instead of V 1 , we obtain 

(V J A )|ji(R»,a+) = 2u^v i dx {i) . 
The analogous computation for V J Ai is a little more complicated and gives 

(V J Ai)ji (a »,R+) = 2u 2 (-v 3 dp l A dx {lj) + { Vi + ^v l \\p\\ 2 )dx (i) ). 
On a transverse Legendre submanifold S of J 1 (R™, R + ), we can use the condi- 



tion p = from (3.56) to write 



Pi = ^I"" 1 ^. (3-63) 

and if we compute dpi and ||p|| 2 for such a submanifold, then we can substitute 
and obtain 

(V J Ai)| s = ^2 (-uu x i xi v j + uu x3x] v l + u x iU xj v J + ^u 2 Vi) dx (i) . 
We summarize with the following. 

Proposition 3.5 The restriction of V J A to the 1-jet graph of u(x x , . . . , x n ) 
equals 



W = (^T2 {u>u x i x iV % - uu x i x jV 3 + u^u^v 3 ) - 2£ u <?-2 V l + u 2 Vi^ dx {l ) 



We now have a representative for each of the classical conservation laws 
corresponding to a conformal symmetry of our equation 

Au = Cu^. (3.64) 



3.4. CONSERVATION LAWS FOR Au = Cu^ 



115 



We say "representative" because a conservation law is actually an equivalence 
class of (n — l)-forms. In fact, our <py is not the (n — l)-form classically taken 
to represent the conservation law corresponding to V; our ipv involves second 
derivatives of the unknown u(x), while the classical expressions are all first- 
order. We can find the first-order expressions by adding to ipv a suitable exact 
(n — l)-form, obtaining 

<p g d = ip v + ^d(uu x iv 3 '(toft)) 

+u 2 Vi + -^u(u x iV J xj - U x iV % xi ) \ dx {i) . 
This turns out to give the classical expressions for the conservation laws 



associated to our equation (3.64), up to multiplicative constants. It could have 



been obtained more directly using the methods of Section 1.3. For this, one 
would work on the usual J 1 (R", R), with standard coordinates (a; 4 , it, qi) in 
which the contact structure is generated by 

6 = du — qidx 1 , 

and then consider the Monge- Ampere system generated by and 

71 + 2 

* = -aqi A dx(i) + Cu n - 2 dx. 
A little experimenting yields a Lagrangian density 

Ldx = (^f- + n^Cu^^j dx, 

so the functional 

A = Ldy + 9 AL qi dy {€) 
induces the Poincare-Cartan form 

II = 9 A * = dA. 

One can then determine the Lie algebra of the symmetry group of II by solving 
an elementary PDE system, with a result closely resembling that of Proposi- 
tion |3-4 Applying the Noether prescription to these vector fields and this A 
yields (n — l)-forms which restrict to transverse Legendre submanifolds to give 
(f g above. 

Returning to our original situation, we now compute ip g explicitly for various 



choices of g as in Proposition 3.4. These choices of g correspond to subgroups 
of the conformal group. 
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Translation: g = w l pi. 

In this case, we have v l — ~w z , Vi = 0, so we find on a transverse Legendre 
submanifold of J^R™, R+) that 

fa = (t^II^H 2 ^ - ^2U x iU xJ w j + ^u^w 1 ^ dx {i) . 

The typical use of a conservation law involves its integration along the smooth 
(n — l)-dimensional boundary of a region Q C R". To make more sense of 
the preceding expression, we take such a region to have unit normal v and 
area element da (with respect to the Euclidean metric), and using the fact that 
q l dx(i)\dn = (q, v)do for a vector q = q l -^r, we have 

<Pg\dn = (;dbl|Vu|| 2 w - ^(Vw,w)V« + 2£u^w,v} da. 

Here, we have let w — w % -^j be the translation vector field induced on flat 
conformal space R — R" U {oo} by the right-invariant vector field on P which 
gives this conservation law. 



Rotation: g = a^pix^ , a* + a\ =0. 

In this case, we have v % — —a^x^, v\ — a\pj. On a transverse Legendre sub- 
manifold of J 1 (R™, R + ), we have from ( 3.63 ) that pi — ■^^u~ 1 u x i, and we find 
that 

^9 = (( ^32II Vm I| 2 + ) a ) xl ~ ^2 U xiU x kClhx> + ^UU xi O?A dx 



Hi). 

In this formula, the last term represents a trivial conservation law; that is, 
d(uu x jaldx^) — on any transverse Legendre submanifold, so it will be ignored 
below. Restricting as in the preceding case to the smooth boundary of f2 C R" 
with unit normal v and area element da, this is 

<Pg\dn = ((^illVwH 2 + a - -±^(Vu,a)Vu,v) da. 

Here, we have let a — cijX^-^ be the rotation vector field induced on flat 
conformal space R by the right-invariant vector field on P which gives this 
conservation law. 



Dilation: g = 1 + x l Pi. 

This generating function gives the right-invariant vector field whose value at the 
identity is the Lie algebra element (in blocks of size 1, n, 1) 
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which generates a 1-parameter group of dilations about the origin in flat con- 
formal space R. In this case, we have v l — —x 1 , Vi — Pi, and on a transverse 
Legendre submanifold with pi = rz^it - u x t, we find that 

= ((^2ll Vw H 2 + 1T U ^) x * - ^2Ux i u xi x i - 2uu x ^ dx {i) . (3.65) 

For this conservation law, it is instructive to take for C R™ the open ball of 
radius r > centered at the origin, and then 

<Pg\aa= {r(^\\Vu\\ 2 + ^u^ -^{Vu,v) 2 ) - 2u{Vu,v)) do. (3.66) 

A simple consequence of this conservation law is the following uniqueness theo- 
rem]^] 

n+2 

Theorem 3.1 (Pohozaev) If u(x) £ C 2 (il) is a solution to Au = Cu n ~ 2 in 
the ball fi of radius r, with u > in fl and u = on dVL, then u = 0. 

Proof. We will first use the conservation law to show that Vit = everywhere 
on dQ. If we decompose Vu — u T + u v v into tangential and normal compo- 
nents alon g dft , so that in particular u T — by hypothesis, then the conserved 



integrand ( 3.66| ) is 



VgW = -^u 2 v da, 



so the conservation law J g(l ip g = implies that u v = on dfl. 
Now with V« = on <9f2, we can compute 



0=1 *du 
'an 

d* du 

i> 

Au dx. 

n 



But it is clear from the PDE that Au cannot change sign, so it must vanish 
identically, and this implies that u = throughout Q. □ 



In fact, looking at the expression ( 3.65 ) for ip g for a more general region, it is 



not hard to see that the same proof applies whenever 17 C R n is bounded and 
star-shaped. 

Inversion: g = — hpjbj\\x\\ + bjX 1 (1 +pix l ). 

This is the generating function for the vector field in R = R"U{oo} which is the 
conjugate of a translation vector field by inversion in an origin-centered sphere. 



5 See [Poh65 , where a non-existence theorem is proved for a more general class of equations, 



for which dilation gives an integral identity instead of a conservation law. 
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In this case, we have v % = i&i||x|| 2 — bjX-'x 1 , Vi = bixipj — bjX l pj+bjX : >pi + bi, 
and on a transverse Legendre submanifold, we find after some tedious calculation 
that 



fg 



In 



(^H^ll 2 + )&.. ^U xi U xi ) {b k X k X 3 \b 3 \\x\\ 2 ) 

—2ubjX J u x i + u 2 bi\ dxay 



Again taking ft C R" to be the open ball of radius r > centered at the origin, 
we have 

(n-2)cp g \ dn = ((r 2 (-4(Vw,^) 2 + ||V7i|| 2 + f U «-2)+ u 2 )6 



+2{r z (b, Vu) - (n - 2)ru(b, v))Vu, vj da, 

where b = frigfr is the vector field whose conjugate by a sphere- inversion is the 
vector field generating the conservation law. 

3.5 Conservation Laws for Wave Equations 

In this section, we will consider non-linear wave equations 

Uz = f(z), (3.67) 

which are hyperbolic analogs of the non-linear Poisson equations considered 
previously. Here, we are working in Minkowski space L™ +1 with coordinates 
(t, y 1 , . . . , y n ), and the wave operator is 

a =-(|) 2 +E(!0 2 - 

It is in this hyperbolic case that conservation laws have been most effectively 
used. Everything developed previously in this chapter for the Laplace operator 
and Poisson equations on Riemannian manifolds has an analog for the wave 
operator and wave equations on Lorentzian manifolds, which by definition carry 
a metric of signature (n, 1). Indeed, even the coordinate formulae for conserva- 
tion laws that we derived in the preceding section are easily altered by a sign 
change to give corresponding conservation laws for the wave equation. Our goal 
in this section is to see how certain analytic conclusions can be drawn from 
these conservation laws. 

Before doing this, we will illustrate the usefulness of understanding the wave 
operator geometrically, by presenting a result of Christodoulou asserting that 
the Cauchy problem for the non-linear hyperbolic equation 

Uz = z^r (3.68) 
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has solutions for all time, given sufficiently small initial data|] The proof exploits 
conforms! invariance of the equation in an interesting way, and this is what we 
want to explain. Note that ( |3.68 ) is the hyperbolic analog of the maximally 



symmetric non- linear Poisson equation Az = z >»- 2 considered previously; the 
change in exponent reflects the fact that the number of independent variables is 
now n+ 1, instead of n. This equation will be of special interest in our discussion 
of conservation laws, as well. 

The idea for proving the long-time existence result is to map Minkowski 



space L n+ , which is the domain for the unknown z in (3.68), to a bounded 
domain, in such a way that the equation ( 3.68| ) corresponds to an equation 



for which short-time existence of the Cauchy problem is already known. With 
sufficiently small initial data, the "short-time" will cover the bounded domain, 
and back on L™ +1 we will have a global solution. 

The domain to which we will map L™ +1 is actually part of a conformal com- 
pactification of Minkowski space, analog ous to the conformal compactification 
of Euclidean space constructed in § |3.1.l[ This compactification is diffeomorphic 
to a product S 1 x S n , and topologically may be thought of as the result of 
adding a point at spatial-infinity for each time, and a time-at-infinity for each 
spatial point. Formally, one can begin with a vector space with inner-product 
of signature (n + 1,2), and consider the projectivized null-cone; it is a smooth, 
real quadric hypersurface in P n+2 , which in certain homogeneous coordinates 
is given by 

evidently diffeomorphic to S 1 x S n . The (n + 1, 2)-inner-product induces a 
Lorentz metric on this hypersurface, well-defined up to scaling, and its conformal 
isometry group has identity component SO°(n + 1,2), which we will revisit in 
considering conservation laws. What is important for us now is that among the 
representative Lorentz metrics for this conformal structure one finds 

g = -dT 2 + dS 2 , 

where T is a coordinate on S 1 , and dS 2 is the standard metric on S n . In 
certain spherical coordinates ("usual" spherical coordinates applied to R™, after 
stereographic projection, this may be written 

g = -dT 2 + dR 2 + (sin 2 R) dZ 2 , 

where R £ [0,7r], and dZ 2 is the standard metric on the unit (n — l)-sphere. 

Now we will conformally embed Minkowski space L n+1 as a bounded domain 
in the finite part R x R" of S 1 x S n , the latter having coordinates (T,R,Z). 
The map ip(t, r, z) — (T, R, Z) is given by 

arctan(i + r) + arctan(i — r) 
arctan(i + r) — arctan(i — r) 




See [Chr86|; what is proved there is somewhat more general. 



120 



CHAPTER 3. CONFORMALLY INVARIANT SYSTEMS 



and one can easily check that 

<p*(-dT 2 + dR 2 + (sin 2 R) dZ 2 ) = il 2 (-dt 2 + dr 2 + r 2 dz 2 ), 

where dZ 2 and dz 2 are both the standard metric on the unit (n— l)-sphere; the 
conformal factor is 

n = 2(1 + (t + r) 2 )-2(l + (t - r) 2 )-i, 

and the right-hand side is a multiple of the flat Minkowski metric. The image 
of tp is the "diamond" 

V = {(T, R, Z) : R - 7T < T < tt - R, R>0}. 

Note that the initial hyperplane {t — 0} corresponds to {T = 0}, and that with 
fixed (R, Z), as T — > tt — R, t — * oo. Cons equently, the long-time Cauchy prob- 
lem for the invariant wave equation (3.68) corresponds to a short-time Cauchy 
problem on the bounded domain T> for some other equation. 

We can see what this other equation is without carrying out tedious calcula- 
tions by considering the conformally invariant wave operator, an analog of the 
conformal Laplacian discussed in § 3.1.3[ This is a differential operator 

□ c : r(Z? 5 ^TT7) -> r(D 5 T^T) 
between certain density line bundles over a manifold with Lorentz metric. With 

n-l 

a choice of Lorentz metric g representing the conformal class, u € r(D 2 <"+ 1 ) ) is 
represented a function u g , and the density O c u is represented by the function 

where R g is the scalar curvature and D g is the wave operator associated to g. 
We interpret our wave equation ( [3.681 ) & s a condition on a density represented in 
the flat (Minkowski) metric go by the function uq, and the equation transformed 
by the map ip introduced above should express the same condition represented 
in the new metric g. The representative functions are related by 



= 0, "^uq, (n c u) g = Q "i 3 (D c u)o, 



so the condition ( p.68j ) becomes 



O g (u g ) + ^R gUg = (D c u) g 

+ 3 



n 2 (□ c u) 

„ +3 "+3 

0, 2 Un" 1 



i + 3 



The scalar curvature is just that of the round metric on the n-sphere, R g 

lg , 



n(n — 1), so letting u = uq, U — u g , the equation (3.68) is transformed into 



O g U + ^-^-U = U 2 ^ . (3.69) 
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Finally, suppose given compactly supported initial data u(0,x) = uo(x) and 
Ut(0, x) — u\(x) for ( |3.68 ). These correspond to initial data Uq(X) and U\(X) 



for ( 3.69| ), supported in the ball of radius -n. The standard result on local 



existence implies that the latter Cauchy problem can be solved for all X, in 
some time interval T € [0, To], with a lower-bound for To determined by the size 
of the initial data. Therefore, with sufficiently small initial data, we can arrange 
To > 7r, and translated back to the original coordinates, this corresponds to a 
global solution of ( 3.68| ). 



We now turn to more general wave equations (|3.67| ), where conservation 
laws have been most effectively used.H Equation ( |3.67|) is the Euler-Lagrange 
equation for the action functional 

(±(-z 2 + \\Vz\\ 2 ) + F(z)) dydt, 



R JR" 



where F'(z) = f(z), and the gradient Vz is with respect to the "space" variables 
2/V-< ,V n - 

Rather than redevelop the machinery of conformal geometry in the Lorentz 
case, we work in the classical setting, on J 1 (L™ +1 , R) with coordinates t, y l , z,p a 
(as usual, l<i<n, 0<a< n), contact form 6 = dz — podt — Pidy 1 , Lorentz 
inner-product ds 2 = —dt + ^(dy 1 ) 2 , and Lagrangian 

L(t,y,z,p) = l(-p 2 + j:\ Pi \ 2 ) +F(z), 

A normalized representative functional is then 

k = Ldthdy + 6A (~p dy - pidt A dy^), (3.70) 

satisfying 

dA = II = 9 A (dpo Ady + dpi A A dy^ + f(z)dt A dy). 



This is the example discussed at the end of § TL3j . As mentioned there, the in- 
variance of the equation under time-translation gives an important conservation 
law, and its uses will be our first topic below. In fact, there are conservation laws 
associated to space-translations and Lorentz rotations, the latter generated by 
ordinary spatial rotations bjU'-^j (b l j +bl — 0) and Lorentz boosts y l -§i + t-£-r] 



however, these seem to have been used less widely in the analysis of ( J3.67 ) . 

Especially interesting is the case of ( |3.68| ), which is preserved under a certain 
action of the conformal Lorentz group SO°(n + 1,2) on J 1 (L" +1 ,R). In par- 
ticular, there are extensions to J 1 (L™ +1 , R) of the dilation and inversion vector 
fields on L" +1 , and these give rise to more conservation laws. We will consider 
these after discussing uses of the time-translation conservation law for the more 



general wave equations ( 3.67 ) 



7 This material and much more may be found in [ 3tr89 
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3.5.1 Energy Density 

The time-translation vector field on L ra+1 lifts to J 1 (L" +1 , R) to a symmetry 
of A having the same expression, V — Jj. The Noether prescription gives 

ipt = V J A = (J(pg + J>?) + *"(*)) dy+ PoPl dt A dy {t) , 
as calculated in Section |1.3j . The coefficient of here is the energy density 

e= f \(j>l + \pi\ 2 )+F{z), 

and it appears whenever we integrate ipt along a constant-time level surface 
R™ = {£} x R™. The energy function 

E{t) d M f ed y>0, 



is constant by virtue of the equation (3.67), assuming sufficient decay of z and 
its derivatives in the space variables for the integral to make sense. 

A more substantial application involves a region fl C L™ +1 of the form 

n= U AMI <n>-(t-*o)}, 

fe(* ,ti) 

a union of open balls in space, with initial radius tq decreasing with speed 1. 
The boundary d£l is T — B + K , where 

• B = {to} x {\\y\\ < ro} is the initial disc, 

• T = {ti} x {\\y\ \ < r — (ti — t )} is the final disc, and 

• K = U t£ [t 0)tl ]{||y|| = r ~ (t - t )} is part of a null cone. 
The conservation of ipt on dQ reads 



= / tpt= edy+ / cpt. (3.71) 
Jan Jt-b Jk 

The term J„ ip t describes the flow of energy across part of the null cone; we will 
compute the integrand more explicitly in terms of the area form dK induced 
from an ambient Euclidean metric dt 2 + ^{dy 1 ) 2 , with the goal of showing 
that J K ip t > 0. This area form is the contraction of the outward unit normal 

^7j( + ]f^|J^") with the ambient Euclidean volume form dt A dy, giving 

dK = ±(dy - j^dt A dy {l) )\ K - V2 dy\ K . 
It is easy to calculate that the restriction to K of ipt is 

<Pt\ K =^(e-^Pa)dK. 
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Separating the radial and tangential space derivatives 



dej y pi dej 2 „ 

Pr = ij^Jj-. Pr = yi^Pi-Pr> 



we can rewrite this as 



<Pt\K = ^{p 2 +p 2 r +p 2 T ) + F(z)-p r p )dK (3.72) 
= ^(UPo-Prf + \ P 2 T ) + F{z))dK. (3.73) 

In th e regi on of J 1 (L" +1 ,R) where F(z) > this integrand is positive, and 



from ( 3.71 ) we obtain the bound 



edy < / e dy. 
t Jb 

This says that "energy travels with at most unit speed" — no more energy can 
end up in T than was already present in B. If F(z) > everywhere, then one 



can obtain another consequence of the expression (3.73) by writing 



tpt= <Pt- <Pt< <Pt< E{t a ) = E. 
k Jb Jt Jb 

This gives an upper bound for 

\\{dz\ K )\\ 2 L , = f ((p ~p r ) 2 + P 2 T )dK <2V2E 
Jk 

which holds for the entire backward null cone; that is, our bound is independent 
of to. Here the L 2 -norm is with respect to Euclidean measure. 

We should also mention that the spatial-translation and Lorentz rotations 
give rise to conserved quantities that may be thought of as linear and angular 
momenta, respectively. The uses of these are similar to, though not as extensive 
as, the uses of the conserved energy. 

3.5.2 The Conformally Invariant Wave Equation 

We now determine some additional conservation laws for the conformally in- 



variant wave equation (3.68). Again, we could duplicate the process used for 
Poisson equations by calculating restrictions of the right-invariant vector fields 
of SO°(n + 1,2) to the image of an embedding J 1 (L"+ 1 ,R+) ^ SO°(n+ 1,2), 
and contracting with the left-invariant Lagrangian. Instead, we will illustrate 
the more concrete, coordinate-based approach, though we will still make some 
use of the geometry. 

The Dilation Conservation Law 



To find the conservation law corresponding to dilation symmetry of ( 3.68| ), we 



have to first determine a formula for this symmetry on J 1 (L n+1 , R + ), and then 
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apply the Noether prescription. For this, we will first determine the vector field's 
action on J°(L n+1 , R+); the lift of this action to J 1 (L" +1 ,R+) is determined 
by the requirement that it preserve the contact line bundle. 

By analogy with ( |3.30| ), we have an embedding of J°(L" +1 , R + ) into the 
null-cone of L™ +1 ' 2 given by 



/ 



{t,y\ Z ) ^ gn-l 



\ 



V \i-t 2 + \y\ 2 ) J 



and the dilation matrix (in blocks of size 1, 1, n, 1) acts projectively on this slice 
of the null-cone by 



/ 1 








( r- 1 
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Taking the derivative with respect to r and setting r = 1 gives the vector field 



V dil 



n—l d _i_ j. _d_ 
2 ^z Tl 



01 



y 



i d 



The scaling in the z-coordinate reflects an interpretation of the unknown z(t, y) 
as a section of a certain density line bundle. We then find the lift from Vdu £ 
V(J°(L™ +1 ,R+)) to V da G V(J 1 (L" +1 ,R+)) by the requirement that the con- 
tact form 9 = dz — padt — Pidy 1 be preserved up to scaling; that is, 

Vmi = Vda + v°po + v l pi 

must satisfy 

C Via e = (mod{0}), 

where v° and v l are the unknown coefficients of the lift. This simple calculation 
yields 

Vdu = — Zq^ + t -Qt + y g-r 2~Pa-Q^- 
Then one can compute even for the general wave equation (3.67) that 



C VdU {L(t, y, z,p)dt A dy) = ((n + l)F{z) 



-zf(z))dt Ady. 



Tentatively following the Noether prescription for the general wave equation, 
we set 

fdil — Vdil J A, 



where A is given by ( |3 . 70| ) , and because A = Ldt A dy modulo {/}, we can 
calculate 



dtpdu = C VdU A - V d a J n 

= C VcM (L dt Ady) - (mod 8 a) 

= {{n+l)F{z)-^zf{z))dtAdy (mod S A ). 
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The condition on the equation ( |3.67| ) that tpdu be a conservation law is therefore 



so the PDE is 



2(ra + l) 

F{z) = Cz^=^, 



Uz = C'z 1 * 



n-l 



Now, one can 



as expected (cf. (^68|)); we work with C' = 1, C — — . 
calculate that restricted to any Legendre submanifold the conserved density is 

tp d U = L(t, y, z,p)(tdy - y l dt A dy (i) ) + (^z + tp + y l p l )(p dy + p-jdt A dy (]) ). 

Typically, one considers the restriction of this form to the constant-time hyper- 
planes R™ = {t} x R", which is 

(p di l = (te + rp p r + ^-zp )dy (mod {dt}). 

For example, we find that for solutions to ( |3.6g| ) with compact support in y l , 

d 



dt 



(te + rpop r 



R" 



^z Po )dy = 0. 



(3.74) 



For more general wave equations (3.67), an identity like (3.74) holds, but 
with a non-zero right-hand side; our conservation law is a special case of this. 
The general dilation identity is of considerable use in the analysis of non-linear 
wave equations. It is analogous to the "almost-conservation law" derived from 
scaling symmetry used t o obta in lower bounds on the area growth of minimal 
surfaces, as discussed in §1.4.3. 



An Inversion Conservation Law 

We now consider the inversion symmetry corresponding to the conjugate of 
time-translation by inversion in a unit (Minkowski) "sphere" . We will follow 
the same procedure as for dilation symmetry, first determining a vector field on 
J°(L n+1 ,R + ) generating this inversion symmetry, then lifting it to a contact- 
preserving vector field on J 1 (L n+1 ,R + ), and then applying the Noether pre- 
scription to obtain the conserved density. 

The conjugate by sphere- inversion of a time-translation in SO°(n + 1,2) is 
the matrix 



/ 1 


b 










1 





-b 
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and differentiating its projective linear action on 

r i 1 w 

2 t 

V \\\^y)\\ 2 ) . 



126 



CHAPTER 3. CONFORMALLY INVARIANT SYSTEMS 



yields the vector field 

V — 2=±tz— ~ -<t 2 + \v\ 2 ) — - tv i -^~ 

Vtnv — 2 iz dz 2^ ' \y\ I dt t W dy* ' 

Again, the coefficients of and -J~ describe an infinitesimal conformal motion 
of Minkowski space — representing an element of the Lie algebra of the Lorentz 
conformal group — and the coefficient of -J^ gives the induced action on a density 
line bundle. We now look for coefficients vq-^ + Vi-Jpp to add to Vi nv so that 
the new vector field will preserve 9 up to scaling, and the unique solution is 

V mv = V mv + (^z+ Pl y l + v±±tp ) £ + (Poy 1 + ^t Pi ) 

In applying the Noether prescription to A and Vi nv , it will turn out that we 
need a compensating term, because Cy inv A ^ modulo £\. However, instead of 
performing this tedious calculation, we can simply test 

def _ . . 

^Pinv * inv —I 

= L(t, y, z,p){\{t 2 + \y\ 2 )dy - ty l dt A dy {V) ) 

+(2=ite + \pv{t 2 + \y\ 2 ) + t Pl y l ) A {pvdy + pjdt A dy (j) ), 
We find that on solutions to ( |3.68| ), 

d(f>inv = 11 ^-Poz dt Ady = d{^-z 2 dy), 

and we therefore set 

^Pinv — (Pinv 4 Z dy. 

As usual, we consider the restriction of this form to a hyperplane R™ = {t} x R", 
which gives 

<p inv = (i(L + p 2 )(t 2 + \y\ 2 ) + ^ Pa tz + t PoPl y l - ^z 2 ) dy, 

modulo {dt, 8}. 

Again, for more general wave equations ( 3.67 ), this quantity gives not a 
conservation law, but a useful integral identity. The usefulness of the integrand 
follows largely from the fact that after adding an exact n-form, the coefficient of 
dy is positive. One notices this by expanding in terms of radial and tangential 
derivatives 

Vinv = I \ (bo +P 2 T + Pr)( t2 + r 2 ) + 2(n - l) Po tz + Ur PoPr - (n - l)z 2 ) 



+ \{t 2 +r 2 )F(z))d ii . 



which suggests completing squares: 

Vinv = | ~ (\poV + tp\ 2 + {tpo + rp r + (n- l)z) 2 + {rp T ) 2 ) 

+ \{t 2 + r 2 )F{z) - ^(nz 2 + 2rzp r )\dy. 



(3.75) 



(3.76) 
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The last term is the divergence di^^^y 1 z 2 dyi^) modulo {dt, 9}, and the remain- 
ing terms are positive. The positive expression 



def 1 



(\PoV + tp\ 2 + (tp + rp r + (n - \)zf + (rp T ) 2 ) + (t 2 + r 2 )F(z) 



is sometimes called the conformal energy of the solution z(t, y). 
It is also sometimes convenient to set 

&d = rp Q p r + ^zp 

so that 

fdil = (erf + te)dy (mod {dt}), 



and also 



<p inv = (te d + \{t 2 + \y\ 2 )e - ^z 2 )dy (mod {dt}). 



The fact that the integrals of these quantities are constant in t yields results 
about growth of solutions. 

In fact, in the analysis of wave equations that are perturbations of the con- 



formally invariant equation (3.68|), the most effective estimates pertain to the 



quantities appearing in these conservation laws. One can think of the conser- 



vation laws as holding for our "flat" non-linear wave equation (3.68), and then 
the estimates are their analogs in the "curved" setting. 

3.5.3 Energy in Three Space Dimensions 

We conclude this section by discussing a few more properties that involve the 
energy in three space dimensions. 

The fact that the energy E{t) is constant implies in particular that J R „ z t dy 
is bounded with respect to t. This allows us to consider the evolution of the 
spatial L 2 -norm of a solution to Dz = z 3 as follows: 




2 / (z z tt dy + z t )dy 
2 / {zAz - z 4 + z 2 )dy 



-2 / (\W v z\ 2 + z 4 )dy + 2 I z 2 dy 



y 

R? JR" 



< AE, 



where the second equality follows from the differential equation and the third 

2(R») 



from Green's theorem (integration by parts). The conclusion is that ||^|||,2rR,n 



grows at most quadratically, 

z 2 dy < 2Et 2 + Cit + C 2 , (3.77) 
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and in particular J z 2 dy = 0(t 2 ). 

The energy plays another interesting role in the equation 

Uz = -z 3 (3.78) 
Here, it is possible for the energy to be negative: 



E 



[ ^(z 2 + \\Vz\\ 2 )-^)dy. (3.79) 



We will prove that a solution to ( 3.78j ), with compactly support ed initi al data 
z(0,y), z t (0,y) satisfying E < 0, must blow up in finite time (| Lev74 |). No- 
tice that any non-trivial compactly supported initial data may be scaled up to 
achieve E < 0, and may be scaled down to achieve E > 0. 
The idea is to show that the quantity 

I{t) d M f \ z Hy 
Jul 

becomes unbounded as t /* T for some finite time T > 0. We start by computing 
its derivatives 



I'(t) = J zz t dy 7 
I"(t) = / z 2 dy+ I zzttdy 



I ' zjdy- J \Vz\ 2 dy + J zHy. 



The last step uses Green's theorem, requiring the solution to have compact y- 
suppor t for each t > 0. To dispose of the J z 4 term, we add AE to each side 
using Q : 



I"(t)+4E = 3 J z 2 dy + J \Vz\ 2 dy. 



We can discard from the right-hand side the positive gradient term, and from 
the left-hand side the negative energy term, to obtain 

I"{t) > 3 / z 2 dy. 



To obtain a second-order differential inequality for /, we multiply the last in- 
equality by I(t) to obtain 



I(t)I"(t) > ^[J z 2 dy j ( / .:f</// 
> §/'(*) 2 - 
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The last step follows from the Cauchy-Schwarz inequality, and says that I(<) -1 / 2 
has negative second derivative. We would like to use this to conclude that J -1 / 2 
vanishes for some T > (which would imply that I blows up), but for this we 
would need to know that (/ _1 / 2 )'(0) < 0, or equivalently I'(0) > 0, which may 
not hold. 

To rectify this, we shift I to 

J{t)=I{t)- 1 1 E{t + T)\ 

with t > chosen so that J'(0) > 0. We now mimic the previous reasoning to 
show that (J- 1 / 2 )"^) < 0. We have 

J'(t) = J zz t dy-E(t + r), 

J"(t) = J z 2 dy + J zz u dy - E 

= 3^ z 2 dy + J \\Vz\\ 2 dy-5E 

> 3 ( / z 2 t dy - E 



From this we obtain 

J(t)J"(t) - § J'(i) 2 > | [(J z 2 - E(t + r) 2 ) (/ zl -E)-(J zzt - E(t + r))' 

which is positive, again by the Cauchy-Schwarz inequality. This means that 
(J- 1 / 2 )"^) < 0. Along with J- 1 / 2 (0) > and (J- 1 / 2 )'(0) < 0, this implies 
that for some T > 0, J~ 1 / 2 (T) = 0, so J(t) blows up. 

We conclude by noting that the qualitative behavior of solutions of Oz = 
f(z) depends quite sensitively on the choice of non-linear term f(z). In contrast 
to the results for Oz — ±z 3 described above, we have for the equation 

Uz = -z 2 (n = 3), 

that every solution must blow up in finite time (| Joh79[ ). We will outline the 
proof in case the initial data are compactly supported and satisfy 

u(0, t)dy > 0, J u t (Q, t)dy > 0. 

Note that replacing z by — z gives the equation Dz = z 2 , which therefore has 
the same behavior. 

This proof is fairly similar to the previous one; we will derive differential 
inequalities for 

J(t) = zdy 



130 



CHAPTER 3. CONFORMALLY INVARIANT SYSTEMS 



which imply that this quantity blows up. We use integration by parts to obtain 
J"(t) = [ z tt dy = f(Az + z 2 )dy = [ z 2 , 



and using Holder's inequality on Supp z C {\y\ < Rq + i} in the form ||z||li < 
IMIiHWU 3 ' this gives 



2 

3 ^ r>(-i , *\-3 m\! 



J"{t)>C[ zdy) (R + t)- d >C(l+t)- 6 J(ty. (3.80) 



This is the first ingredient. 

Next, we use the fact that if zo(y, t) is the free solution to the homogeneous 
wave equation Ozq — 0, with the same initial data as our z, then 

z(y,t) > z (y,t) 

for t > 0; this follows from a certain explicit integral expression for the solution. 
Note that if we set Jo(t) — J R „ Zq, then it follows from the equation alone that 
Jg(t) = 0, and by the hypotheses on our initial data we have Jo(t) = C + C\t 
with Cq,Ci > 0. Another property of the free solution is that its support at 
time t lies in the annulus A t = {t — Rq < \y\ < t + Rq}. Now 



Co + C^ < / zdy 

J A t 

< IMIl2(a)I|i||l2(a) 

< C(l + t) [ I z 2 dy 



J"(t)= I z 2 dy> fC ° + CltV 12 



This gives 

\C{l + t) 

and in particular, J" > 0. With the assumptions on the initial data, this gives 

J'(t) > 
J(t) > C(l + t) 2 . 



We can use ( p. 80 , 3.81 , 3.81 ) to conclude that J must blow up at some finite 
time. This follows by writing 

J"{t) > C{l+t)- 3 ^ 2 J^ 2 
> C(l + t)- 2 J 3 / 2 . 

Multiply by J' and integrate to obtain 

J\t) > C{l + t)- l J{tf' i . 
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Integrating again, we have 

J(t)> (AO)- 1 /* - iCln(l + i))" 4 , 
and because J(0) > and C > 0, J(i) must blow up in finite time. 
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Chapter 4 

Additional Topics 



4.1 The Second Variation 

In this section, we will discuss the second variation of the Lagrangian func- 
tionals considered in the preceding chapters. We begin by giving an invariant, 



coordinate-free calculation of the formula (4.8) for the second derivative of a 
functional under fixed-boundary variations. This formula has an interpretation 
in terms of conformal structures induced on integral manifolds of the Euler- 
Lagrange system, which we will describe. The role played by conformal geome- 
try here is not to be confused with that in the previous chapter, although both 
situations seem to reflect the increasing importance of variational equations in 
conformal geometry. 

The usual integration by parts that one uses to establish local minimality 
of a solution to the Euler-Lagrange equations cannot generally be done in an 
invariant manner, and we discuss a condition under which this difficulty can 



be overcome. We considered in §2.5 the example of prescribed mean curvature 
hypersurfaces in Euclidean space; we will give an invariant calculation of the 
second variation formula and the integration by parts for this example. We con- 
clude by discussing various classical conditions under which an integral manifold 
of an Euler-Lagrange system is locally minimizing, using the Poincare-Cartan 
form to express and prove some of these results in a coordinate-free manner. 

4.1.1 A Formula for the Second Variation 



1.2 



in which we calculated the 



We start by reconsidering the situation of 
first variation of a Lagrangian A on a contact manifold. This amounted to 
taking the first derivative, at some fixed time, of the values of the functional 
J- A on a 1-parameter family of Legendre submanifolds. Our goal is to extend 
the calculation to give the second variation of A, or equivalcntly, the second 
derivative of J- a on a 1-parameter family at a Legendre submanifold for which 



the first variation vanishes. The result appears in formula (4.5) below, and in a 



more geometric form in (4.8). This process is formally analogous to computing 
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the Hessian matrix of a smooth function / : R™ — > R at a critical point, which 
is typically done with the goal of identifying local extrema. 

Let (M,J) be a contact manifold, with contact form 9 <E r(J), and La- 
grangian A E Cl n (M) normalized so that the Poincare-Cartan form is given by 
II = dA = 9 A "J/. Fix a compact manifold N n with boundary dN, and a smooth 
map 

F : N x [0, 1] -> M 

which is a Legendre submanifold F t for each fixed t € [0, 1] and is independent 
of £ on cW x [0, 1]. Two observations will be important: 

• F*9 — Gdt for some function GonJVx [0, 1], depending on the choice of 
generator 9 € r(7). This holds because each F t is a Legendre submanifold, 
meaning that F£9 = 0. 

• For every form a € 0*(M), and every boundary point p € dN, we have 

(|jf*«)(p,i) = 0. 

This is equivalent to the fixed-boundary condition; at each p £ dN, we 
have = 0. 



We previously calculated the first variation as (see §1.2.2) 



d 
di 



JN t J JN t 



where II = dA = 9 A ^ is the Poincare-Cartan form for A. This holds for each 
t € [0,1]. 

We now assume that Fq is stationary for A; that is, F is a Legendre vari- 
ation of an integral manifold Fo : N M of the Euler-Lagrange system 
£a = {9, d9, This is the situation in which we want to calculate the second 
derivative: 



S 2 {J r A ) No (g) = —J 



£ 

dt 2 

d 
df 



t=o 



t=0 JN t 



F t *A 

N t 

GF*^! 



I £o(GF*V) 

JNo at 

[ g£o(F*V), 

JNn dt 



where g = G\t=o, and the last step uses the fact that Fq^ = 0. 

To better understand the Lie derivative C_s_(F*^), we use the results ob- 

■ I dt 

tained via the equivalence method in §2.4. This means that we are restricting 
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our attention to the case n > 3, with a Poincare-Cartan form that is neo- 
classical and definite. In this situation, we have a G-structure B — > M, where 
G C GL(2n + 1, R) has Lie algebra 

0-2)r \ 

-2r<5} +aj : a) + a\ = s tj - Sji = s u = 

di s i3 nrSf - a\ j 

(4.1) 

The sections of B — > M are local coframings (9,ui l ,iTi) of Af for which: 
• 9 generates the contact line bundle /, 



• the Poincare-Cartan form is II = —6 A 7r 7 - A u> 



(i)) 



there exists a g-valued 1-form 



r - = | It ' -V, + n' ( j . (4.2) 




crij np5j 



satisfying a structure equation 




where 



oj 1 I = -<p A | I + | ft 1 | (4.3) 

7T,; 



n* = r 1 ^^ A uj k - {S)uJ j + U ij nj) A 9, (4.4) 



with T* J '* = T jik = T kji , T uk = 0; U lj = U ji ; Sj = Sj, Sj = 0. The 
pseudo-connection form ip may be chosen so that also (cf. ( 2.48| )) 

(n - 2)dp = -Si A w* - S)TTi A w J ' + (^U ij a i:j - iV;) A 

for some functions t l . 

For any point p € AT, we consider a neighborhood ?7 C M of F (p) on which we 
can fix onesuch coframing (9, a/, 71$) with pseudo-connection tp. All of the forms 
and functions may be pulled back to W = F _1 (C7) C A^ x [0,1], which is the 
setting for the calculation of £ a (F* i S?). From now on, we drop all F*s. 

We have $ = — TTj A and we now have the structure equations needed 
to differentiate '5, but it will simplify matters if we further adapt the forms 
(9, ui\ Tii) on W in a way that does not alter the structure equations. Note first 
that restricted to each Wt = W (1 N t , we have /\uj l ^ 0, so (uj 1 , . . . ,uj n ,dt) 
forms a coframing on W. We can therefore write 7Tj = Sy-w 3 + gidt for some sy, 
<7i, and because each Wt is Legendre, we must have Sy = Sji. The structure 
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group of B — ► M admits addition of a traceless, symmetric combination of the 
uji to the 7Tj, so we replace 



where s°- = Sj 



^dj s kk is the traceless part. Now we have 



Hi = so/ + <?i(ii 

for some functions s, gi on W, so that 

*]> = — 7Ti A = — ns uo — gfirft A u>(i) . 

Note that because Fo is assumed integral for the Euler-Lagrange system, we 
have s = everywhere on Wo C W; in particular, 7Ti|w = 0. 

With our choice of m, recalling that along Wo, — gdt for some function g 
on Wo, and keeping in mind that restricted to Wo we have iri = and s = 0, 
we can calculate 



Co * 

St 



t=o 



-§- t J d(7Ti A - J (tt, A 

= f J A + (np^ - 4) A 7Tj ) A 

+(sw ! + <7i<ft) A rfw(i)) 
-d ((# + s§- t J w> (j) - tt, A J 
= - (.9^ + rfffi + npgi - gjar! ) A . 

This gives our desired formula: 



eft 2 



t=o V-'iV- 



A 



iV 



5(^5* + npg t - 5jQ^ + ffJi) A w (l 



)■ 



(4.5) 



Unfortunately, in its present form this is not very enlightening, and our next 
task is to give a geometric interpretation of the formula. 



4.1.2 Relative Conformal Geometry 

It is natural to ask what kind of geometric structure is induced on an integral 
manifold / : N «— > M of an Euler-Lagrange system £\. What we find is: 

If II = dA is a definite, neo-classical Poincare-Cartan form, then an 
integral manifold N of its Euler-Lagrange system £a has a natural 
conformal structure, invariant under symmetries of{M,H,N), even 
though there may be no invariant conformal structure on the ambient 
M. 

This is a simple pointwise phenomenon, in the sense that any n-plane V n C 
T p M 2n+1 on which ^ has a canonical conformal inner-product defined 
as follows. Taking any section (6, to 1 , 7Tj) of B — > M, we can restrict the induced 
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quadratic form XX W ') 2 on TM to V C T P M , where it is positive definite, and 



then the action of the structure group (4.1) on (uj 1 ) shows that up to scaling, 



this quadratic form is independent of our choice of section. Alternatively, one 
can show this infinitcsimally by using the structure equations to compute on B 
the Lie derivative of ^2(<jJ 1 ) 2 along a vector field that is vertical for B — ► M; 
this Lie derivative is itself multiple of X)( a -' i ) 2 - Note that we have not restricted 
to the conformal branch of the equivalence problem, characterized by T yfc = 



ipi =S)=0 and discussed in §|3.3 



In particular, any integral manifold / : N M for the Euler-Lagrange 
system £\ inherits a canonical conformal structure [ds 2 ]f. We now want to de- 
velop the conformal structure equations for (N, [ds 2 ]f), in terms of the structure 
equations on B — > M, and our procedure will work only for integral manifolds 
of £a- We first note that along our integral manifold N we can choose local 
sections (9, w l ,7Tj) of Bm which are adapted to N in the sense that 

T p N = {9,TT 1 ,--- , TTn} 1 - C T p M, 

for each p e N. In fact, such sections define a reduct ion B f — > N of the principal 



bundle B^ — ► N, having Lie algebra defined as in (LI) by Sij = 0. 

Restricted to Bf, we have the same structure equations as on B, but with 
9 = TTi = 0, and d9 = di^i = 0. Now observe that two of our structure equations 
restrict to give 

duj 1 = (2pS i j -a)) Auj j , 
dp = -^ijJiAw'. 



We therefore have a situation similar to that in § p.3| (cf. ( 3.4C , 3.41 )), with 
equations formally like those in the conformal geometry equivalence problem of 
§ {3.1.2 . We can mimic the derivation of conformal structure equations in the 



present case by first setting (3i = -^z^Si, and then we know that this results in 
an equation 

da) + al A a) + (3, A w j - fa A u l = \A) u u) k A to 1 , (4.6) 

where the quantity (A l j kl ) has the symmetries of the Riemann curvature tensor. 
Furthermore, we know that there are unique functions ty = tji such that replac- 
ing Pi ~> j3i + tijU) 3 will yield the preceding equation with A l j kl = 0. However, 
it will simplify matters later if we go back and replace instead 

where t°j = tij — -^5ijt k k is the traceless part (note that only a traceless addition 
to Si will preserve the structure equations on B — * M). In terms of the new Si, 
we define 
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where 



K d = 



This K was chosen so that defining $ by (4.7) gives the correct conformal 



structure equation (4.6) with A 



''■jkl 



0; it reflects the difference between the 



pseudo-connection forms for the Poincare-Cartan form and the Cartan con- 
nection forms for the induced conformal geometry on the submanifold. One 
interpretation is the following. 

The function K on Bf is a fundamental invariant of a stationary 
submanifold (N, [ds 2 ]f) c — > (M, II) of an Euler- Lagrange system, and 
may be thought of as an extrinsic curvature depending on up to third 
derivatives of the immersion f. 

In the classical setting, N is already the 1-jet graph of a solution z (x) of an Euler- 
Lagrange equation, so an expression for K(x) depends on fourth derivatives of 
z(x). 

Now suppose that our integral manifold / : N <^-> M, with Si, (3i, and K as 
above, is the initial manifold Fo = f in a Legendre variation F : N x [0, 1] — > M. 
Then we can rewrite our formula fll.q ) for the second variation as 

S 2 (J r A )N (9) = - (g(dgi + npg % - gjO? + ^gfa) A uj {i) + g 2 KuA . 

Jn k ' 



Part of this integrand closely resembles the expression (3.19) for the second co- 
variant derivative of a section of a density line bundle, discussed in constructing 
the conformal Laplacian in § 3.1. 3| . This suggests the following computations. 

First, consider the structure equation d8 — — (n — 2)p A 9 — Tii A lo 1 . Along 
Wq (but not yet restricted to Wo), where 9 = gdt and 7r, = gidt, this reads 

dg f\dt = -(n - 2)p A gdt - gidt A lo 1 , 

so that restricted to Wo, we have 

dg + (n - 2)pg = g^ 1 . 

This equation should be interpreted on Bf, which is identified with the principal 
bundle associated to the conformal structure [ds 2 ]f. It says that g is a section 
of the density bund le D~s^r , and that gi are the components of its covariant 
derivative (see (3.18) ff.). We can now write 



dgi + npgi - gja\ + ^gfa = gi 3 uJ 3 , 

and by definition 

A f g = g u €T(D ! ^), 

where A/ is the conformal Laplacian on N induced by / = Fq : N M. We 
now have a more promising version of the second variation formula: 



5 2 (fA)N Q (g) 



N„ 



{gk f g + g 2 K)Lu. 



(4.8) 
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It is worth noting that the sign of this integrand does not depend on the sign 
of the variation's generating function <?, and if we fix an orientation of N, then 
the integrand Kuj on Bf has a well-defined sign at each point of N. 

4.1.3 Intrinsic Integration by Parts 

In order to detect local minima using the second variation formula fl4.8| ), it is 
often helpful to convert an integral like J gAgdx into one like — J 1 1 Vg\ \ 2 dx. In 
the Euclidean setting, with either compact supports or with boundary terms, 
this is done with integration by parts and is straightforward; the two integrands 
differ by the divergence of gVg, whose integral depends only on boundary data. 

We would like to perform a calculation like this on N, for an arbitrary 
Legendre variation g, using only intrinsic data. In other words, we would like 
to associate to any N and g some £ € f2 n-1 (iV) such that <i£ is the difference 
between (gAfg)uj and some quadratic expression Q(V<7, Vg)u>, possibly with 
some additional zero-order terms. A natural expression to consider, motivated 
by the flat case, is 

£ = 99iU(i). (4.9) 

Here, in order for gi to make sense, we are assuming that we have a local 
coframing on M adapted to the integral manifold N, so that at points of N, 
9 = gdt, Tii = gidt, and so that restricted to N, 9\n = tTi\n = 0. We can then 
compute: 

d£ = dg A giU^ + g dgi A + ggidw j A u) {ij ) (4-10) 
= {dg + (n-2)pg) Ag t u>(i) + g{dg t + npgi~ gjal) Au^i) (4.11) 

'EG?*) 2 + g*fg) u ~ ^fVA A uj (i) . (4.12) 

Now, the first term is exactly what we are looking for, and second is fairly 
harmless because it is of order zero in the variation g, and in practice contributes 
only terms similar to g 2 Kus. 



The problem is that £ (4.9) is defined on the total space Bf — > N, and 
although semibasic for this bundle, it is not basic; that is, there is no form on 
TV that pulls back to Bf to equal £, even locally. The criterion for £ to be basic 



is that d£ be semibasic, and this fails because of the appearance of in ( 4.12| ) 



But suppose that we can find some canonical reduction of the ambient B 
M to a subb undle on which Si becomes semibasic over M; in terms of the Lie 
algebra ( |4.l| ) , this means that we can reduce to the subgroup having Lie algebra 
given by {di = 0}. In this case, each /3j = — ^ (Si — ^ u ° l ) is a linear combination 
of 9, lo 1 , 7Tj, and is in particular semibasic over N. Consequently, £ is basic over 
N, and we can perform the integration by parts in an invariant manner. 

Unfortunately, there are cases in which no such canonical reduction of B is 
possible. An example is the homogeneous Laplace equation on R™, 



Az = 0, 
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which is preserved under an action of the conformal group SO°(n +1,1). The 
associated conformal geometry on the trivial solution z = is flat, and our 
second variation formula reads 

6 2 (T A ) (g)= I gAgdx 
Jn 

for a variation g £ Co°(f2), C R" . It follows from our construction that this 
integrand is invariant under a suitable action of the conformal group. However, 
the tempting integration by parts 

f gAgdx = - [ \\Vg\\ 2 dx 
Jn Jn 

leaves us with an integrand which is not conformally invariant. It is this phe- 
nomenon that we would like to avoid. 

To get a sense of when one might be able to find a canonical subbundle of 
B^Mon which the 5 l are semibasic, recall that 



(n — 2)dp = —5i A u> % (mod {0, 7r 4 }). 



Working modulo {0,7r,;} essentially amounts to restricting to integral manifolds 
of the Euler-Lagrange system. The preceding then says that a choice of sub- 
bundle B' C B on which Si are semibasic gives a subbundle of each conformal 
bundle Bj — > N on which dp is semibasic over N. Now, typically the role of p in 
the Cartan connection for a conformal structure is as a psuedo-connection in the 
density line bundle D\ a special reduction is required for p to be a genuine con- 
nection, and the latter requirement is equivalent to dp being semibasic. In other 
words, being able to integrate by parts in an invariant manner as described above 
is equivalent to having a connection in D represented by the pseudo-connection 
p. One way to find a connection in D is to suppose that D has somehow been 
trivialized, and this is equivalent to choosing a Riemannian metric representing 
the conformal class. This suggests that Euler-Lagrange systems whose integral 
manifolds have canonical Riemannian metrics will have canonical reductions of 
this type. 

In fact, we have seen an example of a Poincare-Cartan form whose geometry 
B — > M displays this behavior. This is the system for Riemannian hypersurfaces 



having prescribed mean curvature, characterized in §2.5 in terms of differential 
invariants of its neo-classical, definite Poincare-Cartan form. To illustrate the 
preceding discussion, we calculate the second variation formula for this system. 
The reader should note especially how use of the geometry of the Poincare- 
Cartan form gives a somewhat simpler derivation of the formula than one finds 
in standard sources.^ 



1 See for example pp. 513-539 of Spi75| , where the calculation is prefaced by a colorful 
warning about its difficulty. 
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4.1.4 Prescribed Mean Curvature, Revisited 



In §2.5, we considered a definite, neo-classical Poincare-Cartan form (M, IT) 



whose associated geometry (B — ► M, (p) had invariants satisfying 

T ljk = 0, U ij = XS ij . 
We further assumed the open condition 

A < 0, 

and this led to a series of reductions of B — > M, resulting in a principal sub- 
bundle B3 — > M, having structure group with Lie algebra 



03 




on which the original structure equations (4.2, 4.3 , 4.4 ) hold, with U lJ = —S 1 ^ 
Sj = T yfe = 0, p — —-§^0 for a function H on B 3 , and dp = — Aw 3 ', where 
<5j = (mod aP, 7T/}). In this case we computed that dH = (mod {9,oj' 1 }), 
so that i? defines a function on the local quotient space Q n+1 , which also inherits 
a Riemannian metric XX^*) 2 ■ The contact manifold M can be locally identified 
with the bundle of tangent hyperplanes of Q, and the integral manifolds of the 
Euler-Lagrange differential system £\ are the tangent loci of hypersurfaces in Q 
whose mean curvature coincides with the background function H. In this case 
£>3 — * M — ► Q is locally identified with the orthonormal frame bundle of the 
Riemannian manifold Q. 

An important point here is that the Riemannian geometry associated to II 
only appears after reducing to B3 — ► M. However, if our goal is to see the 
formula for the second variation, then we face the following difficulty. That 
formula required the use of coframes of M adapted to a stationary submanifold 
TV M in a certain way, but while adapted coframes can always be found 
in B — > M, there is no guarantee that they can be found in the subbundle 
B3 — > M, where the Riemannian geometry is visible. 

We will overcome these difficulties and illustrate the invariant calculation of 
the second variation by starting only with the Riemannian geometry of (Q, ds 2 ). 
This is expressed in the Levi-Civita connection in the orthonormal frame bundle, 
where we can also give the Poincare-Cartan form and Euler-Lagrange system 
for prescribed mean curvature. We then introduce higher-order data on a larger 
bundle, which allows us to study the second fundamental form. In fact, this 
larger bundle corresponds to the partial reduction B2 — > M on which p and 5i 



are semibasic, but is not. The end result of our calculation is formula (4.16) 



In the following discussion, index ranges are < a,b,c < n and 1 < i,j,k < n. 



We begin with a generalization of the discussion in §1.4 of constant mean 
curvature hypersurfaces in Euclidean space. Let (Q, ds 2 ) be an oriented Rieman- 
nian manifold of dimension n + 1. A frame for Q is a pair / = (q, e) consisting 
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of a point q E Q and a positively-oriented orthonormal basis e = (eo, ■ ■ ■ ,e n ) 
for T q Q. The set T of all such frames is a manifold, and the right SO(n + 1, Re- 
action 

(q, (e , . . . , e„)) • (g%) = (q, (£ e a5 rg, ... ,£ e aS£)) 
gives the basepoint map 

9 : .F Q 

the structure of a principal bundle. The unit sphere bundle 

M 2n+1 = {fee[)) . g e ^ g || eo || = 1} 

is identified with the Grassmannian bundle of oriented tangent n-planes in TQ, 
and it has a contact structure generated by the 1-form 

6 (qieo) (v)=ds 2 (e ,q*(y)), v€T (q , eo) M, (4.13) 

where q : M — > Q is the projection. An immersed oriented hypersurfacc in Q 
has a unit normal vector field, which may be thought of as a 1-jet lift of the 
submanifold to M. The submanifold of M thus obtained is easily seen to be a 
Legendre submanifold for this contact structure, and the transverse Legendre 
submanifold is locally of this form. 

To carry out calculations on M, and even to verify the non-degeneracy of 
9, we will use the projection T — > M defined by [q, (eo,... , e„)) i— > (q, eo). 
Calculations can then be carried out using structure equations for the canon- 
ical parallclization of J- ', which we now introduce. First, there are the n + 1 
tautological 1-forms 

< 9 , e) =^ 2 ( ea ,^(-))efi 1 (^), 

which form a basis for the semibasic 1-forms over Q. Next, there are globally 
defined, uniquely determined Levi-Civita connection forms (p% — — <p b a G 1 (^ r ) 
satisfying 

^° = -ft A , , 

dpg = A <pt + \Rl cd <p c A 1 ' > 

The functions -Rk cd on T are the components of the Riemann curvature tensor 
with respect to different orthonormal frames, and satisfy 

F? a _1_ F? a F? a _L P?^ F? a _1_ P? a _L F? a fl 

^bcd T n bdc — n bcd ' n acd ~ n bcd ' n cdb ' n dbc — u - 

We now distinguish the 1-form 

9 =Ve^(n 

which is the pullback via T — > M of the contact 1-form given the same name in 
( P~il ). One of our structure equations now reads 

dd = -$ A<p\ (4.15) 
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This implies that the original 9 £ Qr(M) is actually a contact form, and also 
that (9, (p l , <p1) is a basis for the semibasic 1-forms for T — > M. 

At this point, we can give the Poincare-Cartan form for the prescribed mean 
curvature system. Namely, let H £ C ca (Q) be a smooth function, and define 
on T the (n + l)-form 

II d = —9 A (ip® A </J(j) — Hip). 
Because H is the pullback of a function on Q, its derivative is of the form 

dH = H u 6 + Hi<p\ 



and using this and the structure equations (4.14), one can verify that II is closed. 
Because II is semibasic over M and closed, it is the pullback of a closed form on 
M, which is then a definite, neo-classical Poincare-Cartan form. The associated 
Eulcr-Lagrange differential system then pulls back to T as 

£h = {O,d0,<p° i A<pM-H<p}. 



While ( 4.15 ) shows that generic Legendre n-planes in M are defined by equations 

9 = 0, <p°- hij<p j = 0, 

with hij = hji, integral n-planes in M for £h arc defined by the same equations, 
plus 

ha = H. 

The functions hij describing the tangent locus of a transverse Legendre subman- 
ifold of M are of course the coefficients of the second fundamental form of the 
corresponding submanifold of Q. Therefore, the transverse integral manifolds 
of £ h correspond locally to hypersurfaces in Q whose mean curvature hu equals 
the background function H. This will appear quite explicitly in what follows. 

To investigate these integral manifolds, we employ the following apparatus. 
First consider the product 

T x R«(«+D/ 2 , 

where R™( n + 1 )/ 2 has coordinates hij = hji, and inside this product define the 
locus 

jKD d M {(/, h) £ T x R«(«+D/ 2 : hii = H) . 

To perform calculations, we want to extend our parallelization of T to . 
With a view toward reconstructing some of the bundle B — > M associated to 
the Poincare-Cartan form II, we do this in a way that is as well-adapted to II 
as possible. 

On we continue to work with 8, and define 

de f u i 
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With these definitions, we have 



de 
n = 



-TTi A U! 

8 A 7Ti Aw, 



Motivated by Riemannian geometry, we set 

def 



Dh, 



dh 



so that in particular Dhij 
part 



Dh, 



ij ' <-kj 

and Dh 



- h lk a k 3 , 

dH . We also define the traceless 



Dh% d M Dh l3 



Dir e ct c omputations show that we will have exactly the structure equations ( h2 
Oj [hj) if we define 



3 
P 

St 



<Pi> 

— \H-Ki + hijTTj + (h ik hkj 



"■ijO 



— 8j Hi, 

n l J u 



= {Dh% + ±<%*W= + \R% h u h ) A J, 



with <xy = aji, an = 0. The last item requires some comment. Some linear 
algebra involving a Koszul complex shows that for any tensor Vijk with Vij k = 
—Vikj (this will be applied to -^(SijH k — 5i k Hj) + ^Rij k ), there is another 
tensor W ijk , not unique, satisfying W ljk = W jik , W iik = 0, and \{W ijk - 
Wi k j) = Vijk- This justifies the existence of <7^ satisfying our requirements. 
The structure equations (4.2, 4.3, 4.4) resulting from these assignments have 
torsion coefficients 



T ijk _ () _ W j 



The general calculations of §4.1.1 for the second variation can now be applied; 
note that we have the freedom to adapt coframes to a single integral submanifold 
in M of £h- Repeating those calculations verbatim leads to 



dt 2 



A = - 



]{dgi + npg l - g 2 a\ + gSi) A 



where F : N x [0, 1] — > M is a Legendre variation in AI, Fq is an integral 
manifold of £h, and the forms are all pullbacks of forms on F*{F^) by a 
section of F*^^) — > N x [0,1], adapted along Nq in the sense that 

@No = 9dt, (TTi)No = 9idt. 

These imply that restricted to Nq, we have 8\n = n i\N = 0, and the preceding 
formula becomes 



5 2 {Fa)n {9) 



l( d 9t ~ 9j a l + g( h zkh kj - ~SijH u - i?".,o V) A uj (i) . 
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Recognizing that g can be thought of as a section of the normal bundle of the 

hypersurface N ^ M Q, and that in this case gi are the coefficients of its 
covariant derivative, this can be rewritten as 



S 2 (T A ) No (g) = - [ ( ff A ff + ff 2 (|H| 2 -I^-i?° )K (4-16) 

J N 

where A is the Riemannian Laplacian, and \ \h\\ 2 — Tr(h*h). Here, the extrinsic 
curvature function K appears as the quantity \\h\\ 2 — H v — R Q ii0 . Notice that 
we have actually calculated this second variation without ever determining the 
functional A. In case the ambient manifold Q is flat Euclidean space, if the 
background function H is a constant and the variation g is compactly supported 
in the interior of N, this simplifies to 



dt 2 



A = 



f ( ff A 5 + 5 2 |H| 2 v 

J No 

(\\Vg\\ 2 -g 2 \\h\\ 2 )u. 



Even for the minimal surface equation H = 0, we cannot conclude from this 
formula alone that a solution locally minimizes area. 



4.1.5 Conditions for a Local Minimum 

We now discuss some conditions under which an integral manifold N M of 
an Euler-Lagrange system £ A C f2*(M) is a local minimum for the functional 
J- \, in the sense that F\(N) < Fa(N') for all Legendre submanifolds N' near 
N. However, there are two natural meanings for "near" in this context, and 
this will yield two notions of local minimum. Namely, we will say that T a has 
a strong local minimum at N if the preceding inequality holds whenever N' 
is C°-close to N, while Tk has a weak local minimum at N if the preceding 
inequality holds only among the narrower class of N' which are C 1 -close to NJ^ 

Our goal is to illustrate how the Poincare-Cartan form may be used to un- 
derstand in a simple geometric manner some classical conditions on extrema. 
Specifically, we will introduce the notion of a calibration for an integral manifold 
of the Euler-Lagrange system; its existence (under mild topological hypotheses) 
implies that the integral manifold is a strong local minimum. Under certain 
classical conditions for a local minimum, we will use the Poincare-Cartan form 
to construct an analogous weak calibration. Finally, our geometric description of 
the second variation formula highlights the Jacobi operator Jg = —A. c g + Kguj, 
and some linear analysis shows that the positivity of the first eigenvalue of J 
implies the classical conditions. 

Let n be a neo-classical Poincare-Cartan form n on a contact manifold 
(M, I). There is a local foliation M — ► Q, and we can choose coordinates to 



J A thorough, coordinate-based discussion of the relevant analysis can be found in |GH96 
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have (x\z) e Q C R" x R, (x\z, Pl ) e M c J^R'SR), 6> = dz- Pl dx l G r(7), 
and a Lagrangian potential 

A = L(x,z,p)dx + 6 A L Pi dx(i) € ft"(M) 

whose Poincare-Cartan form is 

II = rfA = A {—dL Pi A cte(j) + L z dx). 

We will confine our discussion to a domain where this classical description holds. 
We may regard an integral manifold of the Euler-Lagrange system £\ as a 
submanifold No <—> Q given by the graph {(x, zq(x)) : x G U} of a solution to 
the Euler-Lagrange equation over some open U C R™. It has a natural 1-jet 
extension A^ <—> M, equal to {(x, z (x), Vz (i)) : i e [/}, which is an integral 
manifold of £\ in the sense discussed previously. We define a strong neighborhood 
of Ao to be the collection of hypcrsurfaces in Q lying in some open neighborhood 
of No in Q, and a weak neighborhood of N to be the collection of hypersurfaces 
N ^ Q whose 1-jet prolongations N^ lie in some open neighborhood of A^ 1 -* 
in M. Whether or not a given stationary submanifold A^ is minimal depends 
on which of these two classes of competing submanifolds one studies. 

Starting with strong neighborhoods, we fix a neighborhood W C Q of a 
stationary submanifold N C Q for A, and introduce the following useful notion. 

Definition 4.1 A calibration for (A, Ao) is an n-form A e Q n (W) satisfying 

• dA = 0; 

• A|at = A\ N (i>; 

• Me < A E for each n-plane E n C T q W . 

In the right-hand side of the last inequality, we are regarding the n-plane E 
as specifying a point of M C G n {TQ) over q E Q, and evaluating A( 9j g) on 
any tangent n-plane E' C T( 9 projecting one-to-one into T q Q; the value is 
independent of the choice of E' , because A is semibasic over Q. In particular, 
the third condition says that the integral of A on any N C W C Q will not 
exceed the integral of A on A^ 1 ) C M. 

In both the strong and weak settings, we will only have Ao compete against 
submanifolds having the same boundary. For this reason, we assume that W D 
Ao is chosen so that cW = Ao n dW, and that (Ao, dN ) generates the relative 
homology H n (W,dW;Z). 

Proposition 4.1 If there exists a calibration A for (A 7 N n ), then .Fa(Ao) < 
!F\(N) for every hy-per surf ace N ^> W C Q satisfying dN = dN . 

We then say that Ao is a strong (but not strict !) local minimum for JF A . 



4.1. THE SECOND VARIATION 



147 



Proof. We simply calculate 



Fa(No) = I A 
A 

No 

A 



N 

<_ I A 

Jnw 

= ?k{N). 

The third equality uses Stokes' theorem, which applies because our topological 
hypothesis on W implies that the cycle N — Nq in W is a boundary. □ 

The question of when one can find a calibration naturally arises. For this, 
we use the following classical concept. 

Definition 4.2 A field for (A, No) is a neighborhood W C Q of Nq with a 
smooth foliation by a l-parameter family F : N x (— e, e) — > W of integral 
manifolds of £\. 

This family does not have a fixed boundary. We retain the topological hypothe- 



ses on W used in Proposition 4.1, and have the following 



Proposition 4.2 If there exists a field for (A, No), then there exists a closed 
form A G Q n (W) such that A\ N = A| ( d. 

A is then a calibration if it additionally satisfies the third condition, A|^ < A^;. 
In the proof, we will explicitly construct A using the Poincare-Cartan form. 

Proof. The field F : N x (—£, e) — > Q may be thought of as a family of graphs 

N t ={(x,z(x,t))}, 

where each z(-, t) is a solution of the Euler-Lagrange equations, and the domain 
of z(-,t) may depend on t e (— e, e). Because each point of W lies on exactly 
one of these graphs, we can define a 1-jet lift F' : W —> M, given by 

(x,z) = (x,z(x,t)) I— > (x, z(x, t), ~V x z(x,t)). 

Let A = (F')*A e fl n (W). Then it is clear that A|jv = A| (1) , and to show that 

A is closed, we need to see that (F')*H — dA — 0. This holds because II = 6 
is quadratic in an ideal of forms vanishing on each leaf F^ : N — * M; more 
concretely, each of {F')*6 and (i r ")*\f r must be a multiple of dt, so their product 
vanishes. □ 



148 



CHAPTER 4. ADDITIONAL TOPICS 



General conditions for A = (F')*A to be a calibration, and for No to therefore 
be a strong local minimum, arc not clear. However, we can still use the preceding 
to detect weak local minima. 



Proposition 4.3 Under the hypotheses of Propositions {.1 and J^.i, if 



L PiPj (x,z {x),Vzo{x))tej >c||£|| 2 , (4.17) 

for some constant c > and all then A\e < for all E C T q Q sufficiently 
near T q No, with equality if and only if E = T q No. Furthermore, Fa^o) < 
J-'a(N) for all N ^ Nq in a weak neighborhood of No. 

The first statement allows us to think of A as a weak calibration for (A, No). 
The proof of the second statement from the first will use Stokes' theorem in 



exactly the manner of Proposition 4.1 



Proof. The positivity of the Vz-Hessian of L suggests that we define the 
Weierstrass excess function 

E(x,z,p,q) d = L(x,z,p) - L(x,z,q) - Y^ipi - <li)L qi {x,z,q), 

which is the second-order remainder in a Taylor series expansion for L. This 
function will appear in a more detailed expression for 7r*A = (F' o n)*A 6 
fi ra (M), computed modulo {/}. We write 

F'{x\z) = (x l ,z, qi (x,z)) e M, 

where {x l , z,Pi) are the usual coordinates on M, and the functions qt(x, z) are 
the partial derivatives of the field elements z(x,t). We have 

7T*A = 7T* oF'*(Ldx + e AL Pi dx (i) ) 

= L(x l , z, qi(x, z))dx + (dz — qt(x, z)dx l ) A L Pi (a; 1 , z, qi(x, z))dxri\ 

= (L(x\ z, qi(x, z)) + (pi - qi(x, z))L Vi (x\ z, q t (x, z))) dx (mod {J}) 

= A — E(x % , z,pi, qt(x, z))dx (mod {/}). 



The hypothesis (4.17) on the Hessian F PiPj implies that for each (x 1 , z), and p 



sufficiently close to qt(x,z), the second-order remainder satisfies 

E(x l ,z,pi,qi(x,z)) > 0, 

with equality if and only if pi — qi{x,z). The congruence of it* A and A — E dx 
modulo {/} then implies our first statement. 
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J N 



A = / A 
A 



N 



(A - E(x i ,z,Pi, z))dx) 



< / A, 

J NO-) 

with equality in the last step if and only li N$ = N . □ 

This proof shows additionally that if the Weiestrass excess function satisfies 
E(x l , z,Pi, qi) > for all p ^ q, then Nq is a strong (and strict) local minimum 
for J-\. 

So far, we have shown that if we can cover some neighborhood of a sta- 
tionary submanifold No with a field, then we can construct an n-form A, whose 
calibration properties imply extremal properties of Nq. It is therefore natural to 
ask when there exists such a field, and the answer to this involves some analysis 
of the Jacobi operator. We will describe the operator, and hint at the analysis. 

The Jacobi operator acts on sections of a density line bundle on a given 
integral manifold No of the Euler-Lagrange system, with its induced conformal 
structure. Specifically, 

Tl-2 71 + 2 

J : D— -► D^r 
is the differential operator given by 

J 9 = - A c5 - 9 K , 

where A c is the conformal Laplacian, and K is the curvature invariant intro- 



duced in §4.1.2. The second variation formula (|4.8|) then reads 



5 {Fk)n {9) = gJgu. 

J N 

The main geometric fact is: 

The Jacobi operator gives the (linear) variational equations for in- 
tegral manifolds of the Euler-Lagrange system £a- 

This means the following. Let F : N x [0, 1] — > M be a Legendre variation of the 
A-stationary submanifold Fq — not necessarily having fixed boundary — and let 
g = (^|t = o) J 9, as usual. Then our previous calculations imply that Jg = 
if and only if 

Cj L (F*^)\ t=Q = 0. 

at 

We might express condition by saying that F t is an integral manifold for £a = 
T+ {*} modulo 0{t 2 ). 
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We now indicate how a condition on the Jacobi operator of Nq can imply 
the existence of a field near iVo- Consider the eigenvalue problem 

Jg = -A c g-gK = \g, g e C °°(iV), 

for smooth, fixed boundary variations. It is well-known J has a discrete spec- 
trum bounded from below, Ai < A2 < • • • , with A^ — ► 00 and with finite- 
dimensional eigenspaces. We consider the consequences of the assumption 

Ai > 0. 

Because Ai = mf{f N g Jgw : ||fif||i= = 1}, the assumption Ai > is equivalent 
to 

8 2 {Tk)n{9) >0, for 5^0. 
The main analytic result is the following. 

Proposition 4.4 If Ai > 0, then given go S C°°(dN), there is a unique solu- 
tion g € C°° (N) to the boundary value problem 

J 9 = 0, g\dN = go- 
Furthermore, if go > on dN , then this solution satisfies g > on N . 

The existence and uniqueness statements follow from standard elliptic theory. 
The point is that we can compare the second variation S 2 (J r \)N(g) to the 
Sobolev norm \\g\\\ — (| | Vc?| | 2 + |^| 2 )u;, and if Ai > 0, then there are constants 
ci , C2 > such that 

cx\\g\\\ < [ gJgu;<c 2 \\g\\j. 
Jn 

The Schauder theory gives existence and uniqueness in this situation. 

Less standard is the positivity of the solution g under the assumption that 
g\dN > 0, and this is crucial for the existence of a field. Namely, a further 
implicit function argument using elliptic theory guarantees that the variation g 
is tangent to an arc of integral manifolds of £, and the fact that g 7^ implies 
that near the initial N, this arc defines a field. For the proof of the positivity of 
g, and details of all of the analysis, see Giaquinta & Hildebrandt (cit. p. |l45| n). 



4.2 Euler-Lagrange PDE Systems 

Up to this point, we have studied geometric aspects of first-order Lagrangian 
functionals 

T L {z)= [ L(x\z,§ T )dx, ftcR", (4.18) 
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where x — [x , . . . ,x n ) and z — z(x) is a scalar function. In this section, wc 
consider the more general situation of functionals 

T L {z) = f L(x\z a (x),^(x))dx, ft C R™, (4.19) 
Jo 

where now z(x) = (z (x),... ,z s {x)) is an R s -valued function of x = {x l ), 
and L = L(x l ,z a ,pf) is a smooth function on R,™+ s +" s . The Euler-Lagrange 
equations describing maps z : — > R s which are stationary for Tl under all 
hxed-boundary variations form a PDE system 

^-^bH' a=l,...,s. (4.20) 



dz a ^ dx l V dp] 

In the scalar case s = 1, we have examined the geometry of the equivalence 
class of Th under contact transformations and found the canonically defined 
Poincare-Cartan form to be of considerable use. In this section, we describe 
a generalization of the Poincare-Cartan form for s > 1. Geometrically, we 
study functionals on the space of compact submanifolds of codimension s, in an 
(n + ,s)-dimensional manifold with local coordinates (x 1 , z a ). 

An immediate difference between the cases s = 1 and s > 2 is that in the 
latter case, there are no proper contact transformations of R, n + s + n;i ; that is, the 
only smooth maps x' = x'(x, z,p), z' = z'(x,z,p), p' =p'{x,z,p) for which 

{dz a - EP?dx*} = {dz a ' - EP?'dx 1 '} 

are point transformations x' = x'(x,z), z' = z'{x,z), with p' — p'(x,z,p) de- 
termined by the chain rule. We will explain why this is so, and later, we will 
see that in case s = 1 our original contact-invariant Poincare-Cartan form still 
appears naturally in the more limited context of point transformations. Our 
first task, however, is to introduce the geometric setting for studying function- 
als ( 4.1 9| ) subject to point transformations, analogous to our use of contact 



manifolds for ( 4.18| ) 



Throughout this section, we have as always n > 2 and we use the index 
ranges 1 < i,j < n, 1 < a,/3 < s. 

4.2.1 Multi-contact Geometry 



Having decided to apply point transformations to the functional (4.19), we in- 
terpret z{x) — (z a (x 1 )) as corresponding to an n-dimensional submanifold of 
R" +s . The first derivatives pf = fe- specify the tangent n-planes of this sub- 
manifold. This suggests our first level of geometric generalization. 

Let X be a manifold of dimension n + s, and let G n (TX) — > X be the 
Grassmannian bundle of n-dimensional subspaces of tangent spaces of X; that 
is, a point of G n (TX) is of the form 

m= (p,E), pel, E n C T p X. 
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Any diffeomorphism of X induces a diffeomorphism of G n (TX), and either of 
these diffcomorphisms will be called a point transformation. 

We can define on G n (TX) two Pfaffian systems I <Z J <Z T*(G n (TX)), 
of ranks s and n + s, respectively, which are canonical in the sense that they 
are preserved by any point transformation. First, J — n*(T*X) consists of 
all forms that are semibasic over X; J is integrable, and its maximal integral 
submanifolds are the fibers of G n (TX) — > X. Second, we define / at a point 
(P,E) e G n (TX) to be 

I(P,E) = K*(E ), 

where E C T*X is the s-dimensional annihilator of the subspace E C T p X . 
I is not integrable, and to understand its integral submanifolds, note that any 
n-dimensional immersion l : N ^ X has a 1-jet lift : N ^ G n (TX). In 
fact, such lifts are the transverse integral submanifolds of the Pfaffian system 
I C T*{G n {TX)). 

To see this explicitly, choose local coordinates (x l , z a ) on U C X n+S . These 
induce local coordinates (x\ z a ,pf ) corresponding to the n-plane E C T^ x i z ^U 
defined as 

E = {dz 1 - p\dx\ ... ,dz s - pidx 1 }^. 

These coordinates are defined on a dense open subset of 7r _1 (f/) C G n (TX), 
consisting of n-planes E C TX for which dx 1 A • • • A dx n \E 7^ 0. In terms of 
these local coordinates on G n (TX), our Pfaffian systems are 

J = {dx l ,dz a }, 
I = {dz a ~pfdx 1 }. 

An immersed submanifold N n U for which dx 1 A • • • A dx n \N 7^ may be 
regarded as a graph 

N = {(x i ,z a ):z a = f a (x 1 ,...,x n )}. 

Its lift to N G n (TX) lies in the domain of the coordinates (x l , z a ,pf), and 
equals the 1-jet graph 

= {(x\z a ,pf) : z a = r(x\. . . , x n ), pf = ^r(x\..., x n )}. (4.21) 

Clearly this lift is an integral submanifold of /. Conversely, a submanifold 
N(V ^n-^U) C G n (TX) on which dz a ~J2 P? dx 1 = and dx 1 A • • • Adx n ^0 



is necessarily given locally by a graph of the form (4.21). The manifold M = 
G n (TX) with its Pfaffian systems I C J is our standard example of a multi- 
contact manifold. This notion will be defined shortly, in terms of the following 
structural properties of the Pfaffian systems. 

Consider on G n (TX) the differential ideal I = {I,dl} C fL*(G n (TX)) gen- 
erated by I C T*(G n (TX)). If we set 

S a = dz a - pfdx 1 , Q i = dx\ 7ff = dp?, 
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then we have the structure equations 

d9 a = -7f? A uj 1 (mod {/}), 1 < a < s. (4.22) 

It is not difhcult to verify that the set of all coframings (9 a , a/, 7rf ) on G n (TX) 
for which 

• 9 1 , ... ,8 s generate I, 

• 9 1 , . . . , 9 s , us 1 , . . . , uj n generate J, and 

• d9 a = -Trf A w l (mod {/}) 

are the local sections of a G-structure on G n (TX). Here G C GL(n+ s + ns, R) 
may be represented as acting on {9 a ,-xf) by 

9 a = a^ 13 , 

Q l = + b)<J, (4.23) 

fff = fyee + e^(b-^ + a^(b-i)i, 

where (ajg) € GL(s,R), (6J) G GL(n, R), and eg- = e^. From these properties 
we make our definition. 

Definition 4.3 A multi-contact manifold is a manifold M n+s+ns , with a G- 
structure as in (4-2c), whose sections {9 a , ui l , 7rf) satisfy 

d9 a = -<Aw l (mod {9\... ,9 s }), (4.24) 
dio 1 ee (mod {9\... ,9 s , lu\... ,uj n }). (4.25) 



Note that the G-structure determines Pfaffian systems / = {9 1 ,... ,9 s } and 
J = {9 1 , ... ,9 s ,uj 1 , . . . , Lo n }, and we may often refer to (M, /, J) as a multi- 
contact manifold, implicitly assuming that J is int egrable and that there are 
coframings for which the structure equations ( 4.22 ) hold. The integrability of 
J implies that locally in M one can define a smooth leaf space X n+S and a 
surjective submersion M — > X whose fibers are integral manifolds of J. When 
working locally in a multi-contact manifold, we will often make reference to this 
quotient X. 

It is not difficult to show that any multi-contact structure (M, /, J) is locally 
equivalent to that of G,,(TX) for a manifold X" +s . The integrability of J 
implies that there are local coordinates (x l ,z a ,qf) for which dx l ,dz a generate 
J. We can relabel the x l ,z a to assume that dz a — pfdx 1 generate / for some 
functions pf(x,z,q). The structure equations then imply that dx t ,dz a ,dpf 
are linearly independent, so on a possibly smaller neighborhood in M, we can 
replace the coordinates qf by pf , and this exhibits our structure as equivalent 
to that of G n (TX). 

We will see below that if s > 2, then the Pfaffian system / of a multi-contact 
manifold uniquely determines the larger system J. Also, if s > 3, the hypothesis 
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(4.25) that J = {9 a ,uj 1 } is integrable is not necessary; it is easily seen to be a 



consequence of the structure equation (4.24). However, in the case s = 2, J is 



determined by / but is not necessarily integrable; our study of Eulcr-Lagrange 
systems will not involve this exceptional situation, so we have ruled it out in 
our definition. 

It is not at all obvious how one can determine, given a Pfaffian system / of 
rank s on a manifold M of dimension n + s + ns, whether / comes from a multi- 



contact structure; deciding whether structure equations (4.24) can be satisfied 
for some generators of / is a difficult problem. Bryant has given easily evaluated 
intrinsic criteria characterizing such /, generalizing the Pfaff theorem's normal 
form for contact manifolds, but we shall not need this here (see Ch. II, §4 of 



|B + 91| ). 

Aside from those of the form G n (TX), there are two other kinds of multi- 
contact manifolds in common use. One is J 1 {Y n , Z s ), the space of 1-jets of 
maps from an n-manifold Y to an s-manifold Z. The other is J^(E n+s ,Y n ), 
the space of 1-jets of sections of a fiber bundle E — > Y with base of dimension n 
and fiber Z of dimension s. These are distinguished by the kinds of coordinate 
changes considered admissible in each case; to the space J 1 (Y n , Z s ), one would 
apply prolonged classical transformations x'(x), z'(z), while to J^(E n+s ,Y n ), 
one would apply prolonged gauge transformations x'(x), z'(x,z). These are 
both smaller classes than the point transformations x'(x,z), z'(x,z) that we 
apply to G n (TX), the space of 1-jets of n-submanifolds in X n+S . 

Recall our claim that in the multi-contact case s > 2, every contact transfor- 
mation is a prolonged point transformation. This is the same as saying that any 
local diffcomorphism of M which preserves the Pfaffian system / also preserves 
J; for a local diffcomorphism of M preserving J must induce a diffcomorphism 
of the local quotient space X, which in turn uniquely determines the original 
local diffeomorphism of M . To see why a local diffeomorphism preserving / 
must preserve J, we will give an intrinsic construction of J in terms of I alone, 
for the local model G n (TX). First, define for any 2-form * e /\ 2 (T^M) the 
space of 1-forms 

C(*) = {V J * : V G T m M}. 

This is a pointwise construction. We apply it to each element of the vector 
space 

{X a d9 a : (A Q ) € R s }, 

intrinsically given as the quotient of Z2, the degree-2 part of the multi-contact 
differential ideal, by the subspace {-ZJ2, the degree-2 part of the algebraic ideal 
{/}. For example, 

C(W) ee Span{vrf , uj 1 } (mod {I}). 

The intersection 

n c ( e ) 

eei 2 /{i}2 

is a well-defined subbundle of T*M/I. If s > 2, then its preimage in T*M is 



J = {6 a ,Lu 1 }, as is easily seen using the structure equations (4.22). Any local 
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diffeomorphism of M preserving I therefore preserves I2, T-il\J\ii H C(Q), and 
finally J, which is what we wanted to prove. Note that in the contact case 
s = 1, P|C(0) = C(dO) = {irijUj 1 } modulo {/}, so instead of this construction 
giving J, it gives all of T*M . In this case, introducing J in the definition of a 
mult i- contact manifold reduces our pseudogroup from contact transformations 
to point transformations. 

We have given a generalization of the notion of a contact manifold to acco- 
modate the study of submanifolds of codimension greater than one. There is 
a further generalization to higher-order contact geometry which is the correct 
setting for studying higher-order Lagrangian functionals, and we will consider 
it briefly in the next section. 

In what follows, we will carry out the discussion of functionals modelled 



on ( 4.19 ) on a general multi-contact manifold (M,I,J), but the reader can 



concentrate on the case M = G n (TX). 
4.2.2 Functionals on Submanifolds of Higher Codimension 



Returning to our functional (4.19), we think of the integrand L(x l , z a ,p l a )dx as 
an n-form on a dense open subset of the multi-contact manifold G n (TH n+s ). 
Note that this n-form is semibasic for the projection G„(TR" +S ) — > R™ +s , and 
that any n-form congruent to L(x l ,z a ,p l a )dx modulo {dz a — pfdx 1 } gives the 
same classical functional. This suggests the following. 

Definition 4.4 A Lagrangian on a -multi- contact manifold (M, I, J) is a smooth 
section A G P(M, /\ J) C Q n (M). Two Lagrangians are equivalent if they are 
congruent modulo {I}. 

An equivalence class [A] of Lagrangians corresponds to a section of the vector 
bundle /\ n (J/7). It also defines a functional on the space of compact integral 
manifolds (possibly with boundary) of the Pfaffian system / by 

T A (N) = f A, 

where A is any representative of the class. The notion of divergence equivalence 
of Lagrangians will appear later. In the discussion in Chapter 1 of the scalar case 
s = 1, we combined these two types of equivalence by emphasizing a character- 
istic cohomology class in H n (fl* (M)/I), and used facts about symplectic linear 
algebra to investigate these classes. However, the analogous "multi-symplectic" 
linear algebra that is appropriate for the study of multi-contact geometry is still 
poorly understood.^ 

Our goal is to associate to any functional [A] £ T(M, /\ n (J/I)) a Lagrangian 
A 6 r(M, f\ n J) C fi"(M), not necessarily uniquely determined, whose exterior 
derivative II = dA has certain favorable properties and is uniquely determined 
by [A]. Among these properties are: 

3 The recent work [ |SraOci | of M. Grassi may illuminate this issue, along with some others 



that will come up in the following discussion. 
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• n = (mod {/}); 

• II is preserved under any diffeomorphism of M preserving I, J, and [A]; 

• II depends only on the divergence-equivalence class of [A]; 

• II = if and only if the Euler-Lagrange equations for [A] are trivial. 

Triviality of the Euler-Lagrange equations means that every compact integral 
manifold of 1 C fT(M) is stationary for Tk under fixed-boundary variations. 
Some less obvious ways in which such II could be useful are the following, based 
on our experience in the scalar case s = 1: 

• in Noether's theorem, where one would hope for v v J II to give an 
isomorphism from a Lie algebra of symmetries to a space of conservation 
laws; 

• in the inverse problem, where one can try to detect equations that are 
locally of Euler-Lagrange type not by finding a Lagrangian, but by finding 
a Poincare-Cartan form inducing the equations; 

• in the study of local minimization, where it could help one obtain a cali- 
bration in terms of a field of stationary submanifolds. 

Recall that in the case of a contact manifold, we replaced any Lagrangian 
A £ 0"(M) by 

a- e a p, 

the unique form congruent to A (mod {/}) with the property that 

dA = (mod{/}). 

What happens in the multi-contact case? Any Lagrangian A £ L(M, /\™ J) is 
congruent modulo {/} to a form (in local coordinates) 

L(x\z a ,pf)dx, 

and motivated by the scalar case, we consider the equivalent form 

A = Ldx + e a A -^kdx {i) , (4.26) 
which has exterior derivative 

dA = 6 a A (J^dx - d (H) A dx {i) ) . (4.27) 
This suggests the following definition. 

Definition 4.5 An admissible lifting of a functional [A] £ T (M , /\ n (J / 1)) is a 

Lagrangian A £ T(M, /\ n J) representing the class [A] and satisfying dA £ {I}. 
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The preceding calculation shows that locally, every functional [A] has an ad- 
missible lifting. Unfortunately, the admissible lifting is generally not unique. 
This will be addressed below, but first we show that any admissible lifting is 
adequate for calculating the first variation and the Euler-Lagrange system of 
the functional T\. 

We mimic the derivation in Chapter 1 of the Euler-Lagrange differential 
system in the scalar case s = 1. Suppose that we have a 1-parameter family 
{N t } of integral manifolds of the multi-contact Pfaffian system /, given as a 
smooth map 

F : N x [0, 1] -> M, 

for which each F t — F|jvx{t} : N c — > M is an integral manifold of I and such that 
F\dNx[o,i] is independent of t. Then choosing generators 8 a € 1 < a < s, 

we have 

F*6 a = G a dt 

for some functions G a on N x [0, 1]. As in the contact case, it is not difficult to 
show that any collection of functions g a supported in the interior of N can be 
realized as G a \t=o for some 1-parameter family N t . 

The hypothesis that A is an admissible lifting means that we can write 

dA = £ 6 a A * Q 

for some ^> a £ VL n (M). Then we can proceed as in §L2 to calculate 
d 

(=0 \JN t / J N 



dt 



F t * A 



= f Cs_{F*A) 

Jn at 

= / |jrAt a )+ / d(& JA ) 

Jn Jno 
= I 9 a ^ a , 

J N 

where in the last step we used the fixed-boundary condition, the vanishing of 
Fq9°, and the definition g a = G a \N - Now the same reasoning as in §1.5 shows 
that Fq : N M is stationary for under all fixed-boundary variations if 
and only if ^ q |jv = for all a = 1, . . . , s. 

We now have a differential system {8 a , d9 a , ^> a } whose integral manifolds are 
exactly the integral manifolds of X that are stationary for [A] , but it is not clear 
that this system is uniquely determined by [A] alone; we might get different 
systems for different admissible liftings. To rule out this possibility, observe 
first that if A, A' are any two admissible liftings of [A], then the condition 
A — A' e {/} allows us to write A — A' = 8 a A j a , and then the fact that 
dA = dA' = (mod {/}) along with the structure equations ( [1.24 ) allows us to 
write 

= d6 a A 7q ee -7if Aw'A7 a (mod {/}). 

When n > 2, this implies that j a = (mod {/}), so while two general repre- 
sentatives of [A] need be congruent only modulo {/}, for admissible liftings we 
have the following. 
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Proposition 4.5 Two admissible liftings of the same [A] G T(f\ n (J/ 1)) are 
congruent modulo {/\ 2 I}. 

Of course, when s = 1, /\ 2 I — and we have a unique lifting, whose derivative is 
the familiar Poincare-Cartan form. This explains how the Poincare-Cartan form 
occurs in the context of point transformation as well as contact transformations. 

We use the proposition as follows. If we take two admissible liftings A, A' 
of the same functional [A], and write 

A- A' = \9 a A9 f3 A 7q/3 , 

with 7 Q/3 + yp a = 0, then 

9 a A (* Q - tf'J = d(A - A') = -0 a A MP A 7q/3 (mod {A" /}). 

A consequence of this is that ^> a — $f' a E T for each a, and we can therefore give 
the following. 

Definition 4.6 The Euler-Lagrange system £a of [A] £ T(M, /\ n ( J//)) is the 
differential ideal on M generated by I and the n-forms {^i, . . . , C fl n (M), 
where A is any admissible lifting of [A] and dA = a A ^ a . A stationary 
Legendre submanifold of [A] is an integral manifold of £\ . 



4.2.3 The Betounes and Poincare-Cartan Forms 



For scalar variational problems, the Poincare-Cartan form II 6 fl n+1 (M) on 
the contact manifold (M, /) is an object of central importance. Some of its 
key features were outlined above. Underlying its usefulness is the fact that we 
are associating to a Lagrangian functional — a certain equivalence class of differ- 
ential forms — an object that is not merely an equivalence class, but an actual 
differential form with which we can carry out certain explicit computations. We 
would like to construct an analogous object in the multi-contact case. 

def 

We will do this by imposing pointwise algebraic conditions on II = dA. Fix 
an admissible coframing (9 a , cu 1 , nf ) on a multi-contact manifold as in Definition 
4.3. Then any admissible lifting A € r(/\™ J) of a functional [A] has the form 



min(n,s) I \ 

A = E ( fc! r 2 E 

fc=o \ iAi=m=fc / 

for some functions Ff', which are skew-symmetric with respect to each set of 
indices. Because J is integrable, II = dA lies in O n+1 (M)n{/\ n J}; the "highest 
weight" part can be written as 



n= E 


( \ 




(fc!T 2 E Ka<^0 a Acj {i) 


(mod {A n+1 J}). 


k=l 


V \A\ = \I\=k ) 





(4.28) 
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The functions H^ A are skew-symmetric in the multi-indices / and A. Notice 
that the equation dH = (mod {A™ +1 J}) gives for the k = 1 term 



To understand the relevant linear algebra, suppose that V n is a vector space 
with basis {vi}, and that W is a vector space with basis {w a } and dual basis 
{w a }. Then we have for k > 2 the GL{W) x GL(y)-equivariant exact sequence 

q ^ u k ^ w* ®v ® {/\ k w* ® /\ k v) ^ A fe+1 w* <g> A fe+1 v —> o. 

Here the surjection is the obvious skew-symmetrization map, and Uk is by def- 
inition its kernel. The term k = 1 will be exceptional, and we instead define 

-> £7i -> Sym 2 (VT <g> V) A 2 ^* ® A 2 V" -> 0, 

so that Ui = Sym 2 W* ® Sym 2 V. 

Now we can regard our coefficients H^ A , with |/| = \A\ = k, at each point 
of M as coefficients of an element 

H k = H^ A w a ®v t ®w A ® VI £W* ®V ®{f\W* ® A fe V). 



Definition 4.7 The form IT S f2" +1 (Af) n {A" ^} * s symmetric z/iis expansion 
ffilidl) has H k e U k for all k > 1. 



For fc = 1 the condition is 



try _ [/J* _ rjy 

-"a/3 — fl a^ — -"/3a- 



We first need to show that the condition that a given II be symmetric is 
independent of the choice of admissible coframe. Equivalently, we can show 
that the symmetry condition is preserved under the group of coframe changes 



of the form (4.23), and we will show this under three subgroups generating the 



group. First, it is obvious that a change 

preserves the symmetry condition, because of the cquivariancc of the preceding 
exact sequences under (a%) x (fo*) e GL(W) x GL(V). Second, symmetry is 
preserved under 

with efj = e^, because such a change has no effect on the expression for II 
modulo {A™ +1 J}- Finally, consider a change of the form 
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We will prove the invariance of the symmetry condition infinitesimally, writing 
instead of oj 1 the family 

uj\e) = ec 1 ^ + w\ (4.29) 

This associates to each Hj~ a tensor Hk+i(e) for each k > 1, and we will show 
that £\ e = Hk+ i{e) € Uk+i- This j ust a mounts to looking at the terms linear 
in e when fl4.29| ) is substituted into fl4.2S| ). Noting that C = (c£) e W* <g) V, we 
consider the commutative diagram 

w* ®v ® f\ h w* ® f\ k v ®W* ®V A W* ®V ® f\ k+1 W* ® f\ k+1 V 

I Tfc ® 1 I T fe+ i 

A fe+1 w* <g> A fe+1 V(g>w*(g>v -> A fc+2 ® A fc+2 v, 

where <r is skew-symmetrization with the latter W* <£> V, and rfc ® 1 is an 
extension of the earlier skew-symmetrization. The point is that given Hk ® C 
in the upper-left space of this diagram, 

±\ £ = H k+1 (E)=a(H k ®C). 

So if we assume that (Hk) E Uk, then Tk(Hk) = 0, so <r(Hk x C) S f/ft+i, which 
is what we wanted to show. 

This proves that the condition that the symmetry condition on II = dA is 
independent of the choice of adapted coframe. We can now state the following. 



Theorem 4.1 Given afunctional [A] £ T(M, /\ n (J/I)), there is a unique ad- 
missible lifting A S T(M, f\ n J) such that II = <iA G f2 n+1 (M) is symmetric. 



Proof. We inductively construct A = Ao + Ai + • • 
A, € {A* -0 chosen to eliminate the fully skew-symmetric part of 



Kmn(n, s ), with each 



n<-: 



del 



d(A + --- + Aj_i). 



Initially, Ao = Fw is the prescribed AT-semibasic n-form modulo {/}. We know 
from the existence of admissible liftings that there is some Ai S {/} such that 

def I 1 

IIi = d(Ao + Ai) € {/}; and we know from Proposition |4.5| that Ai is uniquely 
determined modulo {A I}- Now let 

III = fl^Trf A & A (mod {A 2 /} + {A" +1 J})- 

If we add to Ao + Ai the /-quadratic term 

A 2 = ^F^A^Au, W) , 



then the structure equation (4.24) shows that this alters the /-linear term IIi 
only by 



H 



a/3 



H l \ + F l3 n . 



a/3* 
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Because = —F^ = —F^ a , we see that F^ may be uniquely chosen so that 
the new H^p lies in U\. 

The inductive step is similar. Suppose we have Ao + • • • + A; 6 r(/\ n J) such 
that 11/ = d(Ao + • • ■ + A/) is symmetric modulo {/\ _1 /}. Then the term of 
/-degree I is of the form 

II, = ^ Yl H "A*i A 6 A A W(J) (mod {[/,} + ••• + {[/,_!} + {A' +1 /}). 

for some H^ A . There is a unique skew-symmetric term 



A i+ i = 



E 



(i+l)! 2 x ^ 
\I\=\A\=l+l 



Fle A Auj (I) 



which may be added so that 

n ;+ i g {c/i} + 

We can continue in this manner, up to I = min(n, s 



+ {Ui} + {A l+1 i}. 



□ 



Definition 4.8 The unique A in the preceding theorem is called the Bctouncs 
form for the functional [A]^| Its derivative TL = dA is the Poincare-Cartan form 
for [A]. 

The unique determination of II, along with the invariance of the symmetry 
condition under admissible coframe changes of M, implies that II is globally 
defined and invariant under symmetries of the functional [A] and the multi- 
contact structure (M,I, J). 

It is instructive to see the first step of the preceding construction in coordi- 
nates. If our initial Lagrangian is 

A = L(x, z,p)dx, 



then we have already seen in ( i.2i ) that 



A + A 1 = Ldx + 9 a A-§±dx (l) . 



The ffi-term of d(A + Ai) (see (|4.27D ) is 

d 2 L 



dpfdp 



pdp? A 8 a A dx {t) . 



(4.30) 



Of course L a p = L p Q , corresponding to the fact that H\ € Sym (W* ® V) 

Pi Pj Pj Pi 

automatically. The proof shows that we can add A2 € {/\ /} so that II2 instead 
includes 

\(L ptp p + L p?p? )TT? A O 13 A cu U) eUj = $ym 2 {W*) ® Sym 2 K 



4 It was introduced in coordinates in [Bet841, and further discussed in [Bct87 
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In fact, this corresponds to the principal symbol of the Euler-Lagrange PDE 



system (4.2C), given by the symmetric s x s matrix 

dp? dp j 



In light of this, it is not surprising to find that only the symmetric part of (4.30) 
has invariant meaning. 

Note also that if Lagrangians A, A' differ by a divergence, 

A - A' = dx, A e r(M, A™ 1 J), 



then the construction in the proof of Theorem |4.1| shows that the Poincare- 
Cartan forms are equal, though the Betounes forms may not be. A related but 
more subtle property is the following. 

Theorem 4.2 For a functional [A] E T(M, f\ n (J/I)), the Poincare-Cartan 
form II = if and only if the Euler-Lagrange system is trivial, £\ = 2. 

Proof. One direction is clear: if II = 0, then the n-form generators for E\ 
can be taken to be 0, so that £\ = X. For the converse, we first consider the 
/-linear term 

IT = A^A u w (mod {A 2 1} + {A n+1 J})- 

£ a is generated by 1 and VP p — H^wf A 1 < (3 < s, and our assumption 
£a = X then implies that these VD^ = 0; that is, 

ffi = WA^A W(j) =0. 

We will first show that this implies 

H 2 = H 3 = ■ ■ ■ = 

as well, which will imply II G {A™ +1 J}- To see this, suppose Hi is the first 
non-zero term, having /-degree I. Then we can consider 

= dH (mod{/\ l I} + {/\ n+1 J}), 



and using the structure equations ( |4.24 ), 



a(lA n i 



|/| = |A|=i-l 

Written out fully, this says that 



TTlll2---ll + l _ rr»2«l—»l + l 
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Also, H^ A is fully skew-symmetric in / and A. But together, these imply in 
that Hi is fully skew-symmetric in all upper and all lower indices, for 

TTi±i 2 i3--- _ rr<2»ii3--- 

_ _ fjili\iz- ■■ ■ 

_ _ZTtlt3t3"' 

_ iriiiaia — 

0103^2'" 

_ _ ij»3*i*3— 

This proves full skew-symmetry in the upper indices, and the proof for lower in- 
dices is similar. However, we constructed II so that each iJ^ lies in the invariant 
complement of the fully skew-symmetric tensors, so we must have Hk = 0. 

Now we have shown that if the Euler-Lagrange equations of [A] are trivial, 
then II e {A™ +1 J}- But that means that the Betounes form A is not merely 
semibasic over the quotient space X, but actually basic. We can then compute 
the (assumed trivial) first variation down in X instead of M, and find that for 
any submanifold A e — > X , and any vector field v along A vanishing at d A, 

0= / vJdA. 

J N 

But this implies that dA = 0, which is what we wanted to prove. □ 



The preceding results indicate that II is a good generalization of the classical 
Poincare-Cartan form for second-order, scalar Euler-Lagrange equations. We 
note that for higher-order Lagrangian functionals on vector-valued functions of 
one variable (i.e., functionals on curves), such a generalization is known, and 
not difficult; but for functionals of order k > 2 on vector- valued functions of 
several variables, little is known.^J 

We want to briefly mention a possible generalization to the multi-contact 
case of Noether's theorem, which gives an isomorphism from a Lie algebra of 
symmetries to a space of conservation laws. To avoid distracting global consid- 
erations, we will assume that H^ R (M) — in all degrees q > 0. First, we have 
the space gn, consisting of vector fields on M which preserve / and II, 

0n = {v £ V(M) : C V I C /, C V U = 0}. 

Second, we have the space of conservation laws 

C = H n - 1 (n*(M)/£ A ); 

under our topological assumption, this is identified with H n (£\), and we need 



not introduce a notion of "proper" conservation law as in §1.3. In this situation, 
Noether's theorem says the following. 



5 But see Grassi, cit. p. 155n 
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There is a map rj : Qn — ► H n (£\), defined by v i— ► [i> J II], which is 
an isomorphism if II is non- degenerate in a suitable sense. 

The map is certainly well-defined; that is, for any » £ gn, the form v J II is a 
closed section of £ a- First, 

v j n = ( v j - <r a (« j * Q ), 

so that i> J II is a section of £ a; and second, 

d(u J n) = £. u n - i! J dll = 0, 

so that v J II is closed. However, the proof that under the right conditions this 
map is an isomorphism involves some rather sophisticated commutative algebra, 
generalizing the symplectic linear algebra used in Chapter [l[ This will not be 
presented here. 

As in the scalar simple prescription for the conserved density in 

H 71 ^ 1 (O* (M) j £jy) corresponding to v € gn is available when also 

C V A = 0. 

One virtue of the Betounes form is that this holds for infinitesimal multi-contact 
symmetries of [A]. Assuming only that dA — IT and C V A = 0, we can calculate 
that 

d(-v J A) = -C V A + v J dA = v J n. (4.31) 

Therefore, -v J A e n n - 1 (M) represents a class in C = H n ~ x (Q* (M) / £\) 
corresponding to T)(v) G H n (£\). We will use this prescription in the following. 

4.2.4 Harmonic Maps of Riemannian Manifolds 

The most familiar variational PDE systems in differential geometry are those 
describing harmonic maps between Riemannian manifolds. 

Let P, Q be Riemannian manifolds of dimensions n, s. We will define a La- 
grangian density on P, depending on a map P — > Q and its first derivatives, 
whose integral over P may be thought of as the energy of the map. The appro- 
priate multi-contact manifold for this is the space of 1-jets of maps P — > Q, 

M = J\P,Q), 

whose multi-contact system will be described shortly. We may also think of M 
as Hom(TP, TQ), the total space of a rank-ns vector bundle over P x Q. To 
carry out computations, it will be most convenient to work on 



T = f F{P) x F(Q) x R ; 



4.2. EULER-LAGRANGE PDE SYSTEMS 



165 



where T{P), J~{Q) are the orthonormal frame bundles. These are parallelized 
in the usual manner by (u>\ (ip a , ^2), respectively, with structure equations 

duj 1 = —wj A a; 3 , dujj = A w| + Qj, 
&p a = -<p%l\<fP, = A <^ + $f . 

These forms and structure equations will be considered pulled back to T . To 
complete a coframing of J 7 , we take linear fiber coordinates pf on R ns , and 
define 

The motivation here is that Hom(TP, TQ) — > Px Q is a vector bundle associated 
to the principal (O(n) x 0(s))-bundle .P(P) x — > P x Q, with the data 
((ef), (ej), (pf)) 6 T defining the homomorphism ef i— > e^pf . Furthermore, 
if a section cr £ r(Hom(TP, TQ)) is represented by an equivariant map (pf) : 
T(P) x .P(Q) — ► R" s , then the R ns -valued 1-form (nf ) represents the covariant 
derivative of cr. 

For our purposes, note that M = Hom(TP, TQ) is the quotient of T under 
a certain action of 0(n) x O(s), and that the forms semibasic for the projection 
T — > M are generated by oj 1 , ip a , 7rf . A natural multi-contact system on M 
pulls back to T as the Pfaffian system / generated by 

r dg ^ a _ p * 0J \ 

and the associated integrable Pfaffian system on M pulls back to J = {ip a ,oj 1 } — 
{8 a ,u> 1 }. The structure equations on T adapted to these Pfaffian systems are 

dO a = -Trf A u* - <p$ A ft, 

duj i = —Wj A uji, (4.32) 
d< = <^pf ~ Pf&i — V/3 A 7rf — 7r" A io{ . 

We now define the energy Lagrangian 

A = i||p|| 2 cer(A ,i J)cO»(n 

where the norm is 

||p|| 2 = Tr(p*p)=E(pf) 2 . 
Although this A is not an admissible lifti ng of its induced functional [A], a 



computation using the structure equations (4.32) shows that 



A d = f ±\\p\\ 2 Lo+p?e a Ato {%) 

is admissible: 

dA = -8 a Att? A u (i) -p?p?<p a Alu + p?p?<4 Alu 
= -8 a ATrf Aw (j) , 
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where the last step uses <p % + 9?^ = uj^ ■ + ujj =0. Now we define 

n=-e Q A7rf Aw (i) , 

and note that II is in fact the lift to T of a symmetric form on M, as defined 
earlier. Therefore, we have found the Betounes form and the Poincare-Cartan 
form for the energy functional. 

The Euler-Lagrange system for [A] , pulled back to J 7 , is 

E A = {8 a , 7rf Aw', 7r?Aw w }. 

A Legendre submanifold N M = J 1 (P, Q) on which 7^ is the 1-jet 
graph of a map / : P — * Q. On the inverse image tt~ 1 (N) C J 7 , in addition to 
# Q = 0, there are relations 

■K? = h%<j, h% /,;/,. 

Differentiating this equation shows that the expression 

h = hftwW ® eg 

is invariant along fibers of 7r _1 (A r ) — * N, so it gives a well-defined section 
of Sym 2 (T*P) (g> TQ; this is called the second fundamental form of the map 
/ : P — * Q. The condition for N to be an integral manifold of the Euler- 
Lagrange system is then 

Tr(h) = hf i =0eT(MJ*TQ), 



Definition 4.9 A map f : P — > Q between Riemannian manifolds is harmonic 
if the trace of its second fundemental form vanishes. 

Expressed in coordinates on P and Q, this is a second-order PDE system for 
f:P^Q. 

We now consider conservation laws for the harmonic map system £a C £l*(!F) 
corresponding to infinitesimal isometrics (Killing vector fields of either P or Q. 
These are symmetries not only of II but of the Lagrangian A, so we can use the 



simplified prescription (4.31) for a conserved (n — l)-form. 

First, an infinitesimal isometry of P induces a unique vector field on M — 
J 1 (P,Q) preserving / and fixing Q. This vector field preserves A, II, and £\, 
and has a natural lift to T which does the same. This vector field v on T 
satisfies 

v1uj 1 =v\ vA^p a =Q => vJ9 a = -p?v\ 
for some functions v 1 . We can then calculate 



<p v = f v J A = (±|b||V - pfpy)^ (mod {/}). 
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As in Chapter 0, it is useful to write this expression restricted to the 1-jet graph 
of a map / : P — ► Q, which is 

vja\ n = *p(|iHiv-p? Pj vy 

= *p|(«J(i||d/|| 2 E(^) 2 -/*E(^) 2 )) ! 

where we use f*(p a — pfu 1 , and *pu>u-\ = lj 1 . One might recognize the stress- 
energy tensor 

S = ±\\df\\ 2 ds 2 P - f*da 2 Q , 
and write our conserved density as 

2{v J A) = * P {v J S) (mod {I}). (4.33) 

In fact, S is traditionally defined as the unique symmetric 2-tensor on P for 
which the preceding equation holds for arbitrary v G V(P) and / : P — ► Q; 
then (4.33) gives a conserved density when v is an infinitesimal isometry and 
/ is a harmonic map. In this case In fact, for any infinitesimal isometry v, a 
calculation gives 

d(* P (v AS)) = (v J div S)w (4.34) 

on the 1-jet graph of any map.^J 

Now consider an infinitesimal isometry of Q, whose lift w G V{T) satisfies 

w Jlu 1 = 0, w Jtp a =w i =S> w J 6 a = w a . 

Then 

I a a a 

tp w = w J A = w Pi . 

Given a map / : P -> Q, we can use df G Hom(TF, TQ) and cis| G Sym 2 (T*Q) 
to regard dsg(df '(•) , w) as a 1-form on P, and then 

^ = * P (ds 2 Q (df(-),w)). 

Because this expression depends linearly on w, we can simplify further by letting 
a denote the Lie algebra of infinitesimal symmetries of Q, and then the map 
w i— > w J A is an element of a* <g> r2 n_1 (P). If we define an a* -valued 1-form on 
Pby 

a(v) = d,SQ(df(v), •), v G T p P, 
then our conservation laws read 

d(* P a) = G a* ®tt n (P). (4.35) 

The a*-valued (n — l)-form *pa may be formed for any map / : P — ► Q, and 
it is closed if / is harmonic. In fact, if Q is locally homogeneous, meaning that 

6 The divergence of a symmetric 2-form S is the 1-form div S = S7 ei S(ei, •), wher e V is the 
Levi-Civita covariant derivative and (e^) is any orthonormal frame. Equation (4.34) is true of 
any symmetric 2-form S and infinitesimal isometry v. 
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infinitesimal isometries span each tangent space T q Q, then (4.35) is equivalent 
to the harmonicity of /. 

An important special case of this last phenomenon is when Q itself is a Lie 
group G with bi- invariant metric cIsq. Examples are compact semisimple Lie 
groups, such as 0(N) or SU(N), with metric induced by the Killing form on 
the Lie algebra g. Now a map / : P — > G is uniquely determined up to left- 
translation by the pullback f*ip of the left-invariant g-valued Maurer-Cartan 
1-form ip. Using the metric to identify g = g* , the conservation laws state that 
if / is harmonic, then d(*p(f*ip)) = 0. Conversely, if P is simply connected, 
then given a g- valued 1-form a on P satisfying 

da + 5 [a, a] = 0, 
d(*pa) = 0, 

there is a harmonic map / : P — > G with /*</? = a, uniquely determined up 
to left-translation. This is the idea behind the gauge-theoretic reformulation 
of certain harmonic map systems, for which remarkable results have been ob- 
tained in the past decade.f] Quite generally, PDE systems that can be written 
as systems of conservation laws have special properties; one typically exploits 
such expressions to define weak solutions, derive integral identities, and prove 
regularity theorems. 



4.3 Higher-Order Conservation Laws 

One sometimes encounters a conservation law for a PDE that involves higher- 
order derivatives of the unknown function, but that cannot be expressed in terms 
of derivatives of first-order conservation laws considered up to this point. An 
example is the (1 + l)-dimensional wave equation ~z u + z xx — 0, for which (z\ t + 
zf x )dt+2zuZt x dx is closed on solutions, but cannot be obtained by differentiating 
any conservation law on J 1 (R 2 , R). In this section, we introduce the geometric 
framework in which such conservation laws may be found, and we propose a 
version of Noether's theorem appropriate to this setting. While oth er gene ral 



forms o f Noether's theorem have been stated and proved (e.g., see [VinS 
Qlv93| ), it is not clear how they relate to that conjectured here. 



We also discuss (independently from the preceding) the higher-order rela- 
tionship between surfaces in Euclidean space with Gauss curvature K = — 1 
and the sine-Gordon equation z tx = ^sin(2z), in terms of exterior differential 
systems. 

4.3.1 The Infinite Prolongation 

We begin by defining the prolongation of an exterior differential system (EDS). 
When this is applied to the EDS associated to a PDE system, it gives the EDS 
associated to the PDE system augmented by the first derivatives of the original 



7 The literature on this subject is vast, but a good starting point is [Wbo94 . 
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equations. This construction then extends to that of the infinite prolongation, 
an EDS on an infinite-dimensional manifold which includes information about 
derivatives of all orders. 



The general definition of prolongation uses a construction introduced in §4.2 
in the discussion of multi-contact manifolds. Let X n+S be a manifold, and 
G n {TX) — > X the bundle of tangent n-planes of X; points of G n {TX) are of 
the form (p,E), where p € X and E C T p X is a vector subspace of dimension 
n. As discussed previously, there is a canonical Pfaffian system / C T*G n (TX) 
of rank s, defined at (p, E) by 

I (ptE) ^7T*(E X ). 

Given local coordinates (x l , z a ) on X, there are induced coordinates (x l , z a ,pf) 
on G n (TX), in terms of which / is generated by the 1-forms 

6 a = dz a -pfdx\ (4.36) 

We let J C n*(G n (TX)) be the differential ideal generated by I. 

Now let (M, £) be an exterior differential system; that is, M is a manifold of 
dimension m+s and £ C £1* (M) is a differential ideal for which we are interested 
in m-dimensional integral manifolds. We then define the locus M^> C G m (TM) 
to consist of the integral elements of £ C fi*(M); that is, (p,E) € M^' if and 
only if 

tp E = e A*(E*) for all tpe£. 

We will assume from now on that MW ^ G m (TM) is a smooth submanifold. 
Then we define 

£{1) dg t *j cn *( M (i)) 

as the restriction to of the multi-contact differential ideal. This is the 

same as the differential ideal generated by the Pfaffian system l*I C T*M^ l \ 
and the first prolongation of (Af , £) is defined to be the exterior differential 
system (M^ , £^). Note that the first prolongation is always a Pfaffian system. 
Furthermore, if 7r : M^~' — > M is the obvious projection map, and assuming 
that £ is a Pfaffian system, then one can show that n*£ C £^ . However, 
the projection tt could be quite complicated, and need not even be surjective. 
Finally, note that any integral manifold / : N M of £ lifts to an integral 
manifold /W : N e — > of £^\ and that the transverse integral manifold of 
£^ is locally of this form. 

Inductively, the kth prolongation {M^\£^) of (M,£) is the first prolonga- 
tion of the (k — l)st prolongation of (M, £). This gives rise to the prolongation 
tower 

> M (k *> -» M^- 1 ' -> * M (1) -> M. 

An integral manifold of (M,£) lifts to an integral manifold of each (M^ k \£^) 
in this tower. 

Two examples will help to clarify the construction. The first is the pro- 
longation tower of the multi-contact system (G n (TX),X) itself, and this will 
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give us more detailed information about the structure of the ideals £^ for gen- 
eral (M, £). The second is the prolongation tower of the EDS associated to a 
first-order PDE system, most of which we leave as an exercise. 
Example 1. Consider the multi-contact ideal X on G n (TX), over a manifold 
X of dimension n + s with local coordinates (x z ,z a ). We can see from the 



coordinate expression (4.36) that its integral elements over the dense open subset 



where /\ i dx l ^ are exactly the n-planes of the form 

E p? . = {dz a ~pfdx\ dpf -pfjdxi} 1 - C T(G n (TXj), 

for some constants pfj — p^ . These pfj are local fiber coordinates for the pro- 
longation (G„(TX)( 1 \X^ 1 '). Furthermore, with respect to the full coordinates 
{x\z a 1 pf 1 pf j ) for G n {TX)^ c G n (TG n {TX)), the 1-jet graphs of integral 
manifolds of X C Q*(G n (TX)) satisfy 

dz a - pfdx 1 = 0, dpf - pf 3 dx j = 0. 

It is these s + ns 1-forms that differentially generate the prolonged Pfaffian 
system X^\ It is not difficult to verify that we have globally G n {TX)^ = 
G2,n(X), the bundle of 2-jets of n-dimcnsional submanifolds of X, and that 
1^ C f2* \G2, n {X)) is the Pfaffian system whose transverse integral manifolds 
are 2-jet graphs of submanifolds of X. 

More generally, let Gk = Gk, n (X) — > X be the bundle of fc-jets of n- 
dimcnsional submanifolds of X. Because a 1-jet of a submanifold is the same 
as a tangent plane, G\ — G n (TX) is the original space whose prolongation 
tower we are describing. Gk carries a canonical Pfaffian system C fl*(Gk), 
whose transverse integral manifolds are fc-jet graphs : N <— > Gk of n- 
dimensional submanifolds / : N X. This is perhaps clearest in coordi- 
nates. Letting (x l ,z a ) be coordinates on X, Gk has induced local coordinates 
(x l , z a ,pf, . . . ,pf), \I\ < fc, corresponding to the jet at (x l , z a ) of the subman- 
ifold 

{{x\ z a )eX :z a = z a +p°(x l -x l ) + --- + jiPU* ~ x) 1 }. 

In terms of these coordinates, the degree-1 part Ik C T*{Gk) of the Pfaffian 
system Xk is generated by 



6 a = dz a -p?dx\ 
Of = dpf - pf 3 dxi , 

Of = dpf - pf,dx j , \I\ = k-l. 



(4.37) 



It is not hard to see that the transverse integral manifolds of this Ik are as 
described above. The point here is that (Gk,Xk) is the first prolongation of 
(Gk-i,Xk-i) for each k > 1, and is therefore the (k — l)st prolongation of the 
original (Gi,Zi) = (G n (TX),X). 
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For future reference, we note the structure equations 

d6 a = _o? Adx\ 
d0f = -6% Adxi, 



(4.38) 

d9f = -dpfj A dxi , |7|=fc-l. 



dfff = -6% A dxK |7|= A: -2 



There is a tower 



G k -> G fe _i -> v Gi, (4.39) 



and one can pull back to Gk any functions or differential forms on Gy , with 
k' < k. Under these maps, our different uses of the coordinates pf and forms 
Of are consistent, and we can also write 

7 fc / C I k C T*G kl for k! < k. 

None of the If. is an integrable Pfaffian system. In fact, the filtration on Gk 

h D h-i D • • ■ D h D 



coincides with the derived flag of I k C T*G k , n (cf. Ch. II, §4 of [|B+9l| ) 



Example 2. Our second example of prolongation relates to a first-order PDE 
system F a (x l , z"(a;), 2;" (x)) = for some unknown functions z a {x). The equa- 
tions F a (x 4 , z Q ,p") define a locus Mp in the space J 1 (R™, R s ) of 1-jets of maps 
z : R" — > R s , and we will assume that this locus is a smooth submanifold which 
submersively surjects onto R™. The restriction to Mp C J 1 (R™,R S ) of the 
multi-contact Pfaffian system I\ = {dz a — pfdx 1 } generates an EDS (Mp,Tp). 
Now, the set of integral elements for (Mp,Xp) is a subset of the set of integral 
elements for X\ in J 1 (R" , R s ); it consists of those integral elements of I\ which 
are tangent to Mp C J 1 (R",R S ). Just as in the preceding example, the inte- 
gral elements of T\ may be identified with elements of the space J 2 (R™, R s ) of 
2-jets of maps. The collection of 2-jets which correspond to integral elements of 
(Mp,Ip) are exactly the 2-jets satisfying the augmented PDE system 

= F a {x\z a (x),z*(x)), 

= -4- z ■ -\- z 

dx i dz a x% dpi xlxl ' 

Therefore, integral manifolds of the prolongation of the EDS associated to a 
PDE system correspond to solutions of this augmented system. For this reason, 
prolongation may generally be thought of as adjoining the derivatives of the 
original equations. 

It is important to note that as the first prolongation of arbitrary (M, £ ) is 
embedded in the canonical multi-contact system (G n (TM) ,1), so can all higher 
prolongations {M^ k \E^) be embedded in the prolongations (Gk,n(M),Xk). 
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Among other things, this implies that £ ^ is locally generated by forms like 
( [1.37 ), satisfying structure equations ( 4.38Q , typically with additional linear- 



algebraic relations. 

Of most interest to us is the infinite prolongation (M^°°\ £(°°)) of an EDS 
(M,£). As a space, M(°°) is defined as the inverse limit of 

. . . M (k) 25 ... ^ M (o) = M . 

that is, 

M<°°> = {(pb.Pi, •• •) G A^ (0) x M« x ■ ■ • : ^ fe (p fe ) = Pfc _! for each fc > 1}. 

An element of M^ 00 ) may be thought of as a Taylor series expansion for a possi- 
ble integral manifold of (M, £). M^°°' is generally of infinite dimension, but its 
presentation as an inverse limit will prevent us from facing analytic difficulties. 
In particular, smooth functions and differential forms are by definition the cor- 
responding objects on some finite M^ k \ pulled up to by the projections. 
It therefore makes sense to define 

fe>0 

which gives an EDS on Af^ 00 * 1 whose transverse integral manifolds are the 
infinite-jet graphs of integral manifolds of (M^°\£^ '). £'°°) is a Pfaffian sys- 
tem, differentially generated by its degree-1 part = (JJW, where each 



is the degree-1 part of £^ h \ In fact, we can see from (4.38) that is 
algebraically generated by /(°°); that is, /(°°) is a formally integrable Pfaffian 
system, although this is not true of any finite 1^ . However, there is no ana- 
log of the Frobenius theorem for the infinite-dimensional M^°°\ so we must be 
cautious about how we use this fact. 

Vector fields on Af(°°) are more subtle. By definition, V(M(°°)) is the Lie 
algebra of derivations of the ring 1Z{M^°°^) of smooth functions on M^°°\ In 
case M^ 00 ) = J°°(R n ,R s ), a vector field is of the form 

« = ^+<^ + -"+«?4 + "-- 

Each coefficient vf is a function on some J fe (R™, R s ), possibly with k > \I\. 
Although v may have infinitely many terms, only finitely many appear in its 
application to any particular / e ^(M^ 00 )), so there are no issues of conver- 
gence. 



4.3.2 Noether's Theorem 

To give the desired generalization of Noether's theorem, we must first discuss a 
generalization of the infinitesimal symmetries used in the classical version. For 
convenience, we change notation and let (M, £ ) denote the infinite prolongation 
of an exterior differential system (M^ ,£^ '). 
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Definition 4.10 A generalized symmetry of (M^-°\£^) is a vector field v € 
V(M) such that C v £ C £ . A trivial generalized symmetry is a vector field 
v e V(M) such that v J £ C £ . T/ie space g o/ proper generalized symmetries 
«s i/ie quotient of the space of generalized symmetries by the subspace of trivial 
generalized symmetries. 

Several remarks are in order. 

• The Lie derivative in the definition of generalized symmetry is defined by 
the Cartan formula 

£ v ip = v J dip + d(v J ip). 

The usual definition involves a flow along v, which may not exist in this 
setting. 

• A trivial generalized symmetry is in fact a generalized symmetry; this is 
an immediate consequence of the fact that £ is differentially closed. 

• The space of generalized symmetries has the obvious structure of a Lie 
algebra. 

• Using the fact that £ is a formally integrable Pfaffian system, it is easy 
to show that the condition v J £ C £ for v to be a trivial generalized 
symmetry is equivalent to the condition v J I — 0, where I = £ n il 1 (M) 
is the degree- 1 part of £. 

• The vector subspace of trivial generalized symmetries is an ideal in the 
Lie algebra of generalized symmetries, so g is a Lie algebra as well. The 
following proof of this fact uses the preceding characterization v J I = 
for trivial generalized symmetries: if C v £ C £, w J I = 0, and 8 e r(7), 
then 

[v,w]J6 = -w J(v Ad6) +v(w J 6) - w(v A 6) 

= -w J (C v 9 - d(v J 6)) + - w J d(v J 6) 
= —w J C v 9 
= 0. 

The motivation for designating certain generalized symmetries as trivial comes 
from a formal calculation which shows that a trivial generalized symmetry is 
tangent to any integral manifold of the formally integrable Pfaffian system £ . 
Thus, the "flow" of a trivial generalized symmetry does not permute the integral 
manifolds of £, but instead acts by diffeomorphisms of each "leaf" . 

The following example is relevant to what follows. Let = J 1 (R",R) 

be the standard contact manifold of 1-jets of functions, with global coordinates 
(x l , z,pi) and contact ideal £ ^ = {dz — ptdx 1 , dpi A dx 1 }. The infinite prolon- 
gation of (M(°),£(°)) is 

M = J°°(R",R), £ = {6 T :\I\>0}, 
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where M has coordinates (x l , z,pi,pij, . . .), and 9i = dpi — pijdx J . (For the 
empty index I = 0, we let p = z, so 9 = dp — pidx 1 is the original contact form.) 
Then the trivial generalized symmetries of (M, £) are the total derivative vector 
fields 

We will determine the proper generalized symmetries of [M, £) shortly. 

There is another important feature of a vector field on the infinite prolon- 
gation (M,£) of (M(°),£(°)), which is its order. To introduce this, first note 
that any vector field vq £ V(M^) on the original, finite-dimensional manifold 
induces a vector field and a flow on each finite prolongation M^ k \ and therefore 
induces on M itself a vector field v € V(M) having a flow. A further special 
property of v € V(M) induced by v Q e V(Af(°)) is that £„(Ifc) C J fe for each 
fc > 1. Though it is tempting to try to characterize those v € V(M) induced 
by such wo using this last criterion, we ought not to do so, because this is not 
a criterion that can be inherited by proper generalized symmetries of (M, £). 
Specifically, an arbitrary trivial generalized symmetry v <G V(M) only satisfies 

C v {Ik) C h+i, 

so a generalized symmetry v can be equivalent (modulo trivials) to one induced 
by a wo € V(M( )), without satisfying C v (Ik) C 7^. Instead, we have the 
following. 

Definition 4.11 for a vector field v G V(M), t/ie order o/ v, written o(v), is 
the minimal k > suc/i that C v (Iq) C 7fe+i. 

With the restriction 0(F) > 0, the orders of equivalent generalized symmetries 
of £ are equal. A vector field induced by vq € V(M^°>) has order 0. Further 
properties are: 

• o(v) — k if and only if for each I > 0, £ v (Ii) C 

• letting gfc = {w : o(w) < fc}, we have [flfe,flj] C g k+t . 

We now investigate the generalized symmetries of the prolonged contact 
system on M — J°°(R™,R). The conclusion will be that the proper gener- 
alized symmetries correspond to smooth functions on M; this is analogous to 
the finite-dimensional contact case, in which we could locally associate to each 
contact symmetry its generating function, and conversely. Recall that we have 
a coframing (dx z , 9i) for M, satisfying dOj — —9jj A dx^ for all multi-indices I. 
To describe vector fields on M, we will work with the dual framing (Di,d/d6i), 
which in terms of the usual framing (d/dx l , d/dpi) is given by 

D — +V — 

|/|>0 

d d 
d9i dpi 
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The vector fields Di may be thought of as "total derivative" operators, and 
applied to a function g(x l , z,pi, . . . ,pj) on some J (R n , R) give 

{D ig ){x j , Z , Pj ,... ,pi,pij) = i^+Pil%+Pi j §£ + ---+Pii-^, 

which will generally be defined only on J fc+1 (R n ,R) rather than J fe (R",R). 
These operators can be composed, and we set 

Di = D n o ■ ■ ■ o D lk , I = . . . ,i k ). 

We do this because the proper generalized symmetries of I = {9j : \I\ > 0} are 
uniquely represented by vector fields 

v = 9 d6 +9 *w + --- + gi m + "-> (440) 

where g = v J 9 and 

g, = D I9 , \I\ > 0. (4.41) 

To see this, first note that any vector field is congruent modulo trivial gener- 
alized symmetries to a unique one of the form ( |l.4C| ). It then follows from a 
straightforward calculation that a vector field o f the form ( 4.4C| ) is a generalized 



symmetry of X if and only if it satisfies (4.41). If one defines C 1Z(M) to 
consist of functions pulled back from J fe (R",R), then one can verify that for 
any proper generalized symmetry v £ g, 

o(v)<k g = vJ6eK k +i. 

The general version of Noether's theorem will involve proper generalized 
symmetries. However, recall that our first-order version requires us to distin- 
guish among the symmetries of an Euler-Lagrange system the symmetries of the 
original variational problem; only the latter give rise to conservation laws. We 
therefore have to give the appropriate corresponding notion for proper general- 
ized symmetries. 

For this purpose, we introduce the following algebraic apparatus. We filter 
the differential forms f2*(M) on the infinite prolongation (M,£) of an Euler- 
Lagrange system (M^ \£^) by letting 

I p n p+q (M) = Image( £® ■ ■ ■®£ ®Q*(M) -> Q*(M)) n fl p+q (M). (4.42) 

p 

We define the associated graded objects 

n™(M) = i p n p+q (M)/i p+1 n p+q (M). 

Because £ is formally integrable, the exterior derivative d preserves this filtration 
and its associated graded objects: 



d: n p ' q (M) -> n p ' q+1 (M). 
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We define the cohomology 



,, , )( U] _ Ker(ri : H™(Af) -> Q^(M)) 
Im(d:QP-«- 1 (M)-s-OP>9(M)) ' 



A simple diagram-chase shows that the exterior derivative operator d induces 
a map dt : H% q (M) ->■ H% +1 ' q (M)!^ Now, the Poincare-Cartan form II S 
fi n+1 (M("!) pulls back to an element II e 7 2 fi n+1 (M) which is closed and 
therefore defines a class [II] G iJ^'™~ 1 (Af). 

It follows from the definition that a generalized symmetry of £ preserves the 
filtration I p Vt p+q {M) 1 and therefore acts on the cohomology group H^ n ~ 1 (M). 
The generalized symmetries appropriate for Noether's theorem are exactly those 
generalized symmetries v of £ satisfying the additional condition 

A, [n] =0eH% n -\M). 

In other words, v is required to preserve II modulo (a) forms in 7 3 f2 ra+1 (M), 
and (b) derivatives of forms in I 2 tt n (M). We also need to verify that a trivial 
generalized symmetry v preserves the class [II]; this follows from the fact that 
v J I = 0, for then v J II e I 2 n n (M), so that 

£„[n] = [d(i 2 n n (M))} = o. 

We now have the Lie subalgebra jj[n] ^ of proper generalized symmetries of 
the variational problem. It is worth noting that this requires only that we have 
II defined modulo I z VL n+1 (M). A consequence is that even in the most general 
higher-order, multi-contact case where a canonical Poincare-Cartan form is not 
known to exist, there should be a version of Noether's theorem that includes 
both the first-order multi-contact version discussed in the previous section, and 
the higher-order scalar version discussed below. However, we will not pursue 
this. 

The other ingredient in Noether's theorem is a space of conservation laws, 
defined by analogy with previous cases as 

C{£) = H n ~ 1 (n*/£,d) = H^ n ^ 1 (M), 

where the last notation refers to the cohomology just introduced. It is a sub- 



stantial result (see [BG95a ) that over contractible subsets of we can use 



the exterior derivative to identify C(£ ) with 

C(£) d ^ Ker(dx : H^ n ~ 1 (M) -> H^\M)). 

Now we can identify conservation laws as classes of n-forms, as in the previous 
case of Noether's theorem, and we will do so without comment in the following. 



8 Of course, H^* (M) is the i?i-term of a spectral sequence. Because we will not be using 
any of the higher terms, howeve r, there is no reason to invoke this machinery. Most of this 



theory was introduced in [ Vin84 
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We define a Nocthcr map gpj — > C(£ ) as v i— >• ?; J II. To see that this is 
well-defined, first note that 

v jne/ 1 n n (M), 

so » JII represents an element of f2 1,n-1 (M), which we shall also denote as 
d JII. Furthermore, its exterior derivative is 

d(v J IT) = £„n, (4.43) 

and this lies in I 2 Vl n+1 , simply because w preserves £ and therefore also the 
filtration (4.42). Consequently, 

v J n e Ket(d : Q, 1,n ~ 1 (M) fi 1 '"(M)), 

and we therefore have an clement 



Finally, we need to verify that 



[»jn] e Ker(di : i?^ n_1 (M) 



H 2 A n ^(M)). 



This follows from the hypothesis that w preserves not only the Euler-Lagrange 
system £ and associated filtration ( 4.42 ), but also the class [II]. Specifically, the 
image 

d 1 ([ u jn])effl' n - 1 (M) 



is represented by the class (see (]4.43|) ) 

[d(v J n)] = [A,n] = c v [il] = o. 

This proves that 

v i— > [v J n] 

defines a map between the appropriate spaces. 

We can now make the following proposal for a general form of Noether's 
theorem. 

Conjecture 4.1 Let (M,£) be the infinite prolongation of an Euler-Lagrange 
system, and assume that the system is non- degenerate and that H^ R (M) = 
for all q > 0. Then the map v i— >• [v J II] induces an isomorphism 



C{£). 



It is quite possible that this is already essentially proved in | Vin84 | or [01y93], 
but we have not been able to determine the relationship between their state- 
ments and ours. In any case, it would be illuminating to have a proof of the 
present statement in a spirit similar to that of our Theorem 1.3. 



178 



CHAPTER 4. ADDITIONAL TOPICS 



To clarify this, we will describe how it appears in coordinates. First, note 
that for the classical Lagrangian 

L(x l , z,pi)dx, 

the Euler-Lagrange equation 

E(x\z,Pi,Pij) = {J2 D 3 L Pi ~ L z){x\Z,Pi,Pij) =0 

defines a locus C J 2 (R",R), and the first prolongation of the Euler- 

Lagrange system ( J 1 (R™, R), El) discussed previously is given by the restriction 
of the second-order contact Pfaffian system on J 2 (R",R) to this locus. Higher 
prolongations are defined by setting 

M (k) = { Ej d g DjE = 0) |/| < fc- 1} c J fe+1 (R",R) 

and restricting the (fc + l)st-order contact system 2^ k+1 \ We will consider 
generalized symmetries of (AI^°°\£ (°°- ) ) which arise as restrictions of those 
generalized symmetries of (J°°(R n , R),I) which are also tangent to M^ 00 ) c 
J°°(R Tl ,R). This simplifies matters insofar as we can understand generalized 
symmetries of X by their generating functions. The tangency condition is 

£„(£j)| M C-) = 0, |/|>0. (4.44) 



This Lie derivative is just the action of a vector field as a derivation on functions. 
Now, for a generalized symmetry v of the infinite-order contact system, all of 
the conditions (4.44) follow from just the first one, 



Cv(E)\ 



= 0. 



If we let v have gen erating function g = v J 9 £ 1Z( J°°(R™, R)), then we can 
see from ( 4.40 , 4.41 ) that this condition on g is 



E §^D I9 = on M^. 



(4.45) 



We are again using p — z for convenience. For instance, E — "^pu — f(z) 
defines the Poisson equation Az = f(z), and the preceding condition is 



(4.46) 



We now consider the Noether map for M(°°) C J°°(R",R). We write the 
Poincare-Cartan form pulled back to M^°°^ using coframes adapted to this in- 
finite prolongation, starting with 



dL r 



D 3 {L v% )dxi + L PtZ 9 



PiPj 3 ' 
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and then the Poincare-Cartan form on J°°(R",R) is 

II = d(L dx + 9 A L Pi dxu-\) 

= 9 A ((-Di(L Pi ) + L z )dx - 9 j A L PiPj dx (€) ) . 

Restriction to C J°°(R",R) kills the first term, and we have 

II = -L PiPj 9 A 9j A dx( t y 

We then apply a vector field v g with generating function g, and obtain 

v g J II = -gL PiPj 9 3 A cfcr(j) + (D 3 g)L PzPj 9 A dx^y 

This will be the "differentiated form" of a conservation law precisely if C Vg [II] = 
0, that is, if 

d(v g J n) = (mod I 3 fl n+1 (M) + dI 2 n n (M)). 
Concerning generalized symmetries of a PDE, note that in the condition 



Q4.45D for g = g(x i ,p,p i , . . . ,pi) G lZ k = C°°(J k (R n , R)), the variables p/ with 
|/| > k appear only polynomially upon taking the total derivatives Djg. In 
other words, the condition on g is polynomial in the variables pj for |/| > k. 
Equating coefficients of these polynomials gives a PDE system to be satisfied 
by a generalized symmetry of an Euler-Lagrange equation. With some effort, 
one can analyze the situation for our Poisson equation Az = f{z) and find the 
following. 

Proposition 4.6 If n > 3, then a solution g — g(x l ,p,pi, . . . ,pi) of order k 
to ( 4-4(\ ) * s equal on Af(°°) to a function that is linear in the variables p,j with 



\J\ > k — 2. If in addition f"{z) =/= 0, so that the Poisson equation is non- 
linear, then every solution's restriction to M^°°^ is the pullback of a function on 
C J 2 (R",R), which generates a classical symmetry of the equation. 

In other words, a non-linear Poisson equation in n > 3 independent variables 
has no non-classical generalized symmetries, and consequently no higher-order 
conservation laws. 

Proof. Because the notation involved here becomes rather tedious, we will 
sketch the proof and leave it to the reader to v erify the calculations. We pre- 



viously hinted at the main idea: the condition ( 4.46 ) on a generating function 
g = g(x l ,p, . . . ,pi), \I\ — k, is polynomial in the highest order variables with 
coefficients depending on partial derivatives of g. To isolate these terms, we 
filter the functions on M^°°^ by letting TZi be the image of TZi under restriction 
to M^°°'\ in other words, TZi consists of functions which can be expressed as 
functions of x l ,pj, \ J\ < I, after substituting the defining relations of M^°°\ 

_ d\ J \f 
Pln ~ dx J ■ 
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To calculate in IZi we will need to define variables qj to be the harmonic parts 
of pj; that is, 

Qi = Pi, 
lij = Pij - 

= Pij ~ i S nf(p), 
qijk = Pijk - -^(SijPkii + SjkPm + SkiPjii) 

- Pijk - ^(SijPk + SjkPi + S k iPj)f(p), kc. 

These, along with Xi and p, give coordinates on . In addition to working 

modulo various IZi to isolate terms with higher-order derivatives, we will also at 
times work modulo functions that are linear in the qi. In what follows, we use 
the following index conventions: p"> — (p,Pj, ■ ■ ■ ,pj) (with \ J\ = I) denotes the 
derivative variables up to order I, and the multi- indices /, K, A, satisfy |/| = k, 
\K\ = k-l, \A\ = k-2. 

Now, starting with g = g(x^ ,p^ k ') € TZk, we note that 



= ^D*g- fgeKk+i; 

i 

that is, the possible order-(fc + 2) term resulting from two differentiations of g 
already drops to order k when restricted to the equation manifold. We consider 
this expression modulo TZkf\ and obtain a quadratic polynomial in qjj with 
coefficients in TZk- We consider only the quadratic terms of this polynomial, 
which are 

\i\,\l'\=k 



To draw conclusions about Q pi g 9 p from this, we need the following fundamental 
lemma, in which the difference between the cases n = 2 and n > 3 appears: 

If H; C Sym (H7 1 )* denotes the space of degree-l homogeneous har- 
monic polynomials on R", n > 3, then the 0(n)-equivariant con- 
traction map H; + i <g> H m+ i — > H; ® H m given by 

X c z c ® Yqz® ^ X ^ zB ® Y p^ zP 

i 

is surjective; here, \C\ — 1 = \B\ = I, \Q\ — 1 = \P\ = m. 

We will apply this in situations where a given g BP £ Sym l (R n ) (g) Sym rn (R™) is 
known to annihilate all XsiYpi with Xc, Yq harmonic, for then we have g BP 

9 In this context, "modulo" refers to quotients of vector spaces by subspaces, not of rings 
by ideals, as in exterior algebra. 
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orthogonal to H z ® H m C Sym l (R n )* <g) Sj/m m (R n )*. In particular, from J4.47| ) 
we have 

- — - — qiqj = 0. 
op I Op J 

This means that the restriction of the function g to the hyperplanes pah = d d a 
is linear in the highest pi; in other words, we can write 

g{x\p^) = h{x,p {k -^) + h'ix^-^p! 

for some h 1 E IZk-i- We can further assume that all h = 0, where \A\ = k — 2. 
This completes the first step. 

The second step is to simplify the functions h 1 {x^p^ 1 ^), substituting our 
new form of g into the condition (4.46). Again, the "highest" terms appear 
modulo IZk, and are 

= 2- — qmqn + 2- — qAtqa; 

OPK OPA 

here we recall our index convention \A\ = k — 2, \K\ = k — 1, \I\ = k. Both terms 
must vanish separately, and for the first, our lemma on harmonic polynomials 

gives that [h] IK = is orthogonal to harmonics; but then our normalization 

hypothesis h = gives that [h] IK = 0. We conclude that 

g(a?,pW) = h(x,p( k ~V) + tffapV-^p!, \I\ = k. 
For the second term, our lemma gives similarly that 4j^j = 0, so have 

g(x\p^) = h(x,p( k - i y) + tffapb-^pi. 

This completes the second step. 

For the third step, we again substitute the latest form of g into the condition 
(4.46), and now work modulo IZk-i- The only term non-linear in the pi is 

n _ 8 2 h 

= -= S PKiPK'i, 

Op K Op K ' 

and as before, the lemma implies that h is linear in px- Now we have 

g(x l ,p {k) ) = h(x,p^) + h K {x,p (k -V)p K + h x (x,p^) P i. 

Again working modulo TZk-i, the only term that is non-linear in (pktPi) is 
^j-PAiPKi, so as before, we can assume = and write 

g{x\pM) = h(x,p( k -V) + h K (x,p^)p K + h x (x,p^) Pl . 
The final step is similar, and gives that h is linear in pa- This yields 

g{x\p^) = h + h A PA + h K PK + h'pr, (4.48) 
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where each of h, h A , h K , h 1 is a function of {x l ,p^ k 3 ^). This is the first state- 
ment of the proposition. 



To derive the second statement, we use the form (4.48) in the condition 
( 4.46| ) modulo lZk-2, in which the only term non-linear in (pk,Pi) is 



o = hHx^p^)^- 

dx 1 

EE fcV.P ( *~ 3) )/"(p)£Pl\iPi- 

iei 

In particular, if f"(p) ^ 0, then we must have h 1 = 0. Therefore g € IZk 
actually lies in IZk-i, and we can induct downward on k, eventually proving 
that g G 72,i, as desired. □ 

We mention two situations which contrast sharply with that of the non-linear 
Poisson equation in dimension n > 3. First, in the case of a linear Poisson 
equation Az — f(z), f"(z) — (still in n > 3 dimensions), one can extend the 
preceding argument to show that a generating function for a conservation law 
is linear in all of the derivative variables pi. In particular, the infinite collection 
of conservation laws for the Laplace equation Az = can be determined in this 
manner; it is interesting to see how all of these disappear upon the addition of 
a non-linear term to the equation. 

Second, in dimension n = 2, there are well-known non-linear Poisson equa- 
tions Au = sinh u and Au — e" having infinitely many higher-order conservation 
laws, but we will not discuss these. 

4.3.3 The K = -1 Surface System 



In §1.4, we constructed Monge- Ampere systems on the contact manifold M 5 
of oriented tangent planes to Euclidean space E 3 , whose integral manifolds 
corresponded to linear Weingarten surfaces. We briefly recall this setup for 
the case of surfaces with Gauss curvature K = — 1. Our index ranges are now 
1 < a,b,c< 3, 1 < i,j,k < 2. 

Let T — > E 3 be the Euclidean frame bundle, with its global coframing u a , 
uo^ = —lo\ satisfying the structure equations 

alu a = -luI A Lu b , duj a h = -Lu a c A uj L h . 

We set 9 = uj 3 , ■Ki = uif, and then 9 £ r2 1 (^ r ) is the pullback of a global contact 
form on M = G2(TE 3 ). The forms that are semibasic over M are generated by 

We define the 2-forms on T 

9 = d9 = -7Tl A UJ 1 - 7T 2 A uj 2 , 
* = TV I A 7T 2 + OJ 1 A LU 2 , 

which are pullbacks of uniquely determined forms on M. On a transverse inte- 
gral element E 2 C T m M of the contact systeml = {9, O}, on which ui 1 /\lo 2 ^ 0, 
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there are relations 
In this case, 



m A 7r 2 = Kuj 1 A lo 2 



where K — ft-n/122 — ^12^21 is the Gauss curvature of any surface N 2 <—* E 3 
whose 1-jet graph in M 5 is tangent to E C T m M . Therefore, transverse integral 
manifolds of the EDS 

£ = {6,G,$} (4.49) 

correspond locally to surfaces in E 3 with constant Gauss curvature K = — 1. 

The EDS (M, £ ) is an example of a hyperbolic Monge- Ampere system; this 
notion appeared in §^[l], where we used it to specify a branch of the equiva- 
lence problem for Poincare-Cartan forms on contact 5-manifolds. The defining 
property of a hyperbolic Monge-Ampere system £ = {9, 0, is that modulo 
the algebraic ideal {8}, £ contains two distinct (modulo scaling) decomposable 
2-forms; that is, one can find two non-trivial linear combinations of the form 

AiS + ^i* = cti A 0i, 
A 2 + /! 2 4' = «2A/3 2 - 

This exhibits two rank-2 Pfaffian systems li — {a^, /3,-}, called the characteristic 
systems oi£, which are easily seen to be independent of choices (except for which 
one is Ii and which one is 12). The relationship between the geometry of the 
characteristic systems and that of the original hyperbolic Monge-Ampere system 
is very rich (see | BGH95| ). Of particular interest are those hyperbolic systems 



whose characteristic systems each contain a non-trivial conservation law. We 
will show that this holds for the K = — 1 system introduced above, but only 
after one prolongation. In other words, for the prolonged system £W, there is 
also a notion of characteristic systems 1^ which restrict to any integral surface 
as the original Ii, and each of these ijy contains a non-trivial conservation law 
for£«. 

Returning to the discussion of integral elements of £ = {9, G, note that 
for any integral element E C Tf Pj jj\M, given by equations 

7Tj - hijOJ j = 0, 

there is a unique frame (p, (ei, e-x, &i x e 2 )) € T over (p, e\ A e 2 ) € M for which 
the second fundamental form is normalized as 

h n =a>0, fi, 2 2 = -~, h 12 = h 21 =0. 

The tangent lines in E 3 spanned by these ei,e 2 are the principal directions at 
p of any surface whose 1-jet graph is tangent to E; they define an orthonormal 
frame in which the second fundamental form is diagonal. The number a > is 



184 



CHAPTER 4. ADDITIONAL TOPICS 



determined by the plane E C TM, so to study integral elements of (M,£), and 
in particular to calculate on its first prolongation, we introduce 

= fxR', 

where R* has the coordinate a > 0. There is a projection J 7 ^ — > Af mapping 

(p, e, a) h-> (p, ei A e 2 , {^i - aw 1 , 7r 2 + ^ 2 } ± )- 
We define on the forms 

#i = tv i — aui , 

9 2 =7T 2 + ^UJ 2 , 

which are semibasic for J 7 *- 1 -* — > M^ 1 ). The first prolongation of the system £ 
on M is a Pfaffian system on which pulls back to J 7 ^ as 

£ {1) ={9,9 1 ,9 2 ,d9 1 ,d9 2 }. 

We have structure equations 

d9 = -6x A lu 1 - 9 2 A to 2 = ^ 

d6»i = -da A lo 1 + ^-u>l A w 2 > (mod {0, 6>i, 2 }), 

d(9 2 = 4-aa A w 2 + iisiwn 1 Aw 1 ] 

and in particular, we have the decomposable linear combinations 



-d9i -ad9 2 = (da - (1 + a 2 )w 2 1 ) A (u 1 + ±w 2 ), 
-d9i + ad9 2 = (da + (1 + a 2 )^ 1 ) A (w 1 - fw 2 ). 



(4.50) 



The EDS £W is algebraically generated by 9, 9i,9 2 , and these two decomposable 
2-forms. The characteristic systems are by definition differentially generated by 



J x (1) = {9, B u 9 2 , da - (1 + a 2 )^ 1 , w 1 + ±w 2 }, 
/W = {<?, 6»i, 9 2 , da + (1 + a 2 )w 2 \ w 1 - ±w 2 }. 



Now, the "universal" second fundamental form can be factored as 

II = a(^) 2 - I(w 2 ) 2 = a(^ + Iw 2 )^ 1 - Iw 2 ). (4.52) 

These linear factors, restricted any K = — 1 surface, define the asymptotic curves 
of that surface, so by comparing (4.51) and (4.52) we find that: 

On a K = — 1 surface, the integral curves of the characteristic sys- 
tems are the asymptotic curves. 

Now we look for Euclidean-invariant conservation laws in each 1^ ■ Instead 
of using Noether's theorem, we work directly. We start by setting 

^ 1 = /(a)(w 1 + iw 2 )e/ 1 (1) , 



4.3. HIGHER-ORDER CONSERVATION LAWS 



185 



and seek conditions on /(a) to have d(p\ € £^ . A short computation using the 
structure equations gives 

dpi = (/'(o)(l + a 2 ) - /(a)a)^2 A (w 1 + ±a> 2 ) (mod £<U), 

so the condition for ip\ to be a conserved 1-form is 

f'(a) a 
f(a) 1 + a 2 ' 

A solution is 

^ 1 = iv / i + a> 1 + ^ 2 ); 

the choice of multiplicative constant \ will simplify later computations. A 
similar computation, seeking an appropriate multiple of uo 1 — ^oj 2 , yields the 
conserved 1-form 

On any simply connected integral surface of the K = — 1 system, there are 
coordinate functions s, t such that 

ipi — ds, f 2 = dt. 

If we work in these coordinates, and in particular use the non-orthonormal 
coframing (tp\, ip 2 ) then we can write 

2 a 



u 2 = [ -j== ) fa - (4.54) 



I = (c 1 ) 2 + ( w 2 ) 2 = (p 1 ) 2 + 2(^i T ^jp 1 ^ + (p 2 ) 2 , (4.55) 
4a 



11 = {yt^j^ 2 - (456) 

These expressions suggest that we define 

a = tan z, 

where a > means that we can smoothly choose z = tan -1 a E (0, 7r/2). Note 
that 2z is the angle measure between the asymptotic directions ipj; , ip 2 , and 
that 

lu 1 = (cos z)(ipi + ip 2 ), lo 2 = (smz)(ipi - ip 2 ). (4-57) 
The following is fundamental in the study of K = —1 surfaces. 
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Proposition 4.7 On an immersed surface in E 3 with constant Gauss curvature 
K = —1, the associated junction z, expressed in terms of asymptotic coordinates 
s, t, satisfies the sine-Gordon equation 

z st = ±sin(2z). (4.58) 

One can prove this by a direct computation, but we will instead highlight certain 
general EDS constructions which relate the K = — 1 differential system to a 
hyperbolic Monge- Ampere system associated to the sine-Gordon equation. One 
of these is the notion of an integrable extension of an exterior differential system, 
which we have not yet encountered. This is a device that handles a forseeable 
difficulty; namely, the sine-Gordon equation is expressed in terms of the variables 
s and t, but for the K = — 1 system, these are primitives of a conservation law, 
defined on integral manifolds of the system only up to addition of integration 
constants. One can think of an integrable extension as a device for appending 
the primitives of conserved 1-forms. More precisely, an integrable extention of 
an EDS (M,£) is given by a submersion M' A M, with a differential ideal £' 
on M' generated algebraically by ir*£ and some 1-forms on M' . In this case, the 
preimage in M' of an integral manifold of £ is foliated by integral manifolds of 
£'. For example, if a 1-form (p € 1 (M) is a conservation law for £ , then one 
can take M' = M x R, and let £' C fl*(M r ) be generated by £ and <p = ip — ds, 
where s is a fiber coordinate on R. Then the preimage in M' of any integral 
manifold of (M, £ ) is foliated by a 1-parameter family of integral manifolds of 
(M' , £'), where the parameter corresponds to a choice of integration constant 
for ip 



Proof. Because z is defined only on M W , it is clear that we will have to prolong 
once mo re to study z s t ■ (Tw ice is unnecessary, because of the Monge- Ampere 



form of ( 1.58 ).) From ( 4.50 ), we see that integral elements with <px A tp2 ^ 
satisfy 

dz — lu\ = 2pipi, dz + io\ — 2q(fi2, 

for some p, q. These p, q can be taken as fiber coordinates on the second pro- 
longation 

M (2) = M (1) x R 2 . 

Let 

6» 3 = dz-pcpt - qip 2 , 
6» 4 = u\ +pifii - qcp 2 , 

and then the prolonged differential system is 

£^ = {9,9,,... ,6 4 ,d9 3 ,dd 4 }. 

Integral manifolds for the original K = — 1 system correspond to integral man- 
ifolds of £( 2 ); in particular, on such an integral manifold f^ : N <—* we 
have 

= d0 3 \ N (2) = -dp A tpi - dq A ip 2 



'For more information about integrable extensions, see §6 of |BG95b| 
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and 



— d8 i \ N{2 ) 

= Kuj 1 A lu 2 + dp A tfi — dq A (f2 

= (— l)(coS2)(<£i + ^2) A (smz)(tpi - ip 2 ) + rfp A ipi - dq A ip% 

— sin(2z)t^i /\ ip2 + dp /\ ipi — dq A (f2- 



Now we define the integrable extension 

M (2), = M (2) x R 2 

where R 2 has coordinates s, t, and on M^' we define the EDS E (2) ' to be 
generated by £^ 2 -* , along with the 1-forms ip\ — ds, (p2 — dt. An integral manifold 
y( 2 ) : TV <^-> M^ 2 ) of £( 2 ) gives a 2-parameter family of integral manifolds fj£\ ■ 
N <—> M^' of S^' . On any of these, the functions s, t will be local coordinates, 
and we will have 

= dz — p ds — q dt, 

= -dp Ads — dq A dt, 

= sin(2,z)ds A dt - ds A dp — dq A dt. 



These three clearly imply that z(s, t) satisfies ( 4.58 ). 



□ 



Note that we can start from the other side, defining the differential system 
for the sine-Gordon equation as 

£ s q = {dz — pds — qdt, —dp A ds — dq A dt, ds A dp + dq A dt — sin(2 z)ds A dt}, 

which is a Monge- Ampere system on the contact manifold J 1 (R 2 , R). One can 
form a "non-abelian" integrable extension 



V = J X (R 2 ,R) x T 



of (J^R^R),^) by taking 



£-p — £ s g + s 



to 1 — (cos z)(ds + dt), 
to 2 — (sin z) ids + dt), 

u\ + pds — qdt, 
u>f — (sin z) (ds + dt), 
u>2 + (cos z)(ds — dt). 



This system is differentially closed, as one can see by using the structure equa- 
tions for T and assuming that z satisfies the sine-Gordon equation. Though the 
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following diagram is complicated, it sums up the whole story: 

(MW.fW) (V,£ v ) 



(M (2) jf ( 2)) 



(M«',£«') (J^R),^) 



(Mf 1 )^^ 1 )) 



(M,£) 

The system (M^' ,£^') was not introduced in the proof; it is the integrable 
extension of (M^ , £^>) formed by adjoining primitives s, t for the conserved 1- 
forms (pi,<f2, and its prolongation turns out to be (M^ 1 , £^'). In other words, 
starting on one can first prolong and then adjoin primitives, or vice versa. 

The main point of this diagram is: 

The identification {M^ 1 ,£^') ► (V,£-p) is an isomorphism of 

exterior differential systems. In other words, modulo prolongations 
and integrable extensions, the K = — 1 system and the sine- Gordon 
system are equivalent. 

Note that while conservation laws are preserved under prolongation, there is 
an additional subtlety for integrable extensions. In this case, only those conser- 
vation laws for the sine-Gordon system that are invariant under s, i-translation 
give conservation laws for the K = — 1 system. Conversely, only those conser- 
vation laws for the K = — 1 system that are invariant under Euclidean motions 
(i.e., translations in T) give conservation laws for the sine-Gordon system. There 
is even a difficulty involving trivial conservation laws; namely, the non-trivial, 
Euclidean-invariant conservation laws <pi, if 2 for the K = — 1 system induce the 
trivial conservation laws ds,dt for the sine-Gordon system. 

However, we do have two conservation laws for sine-Gordon, obtained via 
Noether's theorem applied to s, t-translations and the Lagrangian 

A sG = (pq - ±(cos(2z) - l))ds A dt; 

they are 

ipi = \p 2 ds — -|(cos(2z) — l)dt, 
V> 2 = \q 2 dt + i(cos(2z) - l)ds. 

The corresponding conserved 1-forms on (M^ 2 \£^) are 



fi = \q 2 f>2 + j(cos(2z) - 1)^1. 
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In the next section, we will introduce a Backlund transformation for the sine- 
Gordon equation, which can be used to generate an infinite double-sequence 
V'2fc-i)^ , 2fc °f conservation laws (see [ AI7S[ ). These in turn give an infinite 



double-sequence tf2k+i, f2k+i of independent conservation laws for K — — 1, ex- 
tending the two pairs that we already have. Although we will not discuss these, 
it is worth pointing out that the generalized symmetries on (M^°°\ to 
which they correspond under Noether's theorem are not induced by symmetries 
at any finite prolongation. For this reason, they are called hidden symmetries. 
Finally, we menti on th e following non-existence result, which is similar to the 



result in Proposition 4J3 for higher-dimensional non-linear Poisson equations. 



Proposition 4.8 In dimension n > 3, there are no second-order Euclidean- 
invariant conservation laws for the linear Weingarten system for hyper surf aces 
in E' i+1 with Gauss curvature K = — 1. 

Proof. In contrast to our proof of the analogous statement for non-linear 
Poisson equations, we give here a direct argument not appealing to generating 
functions. We work on the product 

=Tx{( ai ,... ,<) e R n :n<»i=-1}, 

where J- is the Euclidean frame bundle for E™ +1 , and the other factor param- 
eterizes eigenvalues of admissible second fundamental forms. We use the usual 
structure equations, but without the sum convention: 

diOi = — > ujij A ojj + TTi A 6, 



dO = — TTj A LOj 



du>ij = - y J ^ik A (Jkj + TTi A TTj , 

k 



dfti = — TTj A LUji . 



3 



There is a Pfaffian system X on whose transverse rt-dimensional integral 
manifolds correspond to K = —1 hypersurfaces; it is differentially generated by 



6 and the n 1-forms 



9i = TTi - CLiUi 



A conservation law for this system is an (n — l)-form on whose exterior 
derivative vanishes on any integral manifold of T. A conservation law is invariant 
under Euclidean motions if its restriction has the form 

V = y^/t(ai; ■ ■ ■ )ffln)W(i). 

What we will show is that for n > 3, such a form cannot be closed modulo 1 
unless it equals 0. 
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First, we calculate using the structure equations that 

i 3 

To proceed further, we want an expression for Wij A Wu), which we obtain first 
by computing 

= d6i (modi) 

= - ^ 7r fc A ujki - ddi A uJi + a,i u ik A u k 

j k 

= -ddi A ojj + y^(aj - d k )w lk A cjfc. 
fc 

and then by multiplying the last result by W(y): 

= da^ A u)(j) + (di — dj)ujij A ljus (mod I). 



Using this in ([4.59|), we obtain 



dip = ^ I dfi + ^ — — — da,j J A (mod I). 



So is a conservation law only if for each i, 

Keep in mind that we are requiring this equation to hold on the locus J 7 ^ 
where ILii = — 1. Wherever at least one /j(ai,... ,a n ) is non-zero, we must 
have 

d a j I x - dcii A ddj 



However, when n > 3, the summands in the expression are linearly independent 
2-forms on 

It is worth noting that when n = 2, this 2-form does vanish, and we can 
solve for f% (01,02), 72(01,02) to obtain the conservation laws ipi, tp2 discussed 
earlier. The same elementary method can be used to analyze second-order 
conservation laws for more general Weingarten equations; in this way, one can 
obtain a full classification of those few Wiengarten equations possessing higher- 
order conservation laws. 
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4.3.4 Two Backlund Transformations 

We have seen a relationship between the K = — 1 surface system, and the sine- 
Gordon equation 

z xy = \sm{2z). (4.60) 

Namely, the half-angle measure between the asymptotic directions on a K = — 1 
surface, when expressed in asymptotic coordinates, satisfies the sine-Gordon 
equation. We have also interpreted this relationship in terms of important EDS 
constructions. In this section, we will explain how this relationship connects the 
Backlund transformations associated to each of these systems. 

There are many definitions of Backlund transformation in the literature, and 
instead of trying to give an all-encompassing definition, we will restrict attention 
to Monge- Ampere systems 

£ = {e,o,*}, 

where 9 is a contact form on a manifold (M 5 , /), and 6, <E £1 2 (M) are linearly 
independent modulo {/}. Suppose that (M,£) and (M,£) are two Monge- 
Ampere systems, with 

s = {6,e,*}, £ = {o,d,*}. 

A Backlund transformation between (M, £) and (M,£), is a 6-dimensional sub- 
manifold B C M x M such that in the diagram 

B (4.61) 




M M, 

• each projection B — > M, B — > M is a submersion; and 

• pulled back to B, we have 

= {0, 6} (mod {9,8}). 

The second condition implies that the dimension of the space of 2-forms spanned 
by {6, 6, modulo {9, 9} is at most 2. Therefore, 

{6,*} ee {6,*} (mod {9,9}). 

This consequence is what we really want, but the original formulation has the 
extra benefit of ruling out linear dependence between and 0, which would 
lead to a triviality in what follows. 

A Backlund transformation allows one to find a family of integral manifolds 
of (M,£) from one integral manifold iV 2 <-> M of (M,£), as follows. On the 
3-dimensional preimage 7r _1 (A r ) C B, the restriction ¥*£ is algebraically gen- 
erated by 9 alone, and is therefore an integrablc Pfaffian system. Its integral 
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manifolds can therefore be found by ODE methods, and they foliate tt^ 1 (N) 
into a 1-parameter family of surfaces which project by tt to integral manifolds 
of (M,£). In each of the following two examples, (M, £) and (M, £) are equal, 
so one can generate from one known solution many others. 



Example 1: Backlund transformation for the sine-Gordon equation. 



The primary example concerns the sine-Gordon equation ( 4.60| ). The well- 



known coordinate phenomenon is that if two functions u(x,y), u(x,y) satisfy 
the first-order PDE system 



u x — u x = X sin(it + u), 
ly = v sin(u — u), 



(4.62) 

u,, + u,, — — ■"■"'»< — »>i 



where A ^ is any constant]^] then each of u(x, y) and u(x, y) sa tisfie s ( 4.60 ) 



Conversely, given a function u(x,y), the overdetermined system (4.62) for un- 
known u(x, y) is compatible, and can therefore be reduced to an ODE system, 
if and only if u{x,y) satisfies ( 4.60| ). This indicates that given one solution of 



the sine-Gordon equation, ODE methods give a family of additional solutions. 

We fit this example into our definition of a Backlund transformation as 
follows. Start with two copies of the sine-Gordon Monge- Ampere system, one 
on M = {(x,y,u,p,q)} generated by 

6 = du — pdx — q dy, 
© = dO = -dp A dx — dq A dy, 
$ = dx A dp + dq A dy — sin(2u)<ix A dy 

the other on M = {(x,y, u,p, q)} generated by 

9 = du — pdx — q dy, 
£ = { = d6 — —dp A dx — dq A dy, 

if = dx A dp + dq A dy — sin(2u)dx A dy 

One can verify that the submanifold B C M x M defined by 

x = x, y = y, 
p — p = X sin(u + u), 
q + q = j sin(u — u), 

satisfies the criteria for a Backlund transformation, and that the process of 



solving the overdetermined system (4.62) for u(x,y) corresponds to integrating 



the Frobenius system as described previously. 

For example, the solution u(x,y) = of sine-Gordon corresponds to the 
integral manifold N — {(x, y, 0, 0, 0)} C M, whose preimage inBcMxM has 
coordinates (x, y, u) and satisfies 

U = p = q = 0, p — X sin(u), q = j sin(u). 



xl This A will not correspond to the integration parameter in the Backlund transformation. 
It plays a role only in the relation to the K = —1 system, to be discussed shortly. 
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The system E is algebraically generated by the form 

^l-jf-ifjv) — du — Xs'm(u)dx — j sm(u)dy. 

The problem of finding u(x. y) o n which this 6 vanishes is the same as solving 
the overdetermined system (4.62) with u = 0. It is obtained by integrating 

du , 

A dx — j- dy = 0, 



smu 

which has the implicit solution 

— ln(csc u + cot u) — \x — jy = c, 

where c is the integration constant. This can be solved for u to obtain 

u(x,y) = 2t&n~ l {e Xx+ ^ v+c ). 

One can verify that this is indeed a solution to the sine-Gordon equation. In 
principle, we could rename this as u, and repeat the process to obtain more 
solutions. 



Example 2: Backlund transformation for the K = — 1 system. 

Suppose that /, / : N c — > E 3 are two immersions of a surface into Euclidean 
space. We say that there is a pseudospherical line congruence between /, / if 
for each p 6 N: 

1. the line through f(p) and f(p) in E 3 is tangent to each surface at these 
points (we assume f(p) ^ f{p))] 

2. the distance r = — f(p)\ \ is constant; 

3. the angle r between the normals v{p) and v{p) is constant. 

This relationship between /, / will play a role analogous to that of the system 
( p2| ). We prove the following theorem of Bianchi. 

Theorem 4.3 If there is a pseudospherical line congruence between f,f:N'—* 
E 3 , then each of f and f has constant negative Gauss curvature 

sin 2 (r) 
K = 



It is also true that given one surface /, there locally exists a surface / sharing 
a pseudospherical line congruence with / if and only if / has constant nega- 
tive Gauss curvature. We will partly verify this claim, after proving Bianchi's 
theorem. 
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Proof. Choose Euclidean frame fields F, F : N — > T which are adapted to the 
pair of surfaces in the sense that 

ei = ex, (4.63) 

made possible by condition 1 above. Also, as usual, we let e 3 , e 3 be unit normals 
to /, /, respectively, which must then satisfy 



e 2 = (cosr)e 2 + (sinr)e 3 , 
e 3 = (-sinr)e 2 + (cosr)e 3 , 



(4.64) 



with r constant by condition 3. Now condition 2 says that 

f(p) = f(p) + re 1 (p) (4.65) 

for fixed r. We can use the structure equations 

df = ei ■ lo\ dti = ej ■ wf , 

and similar for df, de~i, to obtain relations among the pullbacks by F and F of 
the canonical forms on T . Namely, 

df = eiui 1 + ((cosT)e 2 + (sinr)e3)w 2 , 

and also 

df = d(f + re x ) = env 1 + e 2 {uo 2 + ruof) + e z {ruo\), 

so that 

f Q 1 =w\ 

(cos t)oj 2 — oj 2 + ruJ\, (4.66) 
(sinT)a) 2 = ru>f. 

Note that ui 2 +ruo 2 = (r cot t)d\, and this gives a necessary condition on / alone 
to share a pseudospherical line congruence. Similar calculations using ex = ex 
yield 

uj\ = (cosr)w 2 + (sinr)o;f, 
uj\ — — (sinr)oj 2 + (cosr)o;f , 



and differentiating the remaining relations (4.64) gives 



giving complete expressions for F*w in terms of F*oj. Note in particular that 

, sinr 



-uj 2 . 



r 

Now we can consider the curvature, expanding both sides of the definition 

duj\ = -KQ 1 Aw 2 . (4.67) 
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First, 



duj'f = -u>l A to 3 



9 sin r 9 

-CJg A U) 



where hn is part of the second fundamental form of F : N <— ► M, defined by 
o;| = hjjUj^ . Note in particular that if hyi = 0, then uf is a multiple of u , so 



by ( 4.66 ), oj 1 A = 0, a c ontra diction; we can now assume that fti2 = 7^ 0. 



On the right-hand side of (4.67) 



r 



-Kui 1 Aui 2 = -Klu 1 A 

smr 

= -Kh 12 — — to 1 A u 2 . 
smr 

Equating these expressions, we have 

sinV 

9 

as claimed. □ 

Now suppose given a surface / : N <^-y E 3 with constant negative Gauss 
curvature K = — 1. We are interested in finding / which shares with / a 
pseudospherical line congruence. 

We start with local coordinates (s, t) on N whose coordinate lines ds = 0, 
dt = define the asymptotic curves of /. It will be convenient to instead have 
orthogonal coordinate lines, so we define the coordinates x = s + t, y = s — t, 
for which dx = and dy = define the principal curves of /. We have seen in 



(4.55, 4.56) that the first and second fundamental forms are given by 



I = ds 2 + 2 cos(2z)ds dt + dt 2 (4.68) 

= cos 2 zdx 2 + sin 2 z dy 2 , (4.69) 

II = 2sm(2z)dsdt (4.70) 

= sin(z)cos(z)(dx 2 - dy 2 ), (4-71) 

where 2z is half of the angle measure between the asymptotic directions and 
satisfies the sine-Gordon equation. One orthonormal coframing is given by 
(cos(z)dx, sm(z)dy); we consider an orthonormal coframing differing from this 
one by rotation by some a: 



cos a sin a \ f cos(z)dx 

— sin a cos a J \ sin(z)dy 

cos(a — z) cos(a + z) \ ( ds 

— sin(a — z) — sin(a + 2) J \ dt 



(4.72) 
(4.73) 
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The idea here is that we are looking for a function a on N for which this 
coframing could be part of that induced by a pseudospherical line congruence. 



The main compatibility condition, derived from (1.66), is 

uj 2 + ruj\ = r(cot t)u\. 



(4.74) 



We can compute the Levi-Civita connection form lo\ using the structure equa- 
tions dui i = —ujj A uji , and find 

uj\ = (a s + z s )ds + (a t - z t )dt. 



Similarly, we can compute from ( 4.70 ) and ( 4.73 ) the coefficients of the second 
fundamental form with respect to the coframe (w 1 ,^ 2 ), and find 

ujf = sin(a — z)ds — sin(a + z)dt, 
u>2 = cos(a — z)ds — cos(a + z)dt. 



Substituting these into the compatibility condition (4.74), we obtain an equation 
of 1-forms whose ds, dt coefficients are 

a s + z s = (esc t + cot r) sin(a — z), 
1 



a t - z t 



COt T 



sin(a + z). 



We compare this to (1.62), and conclude that the local existence of a solution 
a is equivalent to having z satisfy the sine-Gordon equation. Note that the role 
played by A in (1.62) is similar to that played by the angle r in the pseudo- 
spherical line congruence. We conclude by exhibiting a surprising use of the 
Backlund transformation for the K = — 1 system. This starts with an integral 



manifold in M 5 of £ (see (1.49)) that is not transverse as a Legendre subman- 
ifold, in the sense of being a 1-jet lift of an immersed surface in E 3 . Instead, 
regarding the contact manifold M as the unit sphere bundle over E 3 , N M 
consists of the unit normal bundle of the line {(0,0, w) : w £ R} C E 3 . This 
Legendre surface is topologically a cylinder. To study its geometry, we will work 
in the circle bundle T — * M. Its preimage there is parameterized by 



ei = (sinu cos v, — smu sinv, cosm), 
(u,v,w) h- > I (0,0, w), I e-i — (cosucosw, — cosMsinw, — sin it) 

e3 = (sin v, cos v, 0) 



, (4.75) 



where (u, v, w) € S 1 x S 1 x R. It is easily verified that this is an integral manifold 
for the pullback of £ by T — > M. We will apply the Backlund transformation 
to this degenerate integral manifold, and obtain a non-trivial surface in E 3 with 
Gauss curvature K = — 1. 

We will take the Backlund transformation to be the submanifold B C T x T 



[T is another copy oiT) defined by (1.63, 1.64, 4.65); this is a lift of the original 
picture ( |4.6l| ) from M to T. We fix the constants of the line congruence to be 
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As a consequence, if our Backlund transformation gives a transverse Legendre 
submanifold, then Theorem 4.3 states that the corresponding surface in E 3 will 



have Gauss curvature K = — 1. 

Now, the definition of B C T x T provides a unique lift 7r _1 (iV) of our 
degenerate integral manifold ( 4.75| ) to B. The "other" K = — 1 system £ should 



restrict to tt^ 1 (N) C B C T x J 7 to be algebraically generated by the 1-form 
9, and then 7r _1 (iV) will be foliated into surfaces which project into integral 
manifolds of E. So we compute 9 = uj 3 : 



3 



= (dx, e 3 ) 



= (da; + de\, — e-i) 
= sin it dw — du. 

Indeed, this 1-form is integrable, and its integral manifolds are of the form 

u = 2tan~ 1 (exp(> + c)), (4.76) 

where c is an integration constant. We will consider the integral manifold cor- 
responding to c = 0. The Euclidean surface that we are trying to construct is 



now parameterized by x(u, v, w), constrained by (4.76). We obtain 



x(u, v, w) — x(u, v, w) + e\[u, v, w) 

= (0, 0, w) + (sin u cos v, — sin u sin v, cos u) 



2 ' ' ■' 2e -^rsinw,w+ f-f^ 



l l+e 2 ™ ,J ' l+e 2lu 1 1 + e 2 

= (sech w cos v, — sech w sin v, w — tanh w) . 

This surface in E 3 is the pseudosphere, the most familiar surface of constant 
negative Gauss curvature; we introduced both it and the "framed line" in §1.4, as 
examples of smooth but non-transverse Legendre submanifolds of the unit sphere 
bundle M — > E 3 . In principle, we could iterate this Backlund transformation, 
obtaining arbitrarily many examples of K = — 1 surfaces. 
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